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SonJA GoriANC, ANA SLIEPCEVIC, VLASTA SzIROVICZA

Branko Kudéinic¢

(1936. - 2008.)

Na3 profesor RANKO KUCINIC preminuo je 7. listopada  zapoteo svoje znanstveno djelovanje bilo je iznimno po-
2008. godine u Zagrebu. Bio je umirovljeni re- voljno. Osobno je kao svoje ucitelie uvijek isticao
doviti profesor Gradvinskog fakulteta SveuciliSta u Za- akademike Vilka Ni¢ea i Stanka Bilinskog. Svakodnevno
grebu, dugogodisnji voditelj Katedre za geometriju. Nje- je radio uz profesora Ni¢ea, vrhunskog znanstvenika u po-
gova nadahnuta predavanja pamte generacije hrvatskitjrugju sinteti¢ke i, posebno, sintetitke projektiviemge-

gratevinskih inzenjera i geometricara-nacrtnasa. trije, koji je znao okupiti mlade i sposobne ljude i preriijet
Roten je 28. sijeénja 1936. godine u Rijeci. Os- Nna njih svoju ljubav i odusSevljenje za znanstveni rad, te
novnu Skolu i gimnaziju polazio je u BjelovarBurdevcu, ~ ponuditi velik broj tema za daljnje istrazivanje. U svom

Koprivnici i Zagrebu, a 1961. godine diplomirao tekstu [19] Kugini¢ ga naziva “bardom hrvatske geome-
je matematiku na Prirodoslovno-matematickom fakultetu trije”. Tijekom poslijediplomskog studija Kucini€ je 8ao

Sveutilista u Zagrebu diplomskim radom iz podruéja geo- do nekih originalnih spoznaja iz podrucja neeuklidske-geo
metrije —Vitopero kolinearni prostori. metrije, predocio ih profesoru Stanku Bilinskom koji je

Jo% kao apsolvent, od 1959. do 1961., godine predavad’’€P0Znao njihovu vrijednost te rekao mladom asistentu
je matematiku i fiziku na Osnovnoj skoli Orlovac u Za- kako je upravo najavio temu svoje disertacije. KuCinicu
grebu, a nakon diplome odlazi na jednogodisnje sluzenjel€ 0 bio pravi poticaj; ve¢ 1966. godine napisao je svoj
vojnog roka. Godine 1962. zaposlio se kao asistent pro-doktorskirad. Promjena zakona, prema kojem se vise nije
fesora Vilka Nitea na Katedri za nacrtnu geometriju na Moglo doktorirati, a da se prethodno ne magistrira, plasili
tadasnjem Arhitektonsko-gredinsko-geodetskom fakul- 92 je naizradu jos jedne radnje, tako da je 1966. prvo ma-
tetu u Zagrebu. Iste se godine AGG fakultet razdvaja na tri gistrirao [1], a 1967. i doktorirao [2] na Prirodoslovno-
fakulteta na kojima profesor Nite vodi nastavu iz Nacrtne matematiCkom fakultetu SveuciliSta u Zagrebu te postao
geometrije, a Branko Kugini¢ postaje njegovim asistento  jedan od najmléith doktora matematike u tadaSnjoj Ju-
na Gra@vinskom fakultetu na kojem neprekinuto radi do goslaviji.

syog umlrov!Je_nJa. U zvanje docenta izabran je 1970'_ go- Slijedile su godine Kuciniceva vrlo produktivhog znan-
dine, u zvanje izvanrednog profesora 1974., a u zvanje re-

dovi ¢ 1086. Godine 2006. odlazi 77 “stvenog rada. U podrucju projektivne i euklidske geo-
ovitog pr_o_ esora " odine o odlazi umirovinu metrije izuCava posebna izvedja krivulja i ploha (radovi
kao redoviti profesor u trajnhom zvaniju.

[3], [4]), a najznacajniji doprinos daje u podrucju hiper
Okruzenje u kojem je mladi Branko Kuginic, €iji su se bolicke geometrije: autor je dvaju novih modela hiper-
talent i sklonost geometriji pokazali vet tijekom studija boliCke ravnine ¢—modela iV —modela), istrazuje veze
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izmetl razlicitih modela hiperbolicke ravnine koji su, na- tetu u Splitu (gdje ga je kasnije zamijenila njegova asis-
ravno, izomorfni, ali se razni pojedinacni problemiu rim  tentica Zdravka Bozikov), a godinu dana i na Odjelu za-
razlicito rjeSavaju, posebno se bavi Kleinovimi Gyarmat  grebackog Graelvinskog fakulteta u Varazdinu. Kao jedan
ijevim modelom i u njima rjeSava neke konstruktivne i od rijetkih izvan Prirodoslovno-matematickog fakulteta
metricke probleme (radovi [5], [6], [7], [8], [9], [10] i = 1976.-78. godine bio je predsjednik tadaSn{@gStva
[14]). Od 1970. do 1980. bio je ¢lan-suradnik tadasnje matematiara i fizicara SR Hrvatske

JAZU. Rad na Graevinskom fakultetu i bliska suradnja s

Sedamdesete godine proSloga stoljeta teka i raz- inZenjerima graditeljskih struka uvelike odréd daljnji
doblje Kuginiteva intenzivnog drustvenog i nastakoig smjer Kuc€initevog rada i istrazivanja. U razdoblju nako
rada u tadadnjoj SR Hrvatskoj. Godine 1970. imeno- 1982. godine podrucje njegova primarnog interesa postaje
van je voditeliem novoosnovaitedre za teoretske pred- ~ primijenjena geometrija— obrada ploha primjenjivih u gra-
metena Graegvinskom fakultetu u Zagrebu koja je tada u diteljstvu. OZivljavajuci ideje svog ucitelja Vilka Bea,
svom matemati¢kom dijelu imala osam €lanova. Kuginic kombinirajuci metode sintetiCke i konstruktivne geome-
je imao viziju "velike katedre za matematiku”, inzistirao trije, osim pravéastih ploha projektivnoga prostora (e ko
je na uposljavanju novih nastavnika i veteg broja mladih jima u okviru kolegija Primijenjene geometrije na vrlo
matematicara. Katedra je 1973. prerasl&avod za  Visokom nivou predaje studentima gestharstva vec na
matematikuNa poslijediplomskom studiju matematike na Prvoj godini studija), obragje one algebarske plohe eu-
PMF-u u Zagrebu, akademske godine 1972/73 predavadklidskoga prostora koje sadrze apsolutnu koniku. Pret-
je kolegij Modeli hiperboltke geometrijeé bio mentor postavlja da su one, zbog bogatstva kruznih presjeka, vrlo
na dva magistarska rada (Vlasta Szirovicza i Jasna Kos-Primjenjive u graditeljstvu. Rezultat tog rada su intecgis
Modor). Mlade je suradnike poticao na publiciranje, na Plinarni elaborat (matematika, arhitektura, graitharstvo)
njegovu je inicijativu i u njegovoj redakciji 1975. godine Kugle viSeg reda u graditeljstvaa Graevinski institut
objavljena struéna knjiga [11] u kojoj je svaki &lan Za- (1984.), radovi [15] i [18] te knjiga [17] koju, u izdanju
voda napisao po jedan €lanak. Zavod je tih godina imao Gradevinarg objavljuje u koautorstvu sa suradnicima
24 Elana te bio jedan od najjatih zavoda za matematikuarhitektima Ivanom Salerom i Olgom Kristoforovic. Na
izvan Matematickog odjela PMF-a. Manji dio Zavoda izdanju leksikona [22] (glavni urednik Veselin Simovic)
tinila je Katedra za geometrijiojoj je profesor Kuginic ~ KUCini¢ je radio kao jedan od urednika i autora.

bio na Celu sve do umirovljenja. Intenzivno je, zajedno U razdoblju osamdesetih godina prologa stoljeta, Kagi
sa svojim suradnicima, radio na osuvremenjivanju nas-intenzivira svoj rad na obrazovanju mladih nastavnika
tave nacrtne geometrije i obogacivanju nastavnog mate-j znanstvenika na podrugju nacrtne i sinteticke geome-
rijala. Moze se reCi da je u tome bio ispred svog vre- trije. Ponovno na tragu profesora Nicea, koji je potetkom
mena. Aktivnu nastavu, koju je jos prije viSe od trideset sedamdesetih bio suosnivaéem Postdiplomskog studija za
godina uveo na Gravinskom fakultetu u Zagrebu, nala- nacrtnu geometriju i perspektivu na Arhitektonskom fakul-
zimo danas u temeljima Bolonjskog procesa. Godine 1978.tetu u Beogradu, Kuginic uz velike nastavnitke obveze
bio je voditelj interdisciplinarne pedagoSko-materoki~ na svom fakultetu, gdje je godinama (prema anketama
temeKibernettko zasnivanje nastave geometrijskih pred- provedenim méd studentima) jedan od najboljih profe-
metg koja je nastala kao rezultat suradnje s PedagoSkimsora, izvodi nastavu i na tom beogradskom studiju. Kolegij
odjelom Filozofskog fakulteta u Zagrebu. Zajedno sa Hiperbolicka geometrija i modelpredaje u tri ciklusa,
suradnikom Slavkom Hozjanom, 1979. godine objavio 1979.-81., 1984.-86. i 1989.-90. Pod njegovim men-
je prijevod knjige [12]. Uveo je kolegiPrimijenjena trostvom magistrirali su Ilvan Saler, Sonja Gorjanc i Lidija
geometrijakoji je, sve do posljednje visokoSkolske re- Pletenac, a doktorirali Olga Kristoforovi¢, Ivan Saler i
forme, prihvaceni predavan na prvoj godini studija na svim lvanka Babic. U to je vrijeme rad na doktorskoj disertaciji
gratevinskim fakultetima u Republici Hrvatskoj. Predavao pod njegovim mentorstvom zapocela i Ana Sliepcevic,
je i u vojnim institucijama: Visokoj tehnickoj 3koli u Za- koja ga je petnaest godina kasnije naslijedila na mjestu
grebu te InZenjerskoj akademiji u Karlovcu. Sudjelovao voditelja Katedre za geometriju na Geadhskom fakul-

je u organizaciji studija gravinarstva u Splitu, Rijeci  tetu u Zagrebu. Bio je vrlo cijenjen u krugovima nacrtnaSa
i Osijeku te je, osim na Gravinskom fakultetu u Za- diljem tadaSnje Jugoslavije koji su se, viSe od trideget g
grebu, nekoliko godina predavao na Geaitiskom fakul- dina, redovito, svake druge godine, sastajali na svojim
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savjetovanjima. Posljednje,7. jugoslavensko savjeto-
vanje za nacrtnu geometrijadrzano je u Zagrebu 1990.
godine, Kucini¢ je bio organizator koji je pokrenuo iz-

Branko Kucini€ koji je tu duznost obna%ao do 1998. go-
dine. Ta je udruga 1996. izdala prvi broj znanstveno-
stru€¢nog ¢asopisa KoG u kojem je Kucini¢ objavio Clana

davanje Zbornika savjetovanja (urednica je bila Vlasta [20].

Szirovicza) te inicirao i formalnu registraciju strukovne
udruge. Tako je 1990. osnovadogoslavensko udagnje
za nacrtnu geometriju i ienjersku grafikua na osni-
vackoj je skupstini Branko Kucini¢ jednoglasno izatra

Na Kucinicevo poznavanje hiperbolickog prostora mogla
se osloniti i Ivanka Babi€ koja je u svojoj doktorskoj di-
sertaciji uvela nacrtnu geometriju u hiperbolicki prasto
Izgradila je noviM-modelkoji je omogucio konstruktivhu

za predsjednika. To je udruzenje, zbog rata i raspadaobradu hiperboli¢kog prostora Mongeovom metodom pro-
Jugoslavije, ubrzo prestalo sa svojim izvorno zacrtanim jiciranja i perspektivom. U tom su koautorstvu objavljeni

djelovanjem. Medtim, potreba za stvaranjem strukovnog
udruZzenja nacrtnaSa (specifitcne grupacije geome#ica
na tehnickim fakultetima), koju je Branko Kucini¢c vet

posljednji Ku€iniCevi znanstveni radovi [19] i [21].

Branko je bio lucidan, pronicljiv i duhovit Covjek, s ve-

davno uoCio, ostala je izrazena i u samostalnoj Republici ikim razumijevanjem za ljude, narogito mlade. Volio je

Hrvatskoj. Godine 1994. osnovanohgvatsko drustvo za
konstruktivnhu geometriju i kompjutorsku grafifdanasnje
Hrvatsko drustvo za geometriju i grafiku) Cija je prva pred
sjednica bila Vlast&turicCudovan, a prvi dopredsjednik
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Ubersichtsartikel
Angenommen am 15.10.2008.

GUNTER WEISS
FRANZ GRUBER

Den Satz von THALES verallgemeinern

- aber wie?

Herrn Prof. Dr. Hellmuth Stachel zum 65. Geburtstag gewidme

How to generalize Thales’ Theorem?
ABSTRACT

The classical theorem of Thales can be generalized — de-
pending on someones interpretation — in several elemental
or abstract ways. This paper tries to classify such gene-
ralizations without claim of completeness. We structured
this work in a way that is suitable for educational pur-
poses by emphasizing aspects of mathematical research.
Beside more or less known facts, we present new insights
and approaches to one of the most important theorems of

Kako poopéiti Talesov teorem?
SAZETAK

Klasi¢an Talesov teorem moguce je poopéiti — ovisno o
interpretciji — na nekoliko elementarnih i apstraktnih naci-
na. U ovom se radu pokusava, ne zahtijevajuéi potpunost,
klasificirati te generalizacije. Svojom strukturom rad je pri-
lagoden obrazovnim svrhama s naglasakom na matematic-
kom istrazivanju. Uz vise ili manje poznate Cinjenice, pred-
stavljamo nove uvide i pristupe jednom od najznacajnijih
teorema geometrije.

eometry. ST . L
g ¥ Kljucne rijeci: Talesov 3D teorem, ograniceno gibanje, pro-
Key words: Thales' Theorem 3D, constrained motions, storna kinematika, trobrid

spatial kinematics, trihedron

MSC 2000: 51M04

1 Der klassische Satz von Thales

. ) Nationalratswahl 2006 - Mandatsverteilung
Schlampig formuliert lautet er so:

“Jeder Winkel im Halbkreis ist ein rechter”

Formulierungen dieser Art Giberleben, ebenso wie “der Py-
thagoras”, die Vergessensjahre nach dem Ende der schu
lischen Ausbildung bis ins hohe Alter. Man sollte sich als
Lehrer die Zeit nehmen, wissensunbelastete Schuler im El-
ternhaus nach dem Satz von Thales fragen zu lassen und
die gesammelten Antworten inhaltlich statistisch auswer-
ten! Anschlie3lich kdnnte man auf die Diskrepanz zwi-
schen Gesagtem und Gemeintem hinweisen (vgl.Abb 1(a))
und so zurﬂSchérfung des Sprachvermogens der Schule{N
beitragen. Ubrigens kann man sich auch aus Spaf3 gleich an
die Umkehrung des unscharf formulierten Thales-Satzesweise richtig) Gemeinten, Abb.2, entspricht?

machen, die dann zu folgendem Statement Anlass géabe

(vgl.Abb. 1(b), [15]): (T1) “Sind A und B Durchmesser-Endpunkte eines Kreises

(a) (b)

Abbildung 1:Beispiel eines linken bzw. rechten Winkels im
Halbkreis (a) und “Satz-Umkehrung” (b)

ie ist also der Satz zu formulieren, dass er dem (Ublicher-

k und ist S ein (von A und B verschiedener) Kreispunkt,
so ist der Winke/ASB ein rechter, sein WinkelmafASB
alsort/2 oder90°”

“Jeder Rechte ist ein Winkel im Halbkreis! ”

- was offensichtlich so nicht stimmt.
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S festen Punkt A von k, so umhdillt der zweite Winkelschenkel
k § den A gegentberliegenden Punkt B (Gegenpunkt) von k”

Diese Formulierungen werden zum Ausgangspunkt far
sehr unterschiedliche Verallgemeinerungen, von denen ei-

A M B nige den Schulstoff weit hinter sich lassen. Dies gilt im
gleichen Mal3e auch fir die folgende Version des Thales -
Satzes:

(T5) “Fallt man auf die Geraden a eines Bischels mit
o Scheitel A aus einem PunktBA die Normalen b, so er-
S fullen die Schnittpunkte S zugeordneter Geraden a und b
einen Kreis k mit Durchmessgk, B]”
Abbildung 2: Der Satz von Thales mit Ergénzungen

fiir einen Beweis Bei dieser Auffassung sind die Sonderlaggn- A und

S= B in naturlicher Weise miterfasst. Inhaltlich mit (T5)

Beweis etwa durch Punkispiegelung v&nam Mittel- ident, aber in eine andere Verallgemeinerungsrichtung fiih
punktM vonk, (vgl. auch [19]): Das entstehende Viereck rend, ist folgende Formulierung:

{ASB$} besitzt gleich lange Diagonalen (Kreisdurchmes- _ ) )
ser) mit gleichem Halbierungspunkt. Es ist also ein Recht- (T6) “Die Fu3punktkurve eines Geradenbuschfgs A €
eck. acC 1t A tfest flr einen festen Punkt B 1t (B # A), als

Menschen denengenau danh- Formulierungen - noch Pol ist ein Kreis k, der Thaleskreis Ubg, B]”

oder schon wieder - fremd sind, werden aus dem obigen

Beweis intuitiv bereits die Umkehrung des Satzes (T1) o Grundidee der Verallgemeinerung des
mitnehmen und keine Beweisnotwendigkeit mehr verspi- Satzes von Thales

ren: S nicht aufk = Diagonalen von{ASB%} ungleich a
lang, aber gemeinsame Mitdd, = kein Rechteck, son- _ ) ) _
dern schiefes Paralellogramm. Eh klar! Und trotzdem mussDi€ klassische, eberiéigur besteht aus PunktéB, ei-

man beim expliziten Formulieren der Umkehrung fast im- neém Kreis oder Halbkrei& mit den GegenpunkteA,B
mer helfen: und dem Winkelscheited mit den SchenkeliSAund SB

(T2) “Ist AASB ein rechtwinkeliges Dreieck mit Hypo- die zu einander normal sind. Wir werden daher (T1) in ver-

thenuse/A, B, so geht der Kreis mit Durchmesserstrecke schiedene, zum Teil vollig unabhangige Richtungen verall-
[A, B] durch S’ gemeinern kdnnen.

Uber die Limesfigur in der Grenzlagg— A oderS — B Verzichtet man auf Rechtwinkeligkeit der Winkelschenkel

wird man bis zur 9.Schulstufe vielleicht noch nicht reden unter Beibehaltung der tibrigen Elemente, gelangt man zur
wollen und kénnen. Ein Grund mehr, den Satz in der (gym- bekannten Ausssage déBeripheriewinkelsatzes” Wir
nasialen) Oberstufe wieder hervor zu holen und an ent-werden diesen Verallgemeinerungsstrang hier nicht weiter
sprechende Lehrplaninhalte (Vektorrechnung, Differenti verfolgen.

alrechnung) zu koppeln.

Erarbeitet man mit Schiilern den Satz von Thales, so wer-4 Sphérische Version des Satzes von Thales
den bestimmt auch kinematische Formulierungen kom-

men: . . . .
Es ist nahe liegend, zunachst das Wdassisch das i.w.

(T3) “Gleiten die Schenkel eines Rechtwinkelhakens durch g jidisch meint, durch“nicht-euklidisch” zu ersetzen.
zwei feste Punkte A und B, so durchlauft der Scheitel S oy giesen Verallgemeinerungsstrang werden wir hier
einen (Halb-) Kreis k tber dem Durchmessg&yB] nicht im Detail verfolgen, sondern nur den der elemen-
Der so erklarte “Thales-Zwangslauf” ist die Umkehrung taren Anschauung zuganglichen spharischen Fall untersu-
einer Ellipsenbewegung, wie sie bekanntlich durch einenchen, der ja die elliptische ebene Geometrie reprasentiert
klassischen Ellipsenzirkel reprasentiert wird. Es ist dabei zunachst zweckmaRig, von (T5) auszugehen
(T4) “Gleitet der Scheitel S eines Rechtwinkelhakens ent- und sinngeman die geradlinigen Winkelschenkel zu Grol3-
lang eines Kreises k und ein Winkelschenkel durch einenkreisbogen abzuéandern.
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(a) Auf- Grundriss

Abbildung 3:Konstruktion der Scheitel-Or

Zur spharischen Konstruktion der Ortslinie des Schefels
werden die Angabeelementeund B aus dem Kugelmit-
telpunktM auf die Tangentialebernein A projiziert. Das
Orthogonalstehen der Winkelschenkelbogemdb durch

A bzw. B reproduziert sich dabei in orthogonalen Ebenen
umMA undMB, deren Spuren imgleichfalls rechtwinke-

lig sind und demnach dort einen gewdhnlichen Thaleskreis

k' erzeugen. M verbunden niit ist also ein“orthogona-
ler (Kreis-) Kegel’ T, denn seine Kreisschnittebemndst
normal zu einer seiner Erzeugenden, namliciMzu Die
gesuchte Ortslini& ist demnach (ein Ast der) Schnittkur-
ve dieses orthogonalen Kegdismit der Kugel und so-
mit eine Kurve 40rdnung, eirispharischer Kegelschnitt”
(Abb.3).

Der Kegell := M VK erfiillt die Gleichung

X% +y? —tan(2a)yz=0 (1)

Wir verwenden dabeM als UrsprungMA als z-Achse
undMAB alsyzEbene eines kartesischen Koordinatensys-
tems mitMA = 1 unda messe den halben WinkelAMB.
Hieraus folgt, dass der Aufride’ der gesuchten Thales-
Kurve k auf einer Hyperbeh mit Mitte M liegt, deren
Asymptoten durch die Normalen 2dA bzw. MB repra-
sentiert sind. Die halbe Hauptachsenlange kast dabei
%sin(Za), sodass sich fir den halben Nebenachsenboge
B vonkdie Lange

sinB=tana bzw. B =arcsintana) (2)
ergibt (Abb.4(a)). Man beachte, dass stts 3 gilt und
dass ein klassisch “elliptisches” Erscheinungsbild %on
nur fir 2o < 90°auftritt. Fira = 90° zerfalltk in zwei
Kreisbdgen in Ebenen normal zur Symmetrieebein.

(b) Axonometrie

tslinie fur den sphéarischatzSon Thales

Fir 2o > 90° ist einer der Punkt& oderB durch seinen
Gegenpunkt zu ersetzen (Abb.5).

(a) sinB =tana

(b) Spharische Kegelschnitte

Abbildung 4:lllustrationen zu (ST1)

(ST1) Sphérischer Thales-Satz: Der Ort der Scheitel sphéa-
rischer rechter Winkel, deren Schenkelbogen durch zwei
Kugelpunkte A und B (B nicht Gegenpunkt von A) gehen,
ist ein spharischer Kegelschnitt mit dem Achsbode).

Hat [A, B] die sphérische Lang2a, so ist die zweite Achse
von der Lange2p = 2arcsintana). Wirde man von der
kinematischen Auffasssung (T4) ausgehen, so ist auch fol-
gende ldee ganz natirlich und auf die Kugel verallgemei-
nerbar:

(T4’) Gleitet in der euklidischen Ebene ein Rechtwinkel-
haken(S,a,b) mit seinem Scheitel S langs eines Kreises k,
wahrend sein Schenkel a durch einen festen Punkt A glei-
tet, so umhullt der Schenkel b i.A. eine KugeOrdnung

ko (Kegelschnitt), die “Anti-Fu3punktkurve” von k bezlg-
lich des Pols A. Diese Kurve degeneriert in einen Punkt B
genau fir A aus k.
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e

/b

(c) Aausserhalb vok

Abbildung 5:Spharischer Satz von Thal2e < 90° Abbildung 6: Antifusspunktkurven / lllustrationen zu Satz
(T4)

Diese elementare Verallgemeinerung des Thales-Satzeg’ASB ein rechter Winkel. Umgekehrt, I8APB ein recht-
(vgl.Abb.6) ist mit Mitteln der analytischen Geometrie winkeliges Dreieck, dann gehort P der Kugel &n.

oder der ebenen Kinematik explizit zu erfassen. Es ist naheliegend dass die Aussage auch fir die Hyperku-
Die spharische Version dieses Satzes ist vom Rechen- un@e! K¢~ im d-dimenionalen euklidischen Raurd £ 2)
Beweisaufwand schwieriger. Auch hier das Ergebnis na- 9€lten muss, wobel = 2 verwendete Beweisidee unmit-

turlich eine Anti-Fusspunktkurve. Das Hiillgebilde von  télbar brauchbar bleibt.
wird wegen (ST1) i.A. sicher nicht kreisférmig oder gar Die Erweiterung des Schauplatzes auf (euklidische) R&u-

punktformig ausfallen konnen! (Im Sonderfall, dAsislit- meE" héherer Dimensiom erlaubt auch die dimensions-
telpunkt vonk ist, stimmtk, mit k tiberein, ist also doch ~mafige Verallgemeinerung der am Satz von Thales betei-
kreisférmig.) ligten Elemente: Es kdnnen statt Punkfe® Unterrdume

AXbzwB' verwendet werden und statt der Winkelschenkel

aundb orthogonale und gemeinsam gaffzaufspannen-

4 Raumlich elementare Verallgemeinerun-  de Unterraume®*!, g'*1 durchAX bzwB'. Der Schnittort
gen des Satzes von Thales zugeordneter “Schenkel-R&ume” ist dann i.A. eine ortho-
gonale Hyperquadrik oder ein orthogonaler Kegel, ein Ro-

» durch tationszylinder oder eine Hyperkugel. Fiir= 3 sind die
interessanten unter den mdglichen Fallen in den folgen-
den Figuren (Abb.7) dargestellt. Wir wollen Ergebnisse ho-
herdimensionaler Verallgemeinerungen im Folgenden mit
(nD-Ti) kennzeichnen. Somit sind Aussagen, die das Er-
(T1’) Sind AB Durchmesserendpunkte einer Kugéluad zeugnis orthogonaler Unterraumbiindel mit der Bezeich-

ist S ein von A und B verschiedener Kugelpunkt, so istnung (nD-T5) zusammenzufassen.

Ersetzt man bei den Grundbegriffen das Wort “eben
“raumlich” und behélt alle tGbrigen Elemente bei, so er-
gibt die Drehung um die Durchmessergeradivonk als
Scheitelort von rechten Winkeln eine Kugel:

10
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Abbildung 7: Die Falle (3D-T5): Durch orthogonale Unterraumbischel odé&nterraumbiindel erzeugten
Thales-Quadriken des¥E

Bemerkung: Der orthogonale Kegel als Erzeugnis ortho- das PunktepaafA,B) als singulare Kurve 2.Klasse auf,
gonal gekoppelter Ebenenbiischel mit scheidenden Achserie z.B. in eine konfokale Schar von Ellipsen eingebettet
kommt bereits in 3 und Abb. 3 vor. Orthogonale Hyper- gedachtwerden kann, so ist die Frage nahe liegend, welche
boloide und Kegel, sowie Drehzylinder treten als “gefahr- isoptischen Linien bei Kegelschnitten auftreten, wenn wir
liche Flachen der Fotogrammetrie” auf: Stammen die in als Sichtwinkel stets einen rechten Winkel fordern. (Selch
zwei Fotos eines Objektes erkennbaren mindestens 7 Bild-0 = 90°- isoptische Linien werden tblicherweise “orthopi-
paare von Raumpunkten, die einer geféahrlichen Flache ansche Linien” genannt. Fiir die Begriffsbildung “isoptisch”
gehoren, so ist die Rekonstruktion des (euklidisch ausge-und “orthoptisch” vgl. [17] und [18].) Es zeigt sich — und
messenen) Objektes nicht méglich, vgl. [8] und [16]. dies ist ein altbekanntes Ergebnis —, dass die orthoptische
Linien von Mittelpunktskegelschnitten Kreise sind; furPa

. rabeln ergibt sich deren Leitgerade als orthopische Linie,

5 Derrechte Winkel als zerfallende Kurve 2. g abb. 10.

Ordnung

) ) L Natirlich kann man die Punk# B fiir sich und unabhén-
Ein Paar norrI]aIer Gerade?b in der euklidischen Ebe- i \oneinander zu Kurven verallgemeinern und auf diesen
nep kann als “ausgeartete " gleichseitige Hyperbel aufge- i\, ven a und b einen Rechtwinkelhaken “reiten” lassen.
fasst werden und ist Asymptotenpaar eines Buschels Nopgr seheitels dieses Hakens durchlauft dabei die orthop-
mothetisch liegender gleichseitiger Hyperbeln. Dabei er- i-he Linie des Kurvenpaaréa, b). Bleibt A ein Punkt,

geben sich zwei Fragen: so entsteht die FuRpunktskurve viobeziiglichA als Pol.
(1) Was hllt jede der homothetisch gelegenen HyperbelnAbb. 8 zeigt Spezialfalle, wenmundb kreis- oder punkt-
h bei der Thales-Bewegung (T3) ein? férmig angenommen sind.

(2) Welchen Zwanglauf bestimmt eine durch zwei feste
PunkteA, B gleitende gleichseitige Hyperbel? Die beiden
Fragestellungen werden hier nur durch zwei Figuren visua-
lisiert (Abb. 9(a) und 9(b)), eine analytische Behandlung,
die Zusammenhéange mit der Ellipsenbewegung offenbart,
unterbleibt hier jedoch.

6 Die Punkte A und B als singulare Kurve 2.
Klasse; orthoptische Linien

Aus den Punkten des Thales-Kreigesieht man die Stre- _ _ S _
cke [A, B| unter festem (rechten) Winkek, ist also eine Abbildung 8: Orthoptische Linie eines l_(re|spaa_res und
spezielleisoptische Linidir diese Strecke. Fasst man nun allgem. Fusspunktkurve eines Kreises.

11
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(a) Hullgebilde einer mitS,a,b) homothetischen Hyperbglbeim Thales-Zwanglauf (T3fb) Bahn(en) des Mittelpunktes und verschiedener allge-
meiner Punkté& beim Zwanglauf einer durch zwei Punkte
gleitenden gleichseitigen Hyperbel

Abbildung 9:Der rechte Winkel aufgefasst als Asymptoten gleichseitigperbeln

O\ J >

Abbildung 10:Orthoptische Linie einer Ellipse, einer Parabel und einagipdrbel

12
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7 Hoherdimensionale Analoga der Recht-
winkeligkeit

Wir suchen nach “verniinftigen” Verallgemeinerungen ei-
nes rechten Winkels bzw. eines Winkels vom Ma(2 ,

(also einem Viertel des Vollkreisumfanges). Einem rech-
ten Winkel héherdimensional analog ist airBein aus
paarweise orthogonalen (Halb-)-Geraden. Dagegen kénnte

man (im Fall der Dimension 3), jedes Dreikant mit (sph&- appjldung 11:Dreiparam. Beweglichkeit eines orthogona-

rischem) Eckenwinkelmar?/2 als Analogon eines ebenen len Dreibeins langs eines festen Kreises k:
Winkels vom MaRm/2 auffassen. Es gibt also i@® bis Drehellipsoid als zweidimensionaler Schei-
auf Bewegungen eine zweiparametrige Menge solmji2r telort S plus einparam. Bewegung langs or-
- Dreikante. thogonalem Kegdl = SV k.

(3D-T3) Treffen die Schenkel eines orthogonalen Drei-
T s ; ) beins stets einen Kreis k, so erflllen die Scheitel S der so
wir im Sinne von4. {a, b} als niedrigstdimensionalen Fall o yjarten 3-parametrigen (1) Menge von Dreibeinen eine
eines quadratischen Kegdlsauffassen. Um ihn mit der  Flache, namlich ein abgeplattetes Drehellipsoid mit dem
Orthogonalitat zu verbinden, mége man sich der “Spur- Achsenverhéltnis/2 : 1, welches k zum Aquatorkreis hat.

0-Kegel” erinnern. Das sind elliptische Kegel mit einer pjese Aussage ist zunéchst unerwartet, bestimmt der be-
Gleichung in projektiven Koordinaten derart, dass die zu- schriebene Zwanglauf doch eine dreiparametrige Dreibein-
gehorige symmetrische Bilinearform auf eine (singulére) menge. Erstaunlicherweise lasst sich der Beweis mit Mit-

symmetrisché4x4)-Matrix mit der Hauptdiagonalglieder-  teln der Elementargeometrie flhren, wobei Eigenschaf-

Summe 0, also der Spur 0 fuhrt. Die kennzeichnende geo-te€n der Euler-Geraden und der Satz vom Normalriss eines
Rechten Winkels zur Anwendung kommen.

Einen anderen Verallgemeinerungsweg betreten wir, wenn

metrische Eigenschaft dieser Kegel ist die, dass auf ihnen
eine stetige Schar orthogonaler Dreibeine aus KegelerzeuDer folgende, von [2] in Details abweichende elementar-
genden existiert (vgl. [12], [6]). Ein orthogonales Dréibe geometrische Beweis gliedert sich in drei Schritte:

aus Erzeugenden lasst sich also laAgserum bewegen.  a) die Festlegung eines Treffpunktedreiecks des Dreibeins
Ein triviales Beispiel eines solchen Kegels ist der die Kan- {Sia,b,c} mitk zu (in der Kreisebene) gewahltem Grund-
ten einer Wiirfelecke enthaltende Drehkegel. Hat der Ba-"1SSS des ScheitelSund gewahitem Punkt € k des Drei-

siskreis eines solchen Drehkegels den Radius 1, so ist Seingelnschenkels,

Hohe 1/v/2. b) die Bestimmung der einparametrigen Menge von Treff-
punktedreiecken zu festem Scheitelgrund8sslie wegen

Bemerkung: Fur hohere Dimensidrergibt sich eine Hohe  (3D-T1) erwartungsgemaR den selben Schedtélaben;

von 1/1/d — 1 tiber der Mitte der Leitsphake”—2 vom Ra- wobei also zu zeigen ist, dass bei verschiedener Wahl von

dius 1, wie man unter Zuhilfenahme der MaRverhaltnisse C die zugehdrigen Scheitgldie selbe Hohe Uber der Krei-

beim Hyperwiirfel unschwer ableitet. SinngemaR miissenSebene haben, und

wir nun auch das PunktepaArB als niedrigstdimensio-  ¢) gezeigt werden muss, dass der sicher drehsymmetrische

nalen Kreis auffassen, der nun “Leitkreis” fur einen Spur- Ort der ScheiteS eine Meridianellipse der in (3D-T3) be-

0-Kegel zu sein hat. Es ergibt sich folgender verallgemei- haupteten Gestalt hat.

nernder Sachverhalt: Zu a): BezeichnerA B,C die Treffpunkte der Schenkel
) _ _ des Ortho-3-Beins, so ergibt sich nach dem “Satz vom
(3D-T1) Die durch einen Kreis k legbaren SpQikegel  Rechtwinkelbild”, nach dem sich jede Ebenennormale im

haben Spitzen, die einem abgeplatteten Drehellipsoid mitNormalriss orthogonal zur Ebenenspur abbildet, dass der
dem Achsenverhéltnig’2 : 1 angehdren, welches k zum  GrundrissS des ScheitelSstets in den Héhenschnittpunkt
Aquatorkreis hat. von AABC fallt. Vom Dreieck AABC kennt man also ei-

) ) nerseits den Umkreis samt Mittelpurtund den Hohen-
Denkt man sichi” durch ein konkret gegebenes orthogona- schnittpunkis, somit die Euler-Geradeund den Schwer-

les Dreibein erzeugt, so ergibt sich folgende Formulierung punktG e e mit MG = 2GS. Zu beliebig, aber nicht awf
vgl. Abb. 11, sowie [2] und [10]: gewahlter Eck€ € kist somitCS = h. eine Dreieckshohe,

13
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zu der die durctM gehende Mittelsenkrechir. der Seite
c:= [A B] parallel sein mus€G =: s ist eine Schwerli-
nie. Sie trifft m. im SeitenmittelpunkC* von c undc ist
damit als Normale zm; durchC* festgelegt. Die Seiten-
geradec trifft k in den gesuchten Treffpunktekund B,
vgl. Abb. 12 (links).

Abbildung 12:Skizzen zum Beweis a) und b)

Zu b): Um die Hohe vors tber der Eben& vonk zu be-
stimmen, verwenden witSS als Seitenriss-Ebene. (Den
in dieser Ebene liegenden HohenfuBpunkth, bezeich-

nen wir mitF.) In diesem Seitenriss erscheint das sicher

rechtwinkelige DreieckACSK unverzerrt und wir lesen
nach dem Hohensatz fur rechtwinkelige Dreiecke ab:

S¥ —SC.SF.. 3)

Nun schneidel; den Umkreik von AABCnoch in einem
PunktCy, fir den bekanntlich gilt:

FeS = FCx, (4)
sodass damit folgt:

§§=§%§G. (5)
Der Sehnensatz filk, S) besagt nun aber, dass

SC.- SCx = const (6)

fur jede Wahl vonC auf k ist. Demnach muss auds

einen vorC unabhangigen festen Wert haben, vgl. Abb. 12

(rechts).

14

Zu c): Fur den Nachweis, dass der wegen b) nur zwei-
dimensionale Scheitelort ein abgeplattetes Drehellgbsoi
@ ist, verfolgen wir einen Meridiarm von ®, indem
wir von fest gewahltenC auf k ausgehen un@& auf
der Verbindungslini€M wéhlen. Damit musaABC ein
gleichschenkliges Dreieck sein. Zu jeder Wahl der Ba-
sisseitec normalh; = e = CM gehort ein rechtwinklig-
gleichschenkliges DreiecKASB sodassSk = %AB sein
muss, E: bezeichnet wieder den HohenfulZpunkt vgn
aufc). Andererseits liegbauf dem Thaleskreis Ub&CF;],

da auch das Dreied&CSF rechtwinklig ist, vgl. Abb.13.

Abbildung 13:Skizze zum Beweis c)
Mit a := <AMF; besitzt es die Kathetenlangen

Sk = sina undSC= cos% (1+cos), (7)
wobei wir fir den Radius vok 0.B.d.A. den Wert 1 ver-
wenden. Fir den Normalris® € CM ergibt sich demnach
in Abhangigkeit voru

r(a):M—Szl—co§%(l+cosa), (8)
und die Hohe von Sberechnet sich zu
z(a) = SS= sin%cosg(1+ cosn), (9)
sodasgr(a),z(a)) die Ellipsengleichung
2
vLZ (10)
1 1

2
erfullt.

U

BemerkungObschon der Sachverhalt (3D-T3) durch die
Aussagen zu (3D-T1) mit erledigt ist, scheint der elemen-
targeometrische Beweis von Interesse zu sein, sind doch
die benutzten Werkzeuge im Schulstoff angesiedelt, also
‘Folklore’. Er kann daher von jedem an Mathematik inter-
essierten Laien leicht nachvollzogen werden. Der angege-
bene Beweis “rechtfertigt” auch die Tradierung elementar-
geometrischer Satze als ein seltenes Beispiel fir die Ver-
wendung der Euler-Geraden als Beweishilfsmittel!
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8 Umstllpung des Wiirfels nach P. Schatz

In [9] findet sich auf Seite 37 im Zusammenhang mit der
Umstllpung des Wiirfels (siehe Abb. 14) die Formulierung
“Es erfolgt Ubrigens die Bezeichnung des umstulpbaren
Wiirfels als “rechtwinkliges Sechsflach” in Anbetracht sei-

nes Verhaltnisses zur Umkugel, dem im Zweidimensiona-
len das Verhaltnis des rechtwinkligen Dreiecks zum Kreis
entspricht.”

Abbildung 15:Raumlicher Rechtwinkelhaken aRcSb des-
sen Schenkel a und b durch die festen
Punkte A und B gleiten.

9 Weitere Analoga zum Satz von Thales

Von den bisherigen Verallgemeinerungen ausgehend las-
sen sich weitere Verallgemeinerungslinien eréffnen. Zum
Beispiel erlaubt der Begriff der Ful3punktskurve nahe

liegende raumliche Verallgemeinerungen im Sinne ei-
Abbildung 14:Vom Wiirfel abgeleitete umstulpbare Tetra- npes Thales-Satzes, wenn man nur die Schereél

ederkette von P. Schatz (vgl. auch [20]).  des urspriinglichen Rechtwinkelhakens durch zwei total-

K6 | . h hi . sumnlich orthogonale Unterrdume ersetzt, die ihrerseits zwei Steu-
Man ohnte also meinen, auch hier eine raum_ Iche Ver- erfiachen oder -kurven beriihren oder durch Purkie
allgemeinerung des Satzes von Thales vorzufinden. Demindurchgehen. Der Fall der durch orthogonale Geraden-
Umstulpvorgang andert aber den Radius der Umkugel desund Ebenenbiindel erzeugten Thales-Kugel von Abb. 7 ge-
Sechsflachs. Dennoch lasst sich eine Thales-Bewegung ex20rt beispielsweise hierher.
trahieren, wenn man den Bewegungsvorgang eines der TeEs ist unmittelbar einsichtig, dass das ebene Problem orth-
traeder der sechsgliedrigen Schatzschen Kette von Abb. 1PPtischer Kurven, wie es in Kapitel 6 behandelt wurde, auf

zwei Arten in den Raum zu Ubertragen ist:
fur sich studiert. Dabei wird das Tetraeder auf die drei auf- el Arte den Raum zu Gibertragen ist

einander folgenden Rechtwinkelhaken reduziert, die mit O : . -

. len Dreibeins, dessen Schenkel drei Steuerflachen berih-
den Schenkela,b durch feste Punkt@, B gleiten sollen o \yobei die Steuerflachen zusammenfallen oder auch zu
(Abb. 15). Wir fragen nach der Menge von Geraden, die die Kurven oder Punkten ausarten konnen.
Gemeinnormale der zueinander normalen Geradgeund (3D-T3b) Gesucht ist der Scheitel eines orthogonalen
b durchlauft. Diese Geradenmenge besteht aus DrehregulDreiflachs, dessen Ebenen drei Steuerflachen berthren,
(also einer Erzeugendenschar von Drehhyperboloiden) mitwobei die Steuerflachen zusammenfallen oder auch zu
der gemeinsamen AchgeB. Andererseits ist auch ein Be- Kurven oder Punkten ausarten konnen.

wegungsvorgang denkbar, demur parallel verschiebtund ~ (3D-T3a) soll durch das folgende Beispiel illustriert wer-
einen Thales-Zylinder erzeugt. Damit berthren alle mog- den: Gesucht ist der Ort der Scheiabrthogonaler Drei-
y gt 9 beine (S,a,b,c), deren Schenkel drei nicht notwendig

lichen Geradere eine mit der Thales-Kugel tibé&®B kon- windschiefe Steuergerader, r treffen. Jeder nicht durch
zentrische Kugel und schlie3en miB konstanten Win-  eine Steuergerade gehende ebene Schnitt der drei Steuer-
kel ein. Die Menge c ist also eine Geradenkongruenz, diegeraden gibt Anlass zu einem Treffpunktedreia2¢8C.

als Schnitt eines Kugeltangentenkomplexes und des Treff-Damit dieses das Spurpunktedreieck eines orthogonalen
. . .. _Dreibeins sein kann, muss es notwendig spitzwinklig aus-
geradenkomplexes eines Fernkreises entsteht. (Fr Olles?allen. Der Grenzfall rechtwinkliger Spurendreiecke sei

der Liniengeometrie entstammende Begriffswelt siehe z.B zygelassen. Die Schnittebenen-Normale durch den Hohen-
[71.) schnittpunkt vomAABC trégt dann zwei zur Schnittebene

(3D-T3a) Gesuchtist der Ort der Scheitel eines orthogona-
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symmetrisch liegende Punkte S. Dieses Punktepaar ergibtaum” behandelt. Auf die Untersuchung weiterer, linien-
sich auch als Schnittpunktepaar der Thales-Kugeln Ubergeometrisch motivierter Verallgemeinerungen des Satzes
den Dreiecksseitef\, B, [B,C], [C, A}, vgl. Abb. 16. von Thales wird hier verzichtet.

Zur lllustration von (3D-T3b) gehen wir vom Spezialfall
eines einzigen Kreisek als der (dreifachen) Steuerkur-

ve aus und bestimmen die orthogonalen Dreiflache, deren
Ebenenk berlhren. In gewisser Weise dual zur Aufgabe
(3D-T3) gehen wir also von einem spitzwinkligen Tan-
gentendreieck vok aus, bestimmen dessen Hohenschnitt-
punktH und schneiden die Thales-Kugeln tber den Drei-
ecksseiten, um das zum Tangentendreieck gehdrige Paar
von ScheiteInS moglicher Dreiflache zu gewinnen, vgl.

Abb. 17.
Abbildung 16:Scheitel S eines orthogonalen Dreibeins, " Abb. 17 wurde von einem (spitzwinkligen) gleich-
dessen Schenkel drei Leitgeradeng,p schenkligen TangentendreiefRBC ausgegangen, dessen
treffen. Symmetrieachse die SeitB,C] im BerthrpunkD mit k

. . . . . trifft. Ist | der Mittelpunkt vonk unda bzw.y der Innen-
D e . Wikl onAABCin A bz Cund bezeichns den Ho-
nen auszugehen. Wir Uberlegen, dass zu jeder L6Sung henschnittpunkt voAABC, so gilt
eine dreidimensionale Umgebung von Losungeaxis- — %
tiert. Dazu beschreiten wir einen anderen, etwas aufwém-DC =p= COtE
digeren Losungsweg: Wir gehen von einem zunachst be-

>1 (im Grenzfall p=1)

liebig (nicht auf den Leitgeraden) gewahlten Raumpukt Al = q= i _ p?+1

als Auge einer Zentralprojektion auf eine (beliebig gewahl ' coyy p?-1

te) Bildebener aus. Dann ist den Zentralrissef, ¢, r¢ 1 1

ein DreieckAABC so einzuschreiben, dass der Hauptpunkt DH =:r = p-coty= E(pz— 1),[H=1-r= 5(3— pz) =1y

der Perspektive dessen Hohenschnittpunkt ist. Unter der

(|A) einparametrigen Menge dieser Dreiecke finden sich Hieraus fOlgt fur diez-Kote des ScheitelSdes Dreiflaches
zwei (im algebraischen Sinn) so, dass sich die Thales- Ku-nach dem Héhensatz die Beziehung

geln Uber den Seiten im Augpunkt schneiden. Die Beweg-

lichkeit eines (nicht orthogonalen) Dreikants entlangetre Z=(q+y)r=(a+y)(1-y)=aq+y+aqy—Vy,

Geraden findet sich auch bei der von H. Stachel entdeckten - . .

Bewegungen, die die beiden Tetraeder einer Stella Octan—socj"leS schlieBlichundy die Gleichung
gula gegeneinander trotz Ubergeschlossenheit des kinema- 2

tischen Systems ausfiinren kénnen, vgl. [13]und [14].  y’+Z=q+y—qy=2 P

=2 (p>1)

p?—1

Mit diesem in Abb. 16 visualisierten Beispiel hat man in
gewisser Weise auch einen “Satz von Thales im Linien- erflllen.

. Y
Rl

B

Abbildung 17:Der Scheitelort der einen Kreis k beriihrenden orthogon&legiflache ist eine mit k konzentrische Kugel.
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Wir haben noch zu zeigen, dass alle Tangentendreieckedlung zu “dualen Holditch-Satzen im Dreidimensionalen”
{A,B,C} die den selben Hohenschnittpunkthaben, zum  im Sinne von [1] knupft.

selbenz-Wert von S filhren. Die Menge dieser Tangente-

dreiecke sind sdmtlich einer festen Ellipsein- und dem

Kreis k umbeschriebene(und k bilden eine Angabe ei-

nes vonJ-V. Poncelestammenden poristischen Problems 10 Schlussbemerkung

der ebenen projektiven Geometrie, bei dem entweder kei-

ne oder unendlich viele Lésungen auftreten, vgl. [3] und Wir haben einige Wege aufgezeigt, wie der Satz von Thales
Abb.18) Die Ellipsee ist dabei durch zwei solche Dreie- in allgemeinere Fragestellungen als Spezialfall eingebet

cke bestimmt. Wir iibergehen die diesbeziiglichen Rech-werden konnte. Obwohl dabei Vieles nur grob angerissen
nungen. wurde, so wird hoffentlich dennoch zumindest die Reich-

haltigkeit dieser mdglichen Verallgemeinerungen sichtba
und sollte zu eigenstéandigem forschenden Tun anregen.
Dariiber hinaus sollten Prinzipien mathematischer Uber-
legung exemplarisch vorgestellt werden: Das Einordnen
eines Sachverhaltes in ein allgemeines Schema einerseits
und das Bilden von Analogien andererseits. Beide Prinzi-
pien erfordern zwar eine gewisse Breite an mathematisch-
geometrischer Grundbildung, bei in der Schule nicht ge-
hemmter natirlicher Neugier der Schiler wird der Er-
werb dieser Bildung aber zu keiner Zeit als Last emp-
funden. Fir diese Bildungsaufgabe mag der vorliegende
Text in Zusammenhang mit der Einlibung einer dynami-
schen Graphik-Software nutzbar sein. Jedenfalls soll Schi
lern und Studenten mit den vorliegenden Materialien, die
durch einschlagige Literatur und Internet-Recherche noch
zu erganzen sind, auch verdeutlicht werden, dass Geome-
Somit gilt der Satz trie und Mathematik entgegen landlaufiger Meinung kei-
(3D-T3b) Beriithren die Ebenen eines orthogonalen Dreif- Nesfalls abgeschlossene Wissensgebiete sind!

lachs einen Kreis k vom Radids so gehort der Scheitel  Es sollte nicht unerwahnt bleiben, dass fur den Uberwie-
des Dreiflachs einer mit k konzentrischen Kugel vom Radi- genden Teil der Figuren die programmierbare Graphics
usv/2an. Software ‘Open Geometry GL (vgl. [4] und [5]) benutzt

wurde.
Fur diese Aussage haben die Autoren keinen Hinweis in

der Literatur gefunden. Sie lasst eine (nD-T3) analoge
Dimensionsverallgemeinerung zu, die auf eine Thales- Literatur
Hyperkugel vom Radiug/n — 1 fuhrt.

Mit (3D-T3b) ist abschlieRend ein sehr natrlicher Verall-  [1]1 BROMANN, A., Holditch’s TheoremMath. Magazi-
gemeinerungsstrang des Satzes von Thales gefunden, der 1€ 54 N0.3 (1981).

aus den Formulierungen des ursprunglichen ThaIes-Satzes[z]
im Sinne von Kapitel 4 folgt:

Abbildung 18: Dem Kreis k umschriebene Dreiecke
mit gemeinsamem H®6henschnittpunkt H
sind einer festen Ellipse e einbeschrieben.

BUBECK, H., Auf der Suche nach einer ,einfachen®
raumlichen Entsprechung zum Satz von ThaWsU
(T7) “Fasst man das Punktepaar A,B als ausgearteten 47/5 (1994), 264-268.

Klassenkegelschnitt (also als Tangentenmenge) auf,so lie

gen die Schnittpunkte S orthogonaler Tangenten auf einem [3] FRIEDELMEYER, J-P.,Le théoreme de cloture de
Kreis, dem Thales-Kreis (ibgA, B]” Poncelet comme source d'inspiration et lieu de
rencontre des nouvelles methods en géométrie
(Lumigny, 2005).
www.univ-nancy2.fr/poincare/colloques/
hgmc2005/Friedel-meyer_Jean_Pierre.pdf

(3D-T7) Fasst man einen Kreis k als ausgeartete Klassen-
quadrik (also als Tangentialebenenmenge) auf, so liegen
die Schnittpunkte S orthogonaler Tangentialebenentripel
auf einer mit k konzentrischen Kugel voffe-fachen des

Kreisradius. [4] GLAESER, G.- STACHEL, H., Open Geometry:
Herrn M. Hamann verdanken die Autoren den Hinweis, Open GL + Advanced Geometrspringer 1999
dass dieser Verallgemeinerungsstrang auch die Verbin- (ISBN 0387 985999).
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Circular Quartics in Isotropic Plane

Automorphic Inversion and Circular Quartics in Automorfna inverzija i cirkularne kvartike u
Isotropic Plane izotropnoj ravnini

ABSTRACT SAZETAK

In this paper circular quartics are constructed by auto-
morphic inversion (inversion that keeps the absolute figure
fixed) as the images of conics. They are classified depend-
ing on their position with respect to the absolute figure.
It is shown that only 1, 2 and 4-circular quartics can be
obtained by automorphic inversion.

Key words: isotropic plane, circular quartic, automorphic
inversion

MSC 2000: 51M15, 51N25

1 Introduction

U ovom su radu cirkularne kvartike konstruirate pomocu
automorfne inverzije (inverzija koja apsolutnu figuru os-
tavlja fiksnom) kao slike konika. Klasificirane su s obzirom
na poloZaj prema apsolutnoj figuri. Pokazano je da se au-
tomorfnom inverzijom konike mogu dobiti samo 1, 2 i 4
cirkularne kvartike.

Kljuéne rijeci: izotropna ravnina, cirkularna kvartika, au-
tomorfna inverzija

points, snap between two parallel points or the angle be-
tween two lines. Thus, it has been selected for the funda-

An isotropic planeL is a real projective plane where the mental group of transformations.

metric is induced by a real liné and a real poinE in-
cidental with it, [4]. The ordered pairf,F) is called the

absolute figuref the isotropic plane.

The ordered pairk, G3) is called theésotropic geometry

All straight lines through the absolute poiRtare called
isotropic linesand all points incidental withf are called

In the affine model of the isotropic plane where the coor- isotropic points

dinates of the points are defined by

X1 X2
X:—7 = —,

X0 X0

the absolute linef is determined by the equatiog = 0

and the absolute poiit by the coordinatef0,0,1).

Two pointsA(ag,ap) and B(by,by) are calledparallel if
they lie on the same isotropic line. In that case,dpanis
defined bys(A,B) = by — ay. For two non-parallel points
thedistanceis defined byd(A,B) = b; — ag.

There are seven types of regular conics classified accord-
ing to their position with respect to the absolute figure, [1]

The projective transformations that map the absolute fig- [4]. An ellipse(imaginaryor real) is a conic that intersects

ure onto itself form a 5-parametric groufs. They have

equations of the form

X=a+dx, y=Db+cx+ey

Gs is called thegroup of similaritiesof the isotropic plane,
[1], [4]. Its subgroupgs Gs, consisting of the transforma-

tions of the form

X=a+X, y=b+cx+y,

the absolute line in a pair of conjugate imaginary points.
If a conic intersects the absolute line in two different real
points, it is called dyperbola(of 1stor 2nd type depend-

ing on whether the absolute point is outside or inside the
conic). A conic passing through the absolute pointis called
a speciahyperbolaand a conic touching the absolute line
is calleda parabola If a conic touches the absolute line at
the absolute point, it is said to becacle.

A curve in the isotropic plane igircular if it passes

is called thegroup of motionsof the isotropic plane. It  through the absolute point, [5]. Itdegree of circularity
preserves the quantities such as the distance between twis defined as the number of its intersection points with the
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absolute linef falling into the absolute point. If it does not (2) The fundamental conic q is a special hyperbola. The

share any common point with the absolute line except the pole P is an intersection point of the absolute line
absolute point, it ientirely circular, [3]. and the fundamental conic different from the abso-
The circular curve of order four can be 1, 2, 3 or 4-circular. lute point.

The absolute line can intersect it, touch it, osculate it or o )
hyperosculate it at the absolute point. The absolute point (3) Thle furyda;nental ?omc q is a special hyperbola. The
can be simple, double or triple point of the curve. pole P is the absolute point.

(4) The fundamental conic q is a circle. The pole P is a
point of the absolute line different from the absolute

2 Automorphic inversion in isotropic plane one

Definition 1 An inversion with respect to the pole P and  (5) The fundamental conic q is a circle. The pole P is

the fundamental conic q is a mapping where any point and the absolute point.
its image are conjugate with respect to the conic q and
their connecting line passes through the point P. Proof. The absolute poirf has to be mapped into itself.

Therefore,F has to be a point of the fundamental conic.
The inversion is an involution, [2], [6]. Any point of the  Accordingly, the fundamental conic is either a special hy-
fundamental conic is mapped into itself. The lines join- perbole or a circle. Since the absolute lifehas to be
ing a point to its image are called tn@ys They are fixed  mapped into itself, it has to be a ray of inversion. Conse-
lines as entities, but their points are not fixed. lpebe quently, the polé is a point of the absolute line. d
the polar line of the poin® with respect to the fundamen-
tal conicq. The intersection points of the linewith the
conicq are denoted by, andP, and their polar lines by
p1 and p2. These three points and three lines are said to
be thefundamental elementsf the given mapping. The
fundamental points are the singular points of the inversion
(P+— p,PL— p1,P, — pp), and any point of the funda-
mental line is mapped into the corresponding fundamental
point.

A curve of order four can be obtained by inversion of a
conic, but also by inversion of a curve of higher order pass-
ing through the fundamental points. For example, the in-
verse image of a cubic passing through two fundamental
points is a curve of order six that splits into two lines and a
curve of order four. We will study the quartigobtained

as an inverse images of a cokithat does not pass through
the fundamental points. The conditions that the c@ifias
The inversion maps the cunkeof ordern into the curve to fulfill in order to obtain a circular quartic of certain tgp

k of order . Sincek intersects any fundamental line will be determined for each of the types of the inversion.
in n points, k has three multiple points of orderin the

fundamental points. Ik passes through some of the fun- 2.1 Equation of fundamental conic

damental pointsk splits into the corresponding polar line

and a curve of orden— 1. The curvek passes through  Every curve of second order is given by the equation of the
common points of the curdeand the fundamental conic.  form

2 2 2 _

Since we are interested in the property of circularity, we 200X0+811X1 +822X3 +2801X0X1 +2802X0X2 +2812X1%2 = 0,
will restrict our interest on the inversions that keep the ab 1)
solute figure fixed. ) ] )

or in the affine coordinates
_Defin_ition 2 Aninversion whi_ch_ maps absolute figure into 800+ a1 + apay? + 2801X + 2802y + 281Xy = 0.
itself is called the automorphic inversion.

Considering the isotropic motion
According to [5] the following theorem is valid:

L= x— doidz2 —apzd12 _ do2a11 — ap1d12
2 ) YT T2 oo
' . ag, — ana as,— aa
Theorem 1 There are five types of the automorfic inver- 12— 122 127 S22
sion: we get a simpler form of the equation
(1) The fundamental conic q is a special hyperbola. The a1 + agay” + 2a1xy+a=0.
pole P is a point of the absolute line, different from
its intersections with the fundamental conic. If a2,— a11a22 = 0, the conic is either a parabola or a circle.
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The equation of parabola touching the absoluteline, 0]

at the point0,1,0) due to
0
1 |{=pn| 0],
0 0

a0+ Y2 + 281X + 2agzy = 0.

dpp do1 ap2
o1 a11 a2
do2 a2 ax

is of the form

Now, by the isotropic motion

a2
R = x+ 200~ 82
2ap;

it can be transformed into

Y2 +2a01x=0, ao1#0.

y=y+ao

1-circular conic (a special hyperbola) dueag = 0 has
the equation of the form

a11x2 +2a1oxy+a=0, app#0.

The assumption that the other intersection point of the spe-

cial hyperbola and the absolute line is the pdidtl,0)
leads to even simpler form

xy+a=0. (2)

If the conic given by (1) is 2-circular, the liné[1,0,0]
is the tangent of the conic at the poirt0,0,1), conse-
quentlya;» = a2 = 0,802 # 0. Therefore, the equation

a11X% + 2ap1x+ 2ag2y + ago = 0,

is obtained. Since;1 should not equal zero, we can chose
ai1 = 1. After applying the isotropic motion

the equation becomes

X2 + 2agzy = 0. (3)

2.2 Equations of inversion

Let the fundamental conighbe a special hyperbola and let
the pole of the inversioR(0, p1, p2) be a point of the ab-

solute line. Without loss of generality we can assume that

q has the equatiory— 1= 0. Let us determine the coor-
dinates of the image& (1,d, ) of a given poinfT (1,a, ).
The polar linet of the pointT is determined by

sedlli)Le)

o

NI O
[@X NN

Or, in other words, the line with the equation

—2+Bx+ay=0. 4)
Connecting lin€T P is given by
Xo X1 X2
0 p1 p2|=0
1 o B
which is equivalent to
P1B — P20t + p2x — p1y = 0. ()

The pointT is the intersection of the lindsand TP so its
coordinates can be determined by solving the system of the
linear equations (4) and (5) and equal

_ P20’ —pioBi2py 5 PPt pif”+2p,
P20 +pif P20 + p1f '
Thus, the inversion is given by

Q

P2X? — paxy+ 2p1 — P2Xy+ pry? + 2p2
P2X -+ p1y PoX+p1y

If the pole is the absolute poiRt(0,0,1) the previous ex-
pressions are turned into

(6)

X =

y:

(7)

If the pole is the other intersection of the fundamental
conic with the absolute line, i.e. the poiRt0,1,0), (6)
becomes

R=x, §=—y+2
- N y_ y X'

2
X=-—X+=-, y=V. (8)

y
In the general case when the p&€0,1, p),p # 0, is the
point of the absolute line not belonging to the fundamental

conic, the inversion is determined by

pXe — Xy+ 2 —pXy+Y2+2p
pxX+y pPX+Yy '

Therefore, we conclude that inversion, fundamental conic
of which is a circlex? —y = 0 (without loss of generality
we can assumag, = —% and poleP(0, p1, p2) is a point

of the absolute line, has the equations

X= V= (9)

g —P2X+2py —2p2X° + 2p1xy+ P2y

2pix—pz 2p1X— p2 '

In the case when the pole is the absolute p&i(@,0,1)
equalities (10) are turned into

y=x-V.
The general case, when the pole is different from the ab-
solute point, may be simplified by choosif@ 1,0) for its
coordinates. Then, the inversion is given by

< Y o
X_X7 y_y

y= (10)

X =X, (12)

(12)
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2.3 Circular quartics obtained by automorphic The coefficienty; must not equal-ayp? — 2a;,p, since
inversion of conic otherwise conik would pass through the poReand con-

o o . ~ structed quarti& would split into the linepx+y =0 and
Theorem 2 An automorphic inversion in the isotropic 3 cubic.

plane maps the"-order curve k not passing through
the fundamental points of the inversion into #f&-order
curvek. The degree of circularity of the curkedepends

on the type of the inversion and on the position of the conic

k with respect to the fundamental and absolute elements asallpzx‘l‘ —2p(ar2p+ a11)X§X2+ (a22p2 +4a1op+ all)xfxg—
follows:

The intersections of the absolute likg= 0 with the quar-
tic k are the points coordinates of which satisfy the equa-
tion

—2(agp+ a12)x1X5 + axx3 = 0.
o Ifthe fundamental conic q is a special hyperbola and
the pole P is an isotropic point, 2 F, k is 1-circular
(if k is a special hyperbola) or 2-circular (if k is a (%2 — px1)?(a11%4 — 2a10X1 % + apx3) = 0.
circle) quartic.

Some short calculation turns it into

It is obvious from here that the poR0, 1, p) is two times
e Ifthe fundamental conic q is a special hyperbolaand counted common point of the absolute line and the quartic.
the pole P is the absolute poirktjs 2-circular quar-  The absolute point is one of the intersections if and only if
tic. ap2 =0, and it is two times counted common point if and

e If the fundamental conic q is a circle and the pole P onlyif a3, =0, too.

is an isotropic point, P4 F, k is 2-circular quartic
o _ If azo =0, the conik is a special hyperbola with the equa-
e If the fundamental conic q is a circle and the pole P jgn

is the absolute poink is 4-circular quartic.

2
+ a11x° + 2a1xXy+ 2ap1X + 2 =0, (14
Proof. Detailed proofs of all facts will be given only in B0+ 11 L2 a0t Bo2y (14)

the case of the inversion of type (1). Since the approachand the quatri& is 1-circular, Figure 1.
is similar in all the other cases for the inversions of types If a;» = ay» = 0, the conidk is a circle
(2)-(5), only the facts will be stated in those cases.

Type (1)

Let us consider the inversion of type (1) with the funda-
mental conicq given by the equatiomy— 1 = 0 and the
poleP(0,1, p).

The other two fundamental points &€ p, v/—p, —pv—p) F
and P(p,—v/=p,pv/—p). Three fundamental lines

P, P1, P2 are given by equations= —px, y = pX—2y/—p,
y = pX+ 2y/—p, respectively.

The inversion

k .. ago+ayx®+ 2ag1x+ 2agy =0, (15)

and the quarti& is 2-circular.
Therefore, the degree of circularity of the constructed-qua
tic k equals the degree of circularity of the cokic

P8 — xy+ 2 y:—pxy+y2+2p
px+y px+y

maps the coni&

X =

a0+ a1 + angy? + 2a1oXy+ 2a01X+ a0y = 0 (13)
into the quatrid
a11p?X* — 2p(agop+ a11)xy + (8p2p? + 4agop+ag1 ) X2y* —

—2(8p2p +812)XY? + aay”* + 2801 PPX® — 2802 X%y~
—2a01Xy? +2802y° + (a0 + 4a12) p° + 421 1p) X2 —
—2(2ag2p% + (4812 — 800) P+ 2811)Xy~+ (4322 P+ 00+ 4a12)y>+
+4p(a02P-+a01)X+4(802p+ 801)y + 4(a2p* + 231 2P+ 811) =O. Figure 1
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We should determine the tangent of the qudktat the ab- guartic at the pol® coincides with the absolute line, while
solute point. Any line through the poif(0,0,1), except  the other tangent has the equation px+ aoop

the absolute one, has the equation of the farsam, i.e. . do1—aop2P
X1 = M. Its intersections with the quatricare the points  If @1 = a02p, 100, the conid touches the fundamental line
coordinates of which satisfy the equation p at the pointA. Therefore, the poir® is a cusp at which

both tangents coincide with the absolute line.
(4801M p-+ 4aq 1P P+ 4agom PP + (8go + 481 2) MP p>-+

+2a01mPp? + ag 1 p? + 4ag 1 + 8ag )X+ Figure 1 displays 1-circular quatric
KX+ 33y + 3%y +xy° —7x2 —6xy— 3y —8 =10

2(2a91 — 2 2 —4 —apmp— . . . .
+2(2801 = 2812M+2802p + (800 — 4312)MP— &1MT'p obtained as the inverse image of the special hyperbola

—aozmz p2 - a12m3 p2)><3><2+ —x2_ Xy+ 2
k..1—x>+xy =0 by the inversioox = —— 2"~
+(ago+4a12 — 2ap1m-+ allmz+4a12mzp)x%x§+ y y —X+Yy
3 Xy+y>—2 . .
+2(202 — a12m)xpx; = 0. y= R with the fundamental conig...xy— 1 =0

The line is a tangent at the poift if xo = 0 is dou-

X . .. and the poleP(0,1,—1). The tangent of the quartic at
ble root of the equation above, and that is if and only if

the absolute point is the line = 0, while the absolute
a2 — a12m=0. _ , , line is the tangent at the cusp. Each of the funda-
Hence in the case gg being the special hyperbola given o hial linespr...y = —X— 2, pa...y = —X+ 2 intersects
by (14), the linex = a—lz is a tangent of the quartic. k at two different real points. Therefore, fundamental
If kis the circle @12 = 0) given by the equation (15), there  POINts Pi(—1,—1), P»(1,1) are the nodes at which tan-
is no line different from the absolute one that touches the go s have the equatioys— —9i4\/§x+ 12+ 4\/§’
guartic at the absolute point. 3 3
~9+4y3 12743
T3 XT3

, respectively.
Any line passing through the pol(0,1,p) and differ-

ent from the absolute one has the equation of the formT >
mMx — px1 + X2 = 0, i.e.y = px+ m. We need to determine ype (2)
m corresponding with a tangent. Its intersections with the An inversion with the fundamental conic..xy— 1= 0 and

quartic satisfy the equation the poleP(0,1,0) is given by
(2802m° + (800 — 4a12)M? +4(801 -+ 802P) M+ 4(ay1 + 2812P) )X+ X = —X+ 27 y=y.
+(—2a1o1P + 2(3ag2p — A1) P + 4(—au1 + agoP) M+ 5
+8p(ag1 + a02P) ) XaX1+ The image of the poinT (x,y) is the pointT (—x+ )—/,y).
+((ag1 — 2812p)MP + 4p(—ag1 + ag2P)M-+ 4300 p?)X§E = 0. Obviously,d(T,Q) = d(Q,T), whereQ is the intersection
Obviously,xo = 0 is a double solution for eagh. There-  Of the rayPT with the fundamental conig, Figure 2.

fore, P is a double point of the curve xo = 0 is a triple The image of the conik with the equation (13) is the quar-
solution if (a11 — 2a;2p) P + 4p(—ag1+ anp)M+4agep®  tick:

equals zero. 2

It follows that the lines a1y’ — 2310 + g2y — 2201xy” + 2302 -

ao1 — 802P + /(801 — a02p)? — ago(@11 — 2a12p) —4aq1xy+ (200 + 4a12) Y — 4ao1y + 4811 = 0.

y=px+2p
ay1 — 2ai2p ik is ci i ifap, = 0, i.e. i
are the tangents of the quartic at the pBle The reality -(IJ—::IE;/ %ulf\irélgl:résug:cular if:and only ifaz; =0, i.e. if and

of these lines plepends on the sign Of. the expression undelfrhe conidk intersects the absolute lirxg = 0 at the points
the root, andP is a cusp if the expression equals zero. The (0,—2az,a11) and (0,0, 1), while the quartick intersects

reality of the pointsTy 2(1,t12, —ply 2), at which the conic o e points coordinates of which satisfy the equation
k intersects the fundamental ling depends on the same

expression, where x1x§ (a11X1 — 2a12%2) = 0.
_ " a2 — = _ _ . . .
tp— 302p — o1+ v/(302P — a01)” — Aoo(a11 — 2a12p) _ Itis obvious thak; = 0 is a solution, hencE(0,0,1) is an
’ 11— 2a12p intersection. Since, = 0 is a double solution(0,1,0) is

In the special case whem 1 = 2a;op and the special hy-  double joint point of the quartic with the absolute line. If
perbolak intersects the absolute line at the absolute point a;2 # 0, the fourth intersection is the poif@, 2a;2,a11). If
and the pointA(0, 1, —p) at which the line is intersected a;2 =0, thenas; # 0 (since otherwise the conlids a line)
with the polarp of the poleP, one of the tangents of the and the poin{0,0, 1) is the fourth intersection. In that case
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k is a circle andk touches the absolute line at the absolute
point.

It is easy to prove thaP(0,1,0) is a double point of the F=P
guartic at which both tangents are identical with the funda-

mental linep|[0,0,1]. y=p T

In order to make the quarti circular, it is necessary for
conick to be circular. More preciseliis 1-circular ifk is
1- circular, andkis 2-circular ifk is 2- circular. The tangent
of the conick at the point- is the lineagxp + a1ox1 = 0,
while the tangent of the quatrkcat that point is the line
apoXo — azoxy = 0.

=

2
The inversion X = —x+ 9 y=vy, maps the circl& with

the equationk® —y = 0 into the 2-circular quartic

k..x%y? —y®+ —4xy+4=0 touching the absolute line at
the absolute point. The quartic has a cusp with the tangent
y = 0 at the pole of the inversion, Figure 2.

-~ Figure 3

<

Let the conick be given with the equation (13). The equa-
K tion of the constructed quarticis then
g a11X* — 2a1°y + 82X?y + 2a01X° — 2a0X°y +

0 T + (200 + 4a12) X2 — dagsxy -+ 4agx + dazy = 0.

/—1\

The coefficienty, should not equal zero since in that case
the conid would pass through the absolute point (the pole)
and the quarti& would split into the line with the equation

P x =0 and a cubic.

0 1 p X The intersections of the conik with the absolute line

are points(O, —apot \/afz— aian, a11> if a;1 # 0 and

(O, l, O), (O,azz,—zalz) if ai;p = 0. If afz = ajiapy,
Figure 2 the conick touches the absolute line.
Let us now determine the intersections of the quaktic

T 3 and the absolute lingg = 0. Their projective coordinates
ype (3) : :
should satisfy the equation

Let us now consider the inversion 4 3 5 5
a11X] — 2a12X X2 + apoxixs = 0.

X

=X, Yy=-y+ ; Itis evident thak; = 0 is a double solution of the equation.

Therefore, the poinE (0,0,1) is their two times counted
with the fundamental conig...xy— 1 = 0. The absolute ~ common point. Sinceyz # 0, x; = 0 cannot be a triple
point F(0,0,1) is the pole and its polar line= 0 is the ~ solution.

fundamental line of the inversion. The poif@,1,0) is  If a1 # 0, the other two intersections are points
another intersection of the fundamental conic with the ab- (07 aj+ /afz— a11a02, 6111) _
solute line.

If a;1 = 0, the intersections of the quartic with the absolute
line are point(0,0,1) counted twice and point&,1,0),
T(x,y). Clearly,s(T,Q) =s(Q, T), whereQis the intersec-  (0,ap,,2a;5). If aj» equals zerok touches the absolute
tion of the rayF T with the fundamental conig, Figure 3. line f.

The pointT (x,—y — 2—;1) is the inverse image of the point
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Our next goal is to determine the equation of the tangent

of the quartic at the absolute point.

Any linet throughF (except the absolute one) is given by .

equationx; = mx, i.e. x=m. The coordinates of its inter-
sections with the quartic satisfy the equation

x§[ (agam® + 2a01m® + (811 + 4a12) M + dagm+ 4a3,) X5+
+ (—2a1m® — 2a02MF — 4agsM) XoXp + 822MFX3] = 0.

Due to the fact thaxg = 0 is a double solution for eaah
we conclude tha0,0,1) is a double point of the curve.

Xo = 0 is a triple solution ifm equals zero. In that case the
solutions are given by

x5 [4aag,x5] = 0.
Thusxg = 0 is a quadruple solution.
Consequently, the lin@ (x; = 0) is two times counted
tangent of the quartik at the absolute poirt.

Figure 3 displays an inverse image of the conic
k...x2 +y? — 4 = 0 with respect to the fundamental conic
g..xy— 1= 0. The inversion is given by the equations

2 _
X=X y=-y+ X and the quartik by the equation
X} +x2y? — 4x% — 4xy+ 4 = 0. The quartic intersects the
absolute line at the double poiRtat which both tangents
coincide with they-axis and the pair of conjugate imagi-
nary points(0,1,i) and(0,1, —i).
Type (4)
If the circleq...x? —y = 0 is the fundamental conic and the
pointP(0,1,0) is the pole of inversion

-

v 1Y

the conick given by the equation (13) is mapped by this
transformation into the quartic

ap2XPY? 4 2802XCy + 281Xy + agoX® + 2a01Xy + a11y” = 0.
(16)

Coefficientsago, a11, a2 must not equal zero, since other-
wisek would pass through some of the fundamental points.

The intersection points of the conik with the fun-
damental linesxg = 0, x4 = 0, X = 0 are the

points (0,az2, —a12 + 4/ aiz— a11a22), (ap2,0,—ap2 +
\/ @, — ao0dz2), (a11,—ao1+ \/ad; —agoa11,0), respec-

tively.

SinceF (0,0,1), P(0,1,0) are the intersection points of the
quartic (16) with the absolute line and each of them two
times counted, an inversion of the type (4) produces 2-
circular quartics, Figure 4.

q

O=h 1

Figure 4

Its tangents at the double poit{0,0,1) are given by

—2a12t 4/ afz —agia?

2ay2

X =

)

at the poleP(0,1,0) by

—ap2 £ 4/ a2, — agoaz2
y= )
azz

and at the third fundamental poiRt(1,0,0) by

—ap1+ \/a3; — agod11

y =
ail

X.

Obviously, the reality of the tangents and the type of the
double point depend on the reality of the intersections of
the conick with the corresponding fundamental line.

The conick.1—x*>+y? =0 and its inverse image
k..x%y? +x%2 —y? = 0 obtained by the inversion x = 2—:
y=Yy are presented in Figure 4. The quartic possesses
a node at the absolute point and an isolated double point at
(0,1,0). Its tangents at the poifit are linesx = 1, at the
poleP the linesy = +i and at the fundamental poiRt the
linesy = +x.

Type (5)

Let us now suppose that the cirgle.x? —y = 0 is the fun-

damental conic and the absolute pdi0, 0, 1) is the pole
of an inversion. The inversion is given by

X=X, y=2—Yy.
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This type of inversion is analogous with the ordinary inver-
sion in the Euclidean plane.

The inverse image of the point(x,y) is the point
T(x,2 —y). S0,5(T,Q) = s(Q,T), whereQ is the inter-
section of the ray T with the fundamental conic, Figure 5.

The image of the conic (13) is the quarkic
dagox* + dayx® — dapxPy + (aq1 + 4a02)X* — 281Xy +
+ag2y? + 2a91X+ 4apy + agp = 0.

Obviously,az> = 0 is not allowed. In that case the conic
(13) would pass through the pole and the constructed quar-
tic k would split into the absolute line and a cubic.

An easy computation shows that the absolute point is a
double point of the curve at which both tangents coincide
with the absolute line. Therefork,is an entirely circular
quartic.

The quartics #* — 4x%y —x% +y? +1 =0, 4&* — 4%y +

X +y?—4=0, & — 4Py +y?> —x=0in Figure 5 pos-
sess a node, an isolated double point, or a cusp at the ab-
solute point, respectively. They are obtained as images of
the conicsx? —y? = 1, x* +y? = 4, y? = x by inversion
X=X, y=2C—y. O
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Regular Polygons in the Taxicab Plane
ABSTRACT

In this paper, we define taxicab regular polygons and de-
termine which Euclidean regular polygons are also taxicab
regular, and which are not. Finally, we investigate the
existence or nonexistence of taxicab regular polygons.
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tractor geometry, regular polygon
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1 Introduction

A metric geometry consists of a seP, whose elements are
called points, together with a collectiorC of non-empty
subsets ofP, calledlines, and a distance functiodgh, such
that

1) every two distinct points ir? lie on a unique line,

2) there exist three points i, which do not lie all on one
line,

3) there exists a bijective functioh: | — R for all lines in
L suchthatf(P) — f(Q)| = d(P,Q) for each pair of points
PandQonl.

A metric geometry defined above is denoted{i®%; £,d}.

Pravilni poligoni u taxicab ravnini

SAZETAK

U radu definiramo pravilne taxicab poligone i odredujemo
koji su pravilni euklidski poligoni ujedno i pravilni taxicab
poligoni, a koji nisu. Naposljetku, ispitujemo postojanje ili
nepostojanje pravilnih taxicab poligona.

Kljuéne rijeci: taxicab udaljenost, euklidska udaljenost,
protractor geometrija, pravilni poligon

distance between any two poinBs= (x1,y1) and Q =
(X2,¥2) in the Cartesian coordinate plan&?). If Lg is

the set of all lines, and is the standard angle measure
function of the Euclidean plane, thé®? Lg,dr,meg} is a
model of protractor geometry, and it is calledticab plane

(see [3], [7]). The taxicab plane is one of the simple non-
Euclidean geometries since it fails to satisfy the sidelang
side axiom, but it satisfies all the remaining twelve axioms
of the Euclidean plane (see [5]). It is almost the same as
the Euclidean planéR? Lg,dg, meg} since the points are
the same, the lines are the same, and the angles are mea-
sured in the same way. However, the distance functions are
different. Since taxicab plane have distance function dif-

However, if a metric geometry satisfies the p|ane Separa_ferent from that in the Euclidean p|_ane, it |S interesting tO
tion axiom below, and it has an angle measure function study the taxicab analogues of topics that include the dis-

m, then it is calledprotractor geometry and denoted by
{P,L,d,m}.

4) For everyl in L, there are two subsek$; andH, of P
(calledhalf planes determined by) such that

(i) HHUH2 = 2 — | (P with | removed),

(if) H1 andH; are disjoint and each is convex,

(iii) If A€ Hy andB € Hp, then[AB| NI # & .

tance concept in the Euclidean plane. During the recent
years, many such topics have been studied in the taxicab
plane (see [10]). In this work, we study regular polygons
in the taxicab plane.

2 Taxicab Regular Polygons

As in the Euclidean plane, polygon in the taxicab plane

The taxicab metric was given by Minkowski [8] at
the beginning of the last century. Later, taxicab consists of three or more coplanar line segments; the line

plane geometry was introduced by Menger [6], and segmentsgdes) intersect only at endpoints; each endpoint
developed by Krause [5], using the taxicab metric (vertex) belongs to exactly two line segments; no two line
dr (P, Q)=|x1 — Xo|+|y1 — 2| instead of the well-known Eu-  segments with a common endpoint are collinear. If the
clidean metricde (P,Q)=[(x1—%2)?+ (y1—Y2)2]*/? for the ~ number of sides of a polygon isfor n > 3 andn € N,
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then the polygon is called amgon. The following defini-

dr(C,D), thenp(m;) = 1. Thus,m; =0 or m; — co.

tions for polygons in the taxicab plane are given by means|If m; = 0 or mj — o, thenp(m;) = 1, and therefore

of the taxicab lengths instead of the Euclidean lengths:

Definition 1 A polygon in the plane is said to be taxicab
equilateral if the taxicab lengths of its sides are equal.

Definition 2 A polygon in the plane is said to be taxicab
equiangular if the measuresof itsinterior anglesare equal.

Definition 3 A polygon in the plane is said to be taxicab
regular if it is both taxicab equilateral and equiangular.

dr(A,B) = dr(C,D). O

The following corollary follows directly from Proposition
1, and plays an important role in our arguments.

Corollary 2 Let A, B and C be three non-collinear points
in the Cartesian plane such that de(A,B) = dg(B,C).
Then, dr (A, B) = dy (B, C) iff the measure of theangle ABC
is /2 or A and C are symmetric about the line passing
through B, and parallel to anyone of thelinesx =0, y =0,
y=xandy= —Xx.

Definition 2 does not give a new equiangular concept be-

cause the taxicab and the Euclidean measure of an angl@&ote that Proposition 1 and Corollary 2 indicate also Eu-
are the same. Thatis, every Euclidean equiangular polygorclidean isometries of the plane that do not change the
is also the taxicab equiangular, and vice versa. However,taxicab distance between any two points: The Euclidean
since the taxicab plane has a different distance function,isometries of the plane that do not change the taxicab dis-
Definition 1 and therefore Definition 3 are new concepts. tance between any two points are all translations, rotation
In this study, we answer the following question: Which of 11/2 and 31/2 radians around a point, reflections about
Euclidean regular polygons are also the taxicab regular,lines parallel to anyone of the lines=0,y=0, y =X

and which are not? Also we investigate the existence andandy = —x, and their compositions; there is no other bi-

nonexistence of taxicab regular polygons.

Proposition 1 Let A, B, C and D be four points in the
Cartesian plane such that A # B and dg (A, B) = dg(C, D),
and let my and mp denote the slopes of the lines AB and
CD, respectively.

(i) If my £ 0#£ My, thendy (A, B) = dt (C, D) iff |my | = |mp|
or [mmp| = 1.

(ii) If m =0 or m — oo, then dr(A,B) = dr(C,D) iff
m; =0or m; — o, wherei, j € {1,2} andi # .

Proof. We know from [4] that for any two pointB andQ

in the Cartesian plane that do not lie on a vertical line) if

is the slope of the lin€Q, then

de(P,Q) = p(m)dr (P.Q) (1)

wherep(m) = (14 m?)Y/2/(1+ |m]). If PandQ lie on a
vertical line, that isn — o, thendg (P,Q) = dr (P, Q).

(i) Let my # 0 # mp and dg(A,B) = dg(C,D); then
by Equation (1),p(m)dr(A,B) = p(mp)dr(C,D). If
dr(A,B) = dr(C,D), thenp(m) = p(mp), that is (1 +
mi)Y2/(1+ ) = (14 mg)Y2 /(1 + mg|). Simplify-
ing the last equation, we ggtng | — |mg|) (jmump| — 1) = 0.
Therefore|my| = |mp| or [mump| = 1. If |my| = |mp| or
[mmp| = 1, thenmp = my, mp = —my, mp = 1/my or

mp = —1/my, and one can easily see by calculations that

p(my) = p(my). Thereforedy (A,B) = dt (C,D).
(if) Letmy =0 orm; — . Thenp(my) = 1. If dy(A,B) =

28

jections ofR? ontoR? which preserve the taxicab distance
(see [9]).

3 Euclidean Regular Polygons in Taxicab
Plane

Since every Euclidean regular polygon is already taxicab
equiangular, it is obvious that a Euclidean regular polygon
is taxicab regular if and only if it is taxicab equilaterab,S

to investigate the taxicab regularity of a Euclidean regula

polygon, it is sufficient to determine whether it is taxicab

equilateral or not. In doing so, we use following concepts:

Any Euclidean regular polygon can be inscribed in a cir-
cle and a circle can be circumscribed about any Euclidean
regular polygon. A point is called theenter of a Eu-
clidean regular polygon if it is the center of the circle cir-
cumscribed about the polygon. A linds calledaxis of
symmetry (AOS) of a polygon if the polygon is symmetric
aboutl, and in addition, ifl passes through two distinct
vertices of the polygon thdnis called thediagonal axis of
symmetry (DAOS) of the polygon. Clearly, every AOS of a
Euclidean regular polygon passes through the center of the

polygon.

Now, we are ready to investigate the taxicab regularity of
Euclidean regular polygons.

Proposition 3 No Euclidean regular triangle is taxicab
regular.
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Proof. Since the Euclidean lengths of two consecutive Y
sides are the same, and the angle between two consecu-
tive sides is not a right angle, by Corollary 2, any two con-
secutive sides must be symmetric about a line parallel to
anyone of the lineg =0,y =0,y = xandy = —x, in order

to have the same taxicab length. Suppose two consecutive
sides are symmetric about a line parallel to anyone of the
linesx=0,y=0,y=xandy = —x. Figure 1 and Figure 2 X
show such Euclidean regular triangles. A simple calcula- Figure 3

tion shows that none of the other two AOS'’s is parallel to
anyone of the linegs=0,y =0,y = xandy = —x. So, the
triangles in Figure 1 and Figure 2 are not taxicab equilat-
eral. Thus, no Euclidean regular triangle is taxicab regula

Proposition 5 Every Euclidean regular quadrilateral
(Euclidean square) is taxicab regular.

O
Proof. Since every side of the Euclidean square has the
y same Euclidean length and the angle between every two
x=a . consecutive sides is a right angle (see Figure 4), by Corol-
, lary 2, every side has the same taxicab length. So, ev-
/ k ery Euclidean square is taxicab equilateral, and therefore
7 . V y=b is taxicab regular. O
- ’
X
Figure 1
Y y=x+c y=-x+d
- X
-< - Figure 4
\ ' X Proposition 6 Every Euclidean regular octagon, one of
) whose DAOS s is parallel to anyone of the lines x = 0,
Figure 2 . B - . .
y=0,y=xandy= —x, istaxicab regular.
Corollary 4 No Euclidean regular hexagon istaxicab reg- Proof. Let us consider the case= 0. Clearly, every Eu-
ular. clidean regular octagon has four DAOS's, and if a DAOS

of a Euclidean regular octagon is parallel to the kne O,

then the other DAOS’s are parallel to anyone of the lines
Proof. It is clear that every Euclidean regular hexagon is y=0,y=xandy = —x (see Figure 5). Since every two
the union of six Euclidean regular triangles, and by Propo- consecutive sides of such a Euclidean regular octagon are
sition 1 the taxicab lengths of the sides of one of the Eu- symmetric about a line parallel to anyone of the lires0,
clidean regular triangles are the same as the taxicab Iengthy — 0, y = x andy = —x, and every side has the same Eu-
of corresponding parallel sides of the Euclidean regular clidean length, by Corollary 2, these sides have the same
hexagon as shown in Figure 3. Since no Euclidean reg-taxicab length. So, a Euclidean regular octagon, one of
ular triangle is taxicab equilateral, no Euclidean regular whose DAOS's is parallel to the line= 0 is taxicab equi-
hexagon is taxicab equilateral, either. Thus, no Euclideanlateral, and therefore is taxicab regular. The other cages a
regular hexagon is taxicab regular. O similar. O
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regular 2-gons forn > 4 are not taxicab equilateral, and
therefore are not taxicab regular. The proof is completed.
(I

4 Existence of Taxicab Regular A-gons

Now, we know which Euclidean regular polygons are taxi-
X cab regular, and which are not. Furthermore, we also know
the existence of some taxicab regular polygons. However,
we do not have general knowledge about the existence of
taxicab regular polygons. In this section, we determine
some of them. The following theorem shows that there
exist taxicab regulari2gons by means of taxicab circles.
Recall that a taxicab circle with centérand radiug is
the set of all points whose taxicab distancé\ts r. This
Proof. Let us classify Euclidean regular polygons as |ocus of points is a Euclidean square with cemigeach

(2n—1)-gons and @-gons forn > 2 (n € N), and inves-  sjde having slope-1, and each diagonal having length 2
tigate them separately: (see [2)).

Figure 5

Theorem 7 No Euclidean regular polygon, except the
onesin Proposition 5 and Proposition 6, istaxicab regular.

(i) The Euclidean regulg2n—1)-gons: The case= 2 is

proved in Proposition 3. Let> 2. Itis clear that the num-
ber of AOS'’s of a Euclidean regulé2n— 1)-gonis 21— 1

(>5), and each AOS of a Euclidean regulgn —1)- Proof. Clearly, the measure of each interior angle of an
gon passes through a vertex and the center of the polygon, . . .
Therefore, there exists at least one AOS which is not par_eqwangular 8-gon isT(n — 1)/n radians. _ Let us con-
allel o the linesc— 0,y — 0,y — x andy — —x. Then, sider now any given line segmeyA, in the taxicab

o . lane. It is obvious thatn — 1) line segmentAA;1
there are aF least two consecutlye sides symmetric about 2 <i <n), having the same taxicab length (A1, Az),
line which is not parallel to the lines=0,y =0,y =X

can be constructed such that the measure of the angle be-
andy = —x. Also we know that the angle between two

S ; : tween every two consecutive segments(is — 1) /n radi-
consecutive sides of Euclidean regulan— 1)-gons is not y g { )/

. . . ans, by using the taxicab circles with cenfgerand radius
aright angle. By Corqllary 2, these consecutive sides do dr(A1,A2), asin Figure 6. Also itis not difficult to see that
not have the same taxicab length. Thus) if 2, then Eu- LPoAAG 1+ L AnPna1Ar = TN — 1) /N
clidean regularf2n — 1)-gons are not taxicab equilateral,
and therefore are not taxicab regular. That s, no Euclidean

regular(2n— 1)-gon is taxicab regular.

Theorem 8 There exist two congruent taxicab regular 2n-
gons (n > 2), having given any line segment as a side.

(if) The Euclidean regularr?gons: The casa =2 is in-
cluded in Proposition 5. The care= 3 is proved in Corol-

lary 4. In order to exclude the case in Proposition 6, let
us consider a Euclidean regular octagon, none of whose
DAOS's is parallel to anyone of the lines= 0, y = 0,

y = x andy = —x for the casen = 4. By Corollary 2, no

two consecutive sides have the same taxicab length. Thus,
such a Euclidean regular octagon is not taxicab equilateral
and therefore is not taxicab regular. Let- 4. Clearly,

the number of the DAOS'’s of a Euclidean regulargbn Figure 6

is n. Therefore, there exists at least one DAOS which is

not parallel to the linex =0,y =0, y=xandy = —x. If we continue to construct line segmem&A ; which
Then, there are at least two consecutive sides symmetricare symmetric toAjA.1 (1 < i < n) about the midpoint
about a line which is not parallel to the lines= 0,y = 0, of A1An+1, respectively, we get an2gon (see Figure 7).
y=xandy = —x. Also we know that the angle between Since symmetry about a point (rotationtofadians around
two consecutive sides of Euclidean regulargbns is not a point) preserves bhoth taxicab lengths and angle mea-
aright angle fom > 4. By Corollary 2, these consecutive sures, we haver (A, Ai 1) = dr (A, A1) = dr (A, A2)
sides do not have the same taxicab length. Thus, Euclidear{l <i < n) and<A; = LAl =1(n—1)/n(2 <i < n). Also
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it is not difficult to see thalA; = £An11 =1(n—1)/n.
Thus, the constructedngon is taxicab regular. Further-
more, on the other side of the lidgA,, one can construct
another taxicab regulam2gon, having the same line seg-
mentA; A, as a side, by using the same procedure (see Fig-
ure 8).

Figure 11

Figure 8

However, it is easy to see that these two taxicab regular 2
gons are symmetric about the midpoint of the line segment
A1A2, and they are congruent. O

5 More About Taxicab Regular Polygons

By Proposition 5, we know that every Euclidean square
is taxicab regular, that is, a taxicab square. By Proposi-
In every taxicab regularr2gon, there ar@ line segments  tion 11 below, we will see that every taxicab square is also
joining the corresponding vertices of tha-gon AA], Euclidean regular, that is, a Euclidean square. Thus, the
1 <i < n, for polygons in Figure 7 and Figure 8). We Euclidean and the taxicab squares always have the same
call each of these line segments axis of the polygon. ~ shape, and the only regular polygon having this property is
Clearly, axes of every taxicab regulam-gon intersect at ~ Square.

one and only one point.
Proposition 9 Let A, B, C and D be four points in the

Example. Using the procedure given in the proof of The- Cartesian planesuchthat A+ B and dr (A, B) = dr (C,D),
orem 8, one can easily construct taxicab regutag@ns,  and let my and my denote the slopes of the lines AB and
having given any line segment as a side. To give exam-CD, respectively.

ples, we construct a taxicab regular quadrilateral (tdxica (i) If my # 0% mp, thendg (A, B) = de (C, D) iff [my | = |my|
square), a taxicab regular hexagon, and a taxicab regula@r [mmp| = 1.

octagon, having given line segmekB as a side, in Figure  (ii) If m = 0 or my — o, then dg(A,B) = dg(C,D) iff
9,10 and 11: m; = 0or m; — oo, wherei, j € {1,2} andi # j.
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Proof. The proof is similar to that of Proposition 1. [

The following corollary follows directly from Proposition
9:

Corollary 10 Let A, B, and C be three non-collinear
points in the Cartesian plane such that dr(A,B) =
dr(B,C). Then, de(A,B) = dg(B,C) iff the measure of
the angle ABC is 11/2 or A and C are symmetric about the
line passing through B, and parallel to anyone of the lines P
x=0,y=0,y=xandy= —x. 7

Figure 12

Proposition 11 Every taxicab square is Euclidean regu-

lar Theorem 13 No taxicab regular polygon, except the ones

in Proposition 11 and Proposition 12, is Euclidean regular.

Proof. Since every side of the taxicab square has the sameP . .
. roof. Assume that there exists a taxicab regular poly-
taxicab length and the angle between every two consecu-

tive sides is a right angle, by Corollary 10, every side has gon, except the ones in Proposition 11 and Proposition

the same Euclidean length. So, every taxicab square is Eu-lz’ that is also Euclidean regular. Then there exists a Eu-

. . . . clidean regular polygon, except the ones in Proposition 5
clidean equilateral, and therefore is Euclidean regular. and Proposition 6, that is also taxicab regular. But this

We need a new notion to prove the next proposition: An is in contradiction with Theorem 7. Therefore, no taxi-
equiangular polygon with an even number of vertices is cab regular polygon, except the ones in Proposition 11 and
calledequiangular semi-regular if sides have the same Eu- Proposition 12, is Euclidean regular. O
clidean length alternately. There is always a Euclidean
circle passing through all vertices of an equiangular semi-

regular polygon (see [11]). 6 On the Nonexistence of Taxicab

(2n-1) - gons
Proposition 12 Every taxicab regular octagon, one of
whose axes is parallel to anyone of the linesx =0, y = 0, The following theorem shows that there is no taxicab reg-
y=xandy = —x, isEuclidean regular. ular triangle:

Proof. In every taxicab regular octagon, sides have the Theorem 14 Thereis no taxicab regular triangle.

same Euclidean length alternately since the measure of the ] ) ] ) )
angle between any two alternate sidesig and sides have ~ Proof. Every taxicab equiangular triangle is a Euclidean
the same taxicab length, by Proposition 9 and Corollary reg.ular triangle. Since nc.).Euchdean regular tngngle is
10. Therefore, every taxicab regular octagon is equian-t@xicab regular by Proposition 3, no taxicab equiangular
gular semi-regular. It is obvious that if any two consecu- triangle is taxicab regular. Therefore, there is no taxicab
tive sides of an equiangular semi-regular polygon have the"€gular triangle. O
same Euclidean !ength, th_en the polygon is Euclidean "®9"In addition to Theorem 14, we have seen that there is no
ular. Let us consider a taxicab regular octagdif,...As,

one of whose axes, let us sayAs, is parallel to the line

y =0, for one case (see Figure 12).

Then there exist a Euclidean circle with diamefgAs,
passing through poini;, A, ..., Ag, and there exist a taxi-
cab circle with centeA;, passing through point&; and

Ag. Since the Euclidean and the taxicab circles are both
symmetric about the lind1As, the intersection points of
them,A; andAg, are also symmetric about the same line.
Then two consecutive sidég A, andA; Ag have the same
Euclidean length by Corollary 10. Therefore, every taxi- One can also consider the generalizations and variations
cab regular octagon, one of whose axes is parallel to theof our problem. One of them is determining the regu-
liney =0, is Euclidean regular. The other cases are simi- lar polygons of the taxicab space. The taxicab distance
lar. O between point® = (x1,y1,21) andQ = (X2,¥2,2) in the

taxicab regular 5-gon, 9-gon and 15-gon using a computer
program calledCompass and Ruler [12]. However, we
could not reach any conclusion by reasoning about the ex-
istence or nonexistence of taxicab regulan — 1)-gons
forn=4,n=6,n=7 andn > 9. Our conjecture is that
there is no taxicab reguld®n — 1)-gon since there is no
center of symmetry of equiangulén— 1)-gons. It seems
interesting to study the open problem: Does there exist any
taxicab regulaf2n— 1)-gon?
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Cartesian coordinate spade?) is defined bydr (P,Q) = This is also interesting subject since there are only 5 types
X1 —Xo| + |y1 — Y2| + |z1 — 22| (see [1]). Clearly, the con-  of regular polyhedra in the three dimensional Euclidean
cept of regular polygon can be defined similarly in the taxi- space. However, the results of this work cannot be gener-
cab space; and if regular polygons are determined, thenalized directly to the three dimensional taxicab spacessinc
one can investigate regular polyhedra in the taxicab spacethe taxicab distance is not uniform in all directions.
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ABSTRACT

In this study, we give a trigonometric proof of the Steiner-
Lehmus Theorem in hyperbolic geometry.

Key words: hyperbolic geometry, hyperbolic triangle
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Trigonometrijski dokaz Steiner-Lehmusovog teo-
rema u hiperboli¢koj geometriji

SAZETAK

U ovom radu dajemo trigonometrijski dokaz Steiner-
Lehmusovog teorema u hiperboli¢koj geometriji.
Kljuéne rijeti:
trokut

hiperboli¢ka geometrije, hiperboli¢ki

1 Introduction 2 Mainresults

Elementary hyperbolic geometry was born in 1903 when Theorem 2 If theinternal angle bisectors of two angles of
Hilbert provided, using the end-calculus to introduce co- 2 triangleareequal, then the triangleisn't isosceles.
ordinates, a first-order axiomatization for it by adding to

. . Proof. Let BB’ andCC’ be the respective internal angle bi-
the axioms for plane absolute geometripyaerbolic par- P 9

sectors of angleB andC in triangleABC, and leta,b and

allel axiom stating that “Through any poift notlying on ¢ jenote the sidelengths in the standard order. As shown in
alinel there are two rays; andrz, not belonging to the  Figure 1, we set

same line, which d_o no_t interselGtand such that every B—28,C=2y,u=AB, U=BC,v=AC,V =CB.
ray throughP contained in the angle formed by andr,
does intersect’ [2]. The hyperbolic geometry is a non-
euclidean geometry. Here in this study, we give hyper-
bolic version of Steiner-Lehmus theorem. The well-known
Steiner-Lehmus theorem states that if the internal angle bi
sectors of two angles of a triangle are equal, then the trian-
gle is isosceles [1].

Lemmal (Snes Theorem) In the hyperbolic trian-
gle ABC let a,B,y denote at A,B,C and a,b,c denote
the hyperbolic lengths of the sides opposite A,B,C,
respectively, then

Figure 1

If we use the sines theorem in the triangles
ABC,BB'C,BB'A, BCC’, ACC’

sina sinp _ siny 1) respectively (See Lemma 1), then

sinha  sinhb ~ sinhc

SinA_ siny  sinZB
sinha  sinhc  sinhb

[3, p.125]. (2)
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sinhU ~ sin (3)
sinhBB'  siny

sinhu sinf

= 4

sinhBB' SinA @

sinhv. siny (5)
sinhCC’ ~ sinB

sinhv siny
sinhCC’  sinA ©

If ratios the equations (3) and (4) among themselves, re-|f we put the values o

spectively, then

sinhU  sinA
sinhu  sin2y

(7)

If ratios the equations (5) and (6) among themselves, re-

spectively, then

sinhV  sinA
sinhv — sin2B

(8)

Let BB'=CC’' andC > B (andc > b). Here, there are two
cases.
sinhb
sinhu

sinhb
sinhu

sinhc
sinhv

sinhc
sinhv’

(9)

sinhb _sinhc  sinhb sinhv
sinhu " sinhv ~ sinhc sinhu

inhb  sin23 . .
If we put the values o% = Sinzy in the equation (2)

sinhv  siny

Sinhu — sinp (see (4), (6)) then
sinhb sinhc ~ sinZB siny
sinhu " sinhv  sin2y sinp

2sinBcosB  siny
2sinycosy sinf
cosp >1

cosy

Clearly (11) lead to the contradictio@ ¢ B). On the other
hand,

(10)

sinhb  sinhc

B sinh(U +u)  sinh(V +v)
sinhu  sinhv

sinhu sinhv
sinhU coshu+ coshJ sinhu

sinhu
B sinhV coshv + coshV sinhv

sinhv

sinhU
= I_ coshu+ coshJ
sinhu

sinhVv
sinhv

coshv— coshv

(11)

36

If we put the values C§inhU _ SinA sinfv _ sinA in
P sinhu ~ sin2y’ sinhv ~ sin2B
the equations (7) and (8), then

sinhb
sinhu  sinhv

sinhc SinA
= ——coshu+coshJ
sin2y
SinA

sin23

coshv — coshv

§inha_ SinA sinha  sinA in
sinhc ~ sin2y’sinhb ~ sin2B

the equation (2), then

s!nhb — s!nhc = S!nhacoshj+ coshHJ
sinhu  sinhv sinhc
—S!nilcosh/— coshv <0
sinhb
sm_ha coshu+cosi) < S!n—hacosh/— coshv
sinhc sinhb

Because ofC > B,V > U, v > u. Hence, sinlb < sinhc
(andc > b). Consequently, the ca€e> B s satisfied while
BB'=CC’ . The triangleABC can't isosceles.

O

References

[1] HAJiA, H., A short Trigonometric of the Steiner-
Lehmus Theorem, Forum Geometricorum, Vol 8, 39-
42, (2008).

[2] PAMBUCCIAN, V., Axiomatiziing geometric con-
structions, Journal of Applied Logic, (2007).

[3] STAHL, S., The Poincare half plane a gateway
to modern geometry, Jones and Barlett Publishers,
Boston, 298 p. (1993).

Nilgiin Sonmez
e-mail: nceylan@aku.edu.tr

Afyon Kocatepe University

Faculty of Science and Literatures
Department of Mathematics

ANS Campus, 03200 - Afyonkarahisar, Turkey



KoG-12-2008

T. Olejnikova: Cycloidal Cyclical Surfaces

Original scientific paper
Accepted 18. 12. 2008.

TATIANA OLEJNIKOVA

Cycloidal Cyclical Surfaces

Cycloidal Cyclical Surfaces
ABSTRACT

The paper presents a family of cycloidal cyclical surfaces,
which are created by a movement of a circle alongside the
special spatial cycloidal curve, where the circle is located
in the curve normal plane and its centre is on this curve.
The spatial cycloidal curve can be created by simultaneous
revolution of a point about three different axes 30,20 and
10 in the space. The form of the cycloidal curve and also
of the cycloidal cyclical surface depends on the relative
position of the three axes of revolutions, on multiples of
angular velocities and orientations of separate revolutions.

Cikloidne kruzne plohe
SAZETAK

Clanak predstavlja porodicu cikloidnih kruznih ploha koje
nastaju gibanjem kruZnice duZ posebne prostorne cikloide,
pri ¢emu kruZnica lezi u normalnoj ravnini te krivulje, a
srediSte joj je na krivulji. Prostorna cikloida moZe nastati
istodobnom rotacijom totke oko tri razli¢ite osi 1o, 20, 3o,
u prostoru. Oblik prostorne cikloide, isto kao i oblik cik-
loidne kruZne plohe, ovisi o medusobnom poloZaju rotacij-
skih osi, kratnosti kutnih brzina i orijentacijama pojedinih
rotacija. lzvedena je analiti¢ka reprezentacija tih ploha,
njihova klasifikacija te neka od geometrijskih svojstava.

The analytic representation, the classification of surfaces

. . . . Klj ijedi: ij lacija, k i -
and some of their geometric properties are derived. It Wieds e, GEnEeE, i e, [pres

torna cikloida, cikloidna ploha

Key words: revolution, translation, angular velocity, cy-
cloidal curve, cyclical surface

MSC 2000: 51A04, 52A05, 14J26

In the next section there is described the creation of one
type of the cycloidal cyclical surface for particular rélat

A cycloidal cyclical surface can be created by movement Position of the axes of revolutions (Fig. 1).
of a circle alongside a spatial cycloidal curve. The circle Let axis'o be fixed and'o = z in the Cartesian coordi-
is located in the normal plane of the curve and its centre is nate systenfO,x,y,z). Axis 20 skew to'o, 0/"o creates
on this curve. a 1-sheet hyperboloid of revolutional by its revolutionary
movement about axi® with angular velocityw; = v and
The spatial cycloidal curve can be created by simultaneousyjith orientation determined by parametgr(Fig. 2). Axis
revolutions of a point about three different lines, &g’ o 3o that is intersect t8o, 30 x2 0, creates a conical surface
andlo. Trajectories of the poir, which revolves about  of revolution by revolution about ax® with angular ve-
single axes of revolutions are circlél, 2k, 3k located in locity w, = myw; = myv and with orientation determined
the planes perpendicular to the axes of revolufion?o, by parameter, (Fig. 3). Axis®o parallel to’o, %o ||* o,
30. With respect to the relative position of axes of revolu- Créates a cylindrical surface of revolutional by revolving
tions these circles do not necessarily lie in one plane. Form@°0Ut axis'o (Fig. 4). In Fig. 5 there are displayed al

. . . __three surfaces of revolution together. AXis, which re-
of the spatial cycloidal curve is dependent on the relative L :
" . . . volves about two axis simultaneously, about adsand
position of the axes of revolutions, on the orientations of

) ) ) - axis 1o, creates a two-axial suface of revolution of Euler
the single revolutions and on their angular velocities, and type - composite ruled, as decribed in [3], (Fig. 6). This
also on the position of the revolving poiRtwith respect  syrface has six identical branches, because®axisvolves

to the axes of revolutions. Some forms of these curves areabout axis’o with angular velocity, which is 6-multiple of
studied in [1], [2]. angular velocity of revolution of the axf® about axisto.

1 Introduction
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Figure 1 Figure 2

Figure 4 Figure 5 Figure 6

The pointP revolves about axio with angular velocity  the circle?k, which rolls on the circlé'k simultaneously
w3 = mMpW2 = Mpmyv with orientation determined by pa-  (Fig. 10). Form of this spatial cycloidal curve is depen-
rametergs, where perameteis, oz, gz = +1 (if g = +1, dent on the relative position of the axes of revolutidas
i =1,2,3 then revolution is right-handed, ¢f = —1then 24 34 o the orientations of the single revolutions and on
revolution is left-handed). Trajectory of the poRimove- 0 3 g iar velocities, and also on the position of the re-

ment created by its revolution about axXis is circle 'k . . ) .
(Fig. 7), the circlek is the trajectory of the poirfe move- volving pointP with respect to three axes of revolutions.

ment about axigo (Fig. 8) and the circlék is the trajec-  The cycloidal cyclical surface can be created by moving
tory of the point® movement about ax® (Fig. 9). a circle alongside the cune while the circle lies always
The curvek as trajectory of the poirfe composite revolu-  in the normal plane of the curdeand its centre is on the
tionary movement is created by rolling of the ciréleon curve (Fig. 11, Fig. 12-view from above).

Figure 7 Figure 8
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Figure 10

2  Classification of Family of Cycloidal
Cyclical Surfaces

The classification of the family of cycloidal cyclical sur-

Figure 11

Figure 12

3 Analytical Representation of Cycloidal
Cyclical Surface

Let us derive the vector function of the cycloidal cycli-

faces can be done according to the relative position of axescal surface for one particular position of the axes of rev-

of revolutions®o, 20 and'o, which may be parallel, inter-
sect or skew. The distribution of surfaces within the family
is illustrated in the next Graph 1.

Cycloidal cyclical surfaces are distributed in the firstdev
into the three types |, II, Il with respect to the relative-po
sition of the axego ando.

Surfaces in all three subclasses I, II, 1l are distributed i

the second level into the three types 1, 2, 3 with respect to

the relative position of the axés and?o.

olutions and for one special position of the poivith
respect of these axes, particularly for the surface of type
Il 2 a. Derivation of the vector function of all other types
of surfaces is analogous.

Let the axes of revolution be in the following relative po-
sitions: Yo = z20/%0 (skew),30 x2 o (intersect), %o ||* o
(parallel). The position of axi%o in the plane parallel to
the coordinate planez), 20 c V, V || v, is determined by
parametersly, dz,ds, which determine the position of the
intersection points of axi$o with the coordinate planes

Finally, in the third level, each subgroup of types 1, 2, 3 can (xy) and(y2) in the Cartesian coordinate systé@ x, y, z).

be further classified with respect to the relative positibn o
the axes’o andointo types a, b or c.

Tiesof
| | |
[13%0u% ] [2%x%] [3 /%]
a on | Hboxo] Hb oxo]
c ‘ol ] c ‘oo ]
| | |
[1 520 ] [23x%] [3 3%/%]
b Jox'o| Ha 3ouo] Ha ouno]
c Poilo ] H b oxo] Hb oxo]
c ‘ol ] c ‘oo ]
| | |
[1 %] [2%x%] [3 3%/%]
b ‘ox'o ‘ a 3oulo ‘ a 3oulo ‘
¢ ollo ] Hbox'a] Hb  oxo]
collo] Yol
Graph 1

T2 (W2(v),02)

Thena = arctand—3 is the angle formed by axf® with the
1

coordinate planéxy) and the position of axio is deter-
mined by parametet,, which is the distance between axes
3o andlo, (Fig. 1).

The revolution about axi% with angular velocityw; = v,
in the direction determined by parametgr= +1, is rep-
resented by matrix

(€]

where the matrixT;(w1,q1) represents revolution about
axiszby anglew; in the direction determined by parameter
gx and fori = 1 it can be derived from (2)

Tl (W]_(V), ql) = TZ (le ql) P

cosw; gisiny 0 O
—qgisinwy, coswy, O O

TZ(\NIaqi) = qIo l 0 l 1 0 (2)
0 0 0 1

The revolution about axido with angular velocityw, =
muwyi, in the direction determined by parametgr= +1,
is represented by matrix

T(—d1,—0d2,0) - Ty(a,+1) - Tx(W2,02) -
'Ty(a7_1)'T(d17d27o)v (3)
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where the matriX'y (o, £1) expressed in (4) represents the The cycloidal cyclical surface can be created by movement

revolution about axiy by anglea in positive or negative

direction, matrixTx (W2, 02) represents revolution about
axis x by anglew, = myv in the direction determined by
parameter (5), matrix T (£d1, +d2, 0) represents trans-
lation with translation vectof+d;, +d, 0) in (6).

cosa 0 +sina O
0 1 0 0
Ty(a,£1) = Fsina 0 coxx O |’ )
0 0 0 1
1 0 0 0
| 0 cosw gpsinwe O
Tx(Wa,02) = | —gpsinve,  cosw, 0 |° ()
0 0 0 1
1 0 0O O
0 1 0O O
T (£d;, +dj, +dk) = 0 0 1 0 (6)
+di +d; +d¢ 1

The revolutionary movement of the polt= (Xo, Yo, Z0,1)
about axis®o with angular velocityws = mpw, = mpmv
and in the direction determined by paramaige= +1 is
represented by matrix

T3 (ws(v),03) = T (0,—d2,0)- T,(ws,q3) - T (0,d2,0), (7)

where matrixT (0,£d2,0) in (6) represents translation
with translation vectof0,+d,,0), and matrixT;(ws,g3)
is fori = 3 represented by (2).

A vector function of the cycloidal curvk created by si-
multaneous revolution of the poiRt= (o, Yo,20,1) about
axes’o, 20 andlois

r(v)=R-T3(Ws(v),qs) - T2(Wa(v),02) - T1(wi(V),q1),
ve (0,2, (8)

where T3 (w3(V),03), T2(Wa(v),02), T1(wi(v),q1) are
matrices of particular revolutions expressed in (6), (B), (
andR(xo, Yo,20,1) is the positioning vector of the poift

of the circlec’ = (P,r) with centreP and radius alongside
the curvek so that the circle is located in the normal plane
of the curve in the poin® € k, which is determined by ba-
sic normaln and binormab to this curve. Vector function
of this surface is

P(u,v) =r(v)+c(u)-M(v), ue(0,2m,ve (0,2m, (10)
wherer (v) is vector function of the cycloidal curdeex-
pressed in (8)¢(u) = (0,rcosu,rsinu) is vector function
of the circlec with centre in the origin of the coordinate
system(O, x,y,z) and radiug, located in the coordinate
plane(yz). Matrix

t1 to t3

0
n n ng O
0
1

M(v) = (11)

bt by b3
0O 0 O

transforms the circle on the circlec’ with the centre in
the origin of the coordinate systefR,t,n,b) and radiug
located in the normal plan@b) of the cycloidal curvékin

the pointP. Entries of the first row of this matrix are co-
ordinates of the unit vector of the tangénentries of the
second row are coordinates of the unit vector of the basic
normaln and the entries of the third row are coordinates
of the unit vector of the binormdl expressed in equations
(9), (Fig. 13).

Figure 13

The form of the cycloidal curvé& and created cycloidal

Let the new coordinate system be defined at the arbitrarycyclical surface changes in dependence on the relative po-

regular pointP € k, identical to the trihedrofP,t,n,b) de-
termined by tangertt basic normah and binormab to the
curvek with unit vectors expressed in (9).

_ _ 'V
t(V) = (tl,tz,tg) = W,
n(v) = (N1, Nz, N3) = |:,,EX§| :
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sition of the axes of revolutions that are determined by
parametersl;,i = 1,2,3. Surface hasmy identical exter-
nal branches, where every branch hasdentical internal
branches. Poir® revolves about axido with angular ve-
locity ws, which ismp-multiple of the angular velocity,

of the revolution about ax® andws is my-multiple of the
angular velocityw; of the revolution about axiso. Many
different forms of cycloidal cyclical surfaces can be cre-
ated by change of their determining parameters.



KoG-12-2008 T. Olejnikova: Cycloidal Cyclical Surfaces

Variations of the surface form are shown by change of (ﬂ 3% % 1) and in Fig. 21 tq{dy, dy, da, 1). Surface
some parameters of the surface of type Il 2 a displayed .. 2 2 3 .
. ) ) with parameteray = 6,mp =4,q2 = +1,93 = +1 is illus-
inFig. 11. Presented surface is determined by parametersrated in Fig. 22, but relative position of the axes has been
m = 6,m =3,q1 = 2 = g3 = +1, then it has 6 exter- :

_ _ changed to positioRo/%0,20 1.1 0 and?o0 13 0. Surfaces
nal and 3 internal branches, and all three revolutions are g P /o

. T ) . in Figures 14 - 21 are displayed by view from above, be-
right-handed. Surface in Fig. 14 is determined by param- .5 ,se in these views the changes of parameters are more
etermp = 6, in Fig. 15 bymy =4,m, = 2, and in Fig. 16

) illustrative.
by my = 3,mp = 4, and there are changes in the number of

external and internal branches. As the conclusion it can be summarised that the presented

family of cycloidal cyclical surfaces serves as an endiessl
In Fig. 17 depicted surface is determined by parametersrich source of inspiration for artistic and design purposes
m =3m=380g=-10=+1,inFig. 18 bygy = +1 Their unusually complex forms obtained in a relatively
andgz = —1and in Fig. 19 by = —1 andgz = —1,then  simple way of composite spatial transformation. Special
there are changes in the orientations of particular revolu-skew symmetry and harmonical periodicity reflect their
tions. simplistic generating priciple based on the naturally basi

In Fig. 20, there is presented surface with parameters igenmovement of our universe, revolution about an axis in the

tical to parameters of surface in Fig. 19, but the position of space. Several surface types from the presented classifica-
' di dy ds tion frame are displayed in the Fig. 23 without commen-

the pointP(xo, Yo, %0, 1) was changed fromi—, =, =%.1)  tary, as the most persuasive evidence.

Figure 17 Figure 18 Figure 19

Figure 20 Figure 21 Figure 22
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112b [13c I11b

I113a 3¢ 1113c

Figure 23
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On the Trigonometric Functions in Maximum
Metric

ABSTRACT

The trigonometric functions are defined on the unit cir-
cle and the shape of the unit circle changes according to
the metric. So, the values of the trigonometric functions
depend on the specific metric. This paper presents defini-
tions, rules, and identities of trigonometric functions with
respect to maximum metric. Also, geometrical interpreta-
tions by using the identities of these functions are given
for further work.

Key words: trigonometric functions, non- Euclidean met-
ric, maximum metric

O trigonometrijskim funkcijama u maksimalnoj
metrici

SAZETAK

Trigonometrijske funkcije su definirane na jedini€noj
kruZnici, a njezin se oblik mijenja s obzirom na metriku.
Dakle, vrijednosti trigonometrijskih funkcija ovise zasebno
o svakoj metrici. Ovaj ¢lanak prikazuje definicije pravila
i identitete trigonometrijskih funkcija s obzirom na ma-
ksimalnu metriku. Takoder, za daljnje istraZivanje dane
su geometrijske interpretacije koje koriste identitete ovih
funkcija.

Kljuéne rijeci: trigonometrijske funkcije, neeuklidska
metrika, maksimalna metrika

MSC 2000: 51K05, 51K99

1 Introduction

ence angler and the change of maximum length of a line

segment after rotations are given in section 4.

In the plane geometry, trigonometric functions are defined
asx = cosh, y = sin6 for all points(x,y) on the unit circle,
where8 is the angle with initial side the positive-axis
and terminal side the radial line passing through point
(x,y). The unit circle is defined as the set of all points
whose distance from the origin is one and this is a differ-
ent point set, a different shape in different metrics. Se, th
values of trigonometric functions change according to the
metric which we use. The trigonometric functions on the
unit circle of taxicab and Chinese Checker metrics have
been defined and developed in [1,...,6]. In the present pa-
per, the trigonometric functions are defined with angle
in the maximum metric which is a non Euclidean metric
defined inR? for X = (x1,y1), Y = (X2,Y2) as

dm(X,Y)

Am((X1,Y1), (X2,Y2)) 1)

max{|x1 — Xz, |y1 — Y[}

in section 2 and several trigopnometric identities of these
functions are given in section 3. Also, the definitions of
trigonometric functions are developed by using the refer-

2 m-trigonometric functions

We wish to maintain the standard definitions of the trigono-
metric functions orm—unit circle in the same way one
determines their Euclidean analogues— unit circle in

R? is the set of pointgx,y) which satisfies the equation
max{|x|,|y|} = 1.The graph of unit circle is in Figure 1.

y

-1

Figure 1:m— unit circle
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Since the slope of radial line passing through pdiqy)

does not change, tangent function does not depend on the
metric. So, we can define the trigonometric functions ac-
cording to the maximum metric in terms of the standard
Euclidean tangent function. Consequently, the slope of the

radial line goes through the poiftosy,6,sin,6) on m—
unit circle is

s
tand = 050~ tan, 6. (2)

Sn0

So, for the definitions of sine and cosine it is necessary to

find only the point that will imply(cos, 8, sin,m8) is on the
line that makes an anglwith the positivex—axis and on
m- unit circle. The equation of the line joining,y) and
(0,0) isy = (tanB)x. Solving the system

{

we have the following chain of results

y = (tanB)x
max{|x], |y|} =1

max{[x|,y|} = 1

[xfmax{1,|tanB|} =1
_ 1

|X| ~ max{1,]tan@|} -

If it is made appropriate choice of sign for the absolute

value based on the quadrant, we haveosine function,

1, —-1<6<y
cotd, Tg@<?sm

cosn0 = Y (3
-1 T<O<F

51 Jais
—coth F<b< 7.

Also, one can obtain easity—sine function by using the
identity (3) as

tand, —-7<6<7%
, 1 rT<e< 3
_ ) 7 X
SIMmO® =1 tane, 37"<9<%7" @
5 7
-1 T<O< T

The graphs om—cosine andn—sine are presented in Fig-
ure 2 and Figure3.

y

1+

Figure 2: The graph of = cosyx
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1+

Figure 3: The graph of = siny X

3 ldentities of the maximum trigonometric

functions

The trigonometric identities fan-trigonometric functions

will differ from their Euclidean counterparts in most cases

If we define the secant, cosecant and cotangent functions
in maximum metric as we do in Euclidean metric, then
CSGnB = 5rg, S€mO = 55=5. The cotangent function
does not depend on the metric as the tangent function does.

The cofunction identities of these functions are like their
Euclidean counterparts, i.e. Gdg —8) = sin,® and
Sinm(3 —8) = cosn®.

Using the identities tan-x) = —tanx and cot—x) =
—cotx in (3) and (4)one can verify the identities
coSn(—0) = cosn0 and sim(—06) = — siny 6.

The Pythagorean identities are the fundamental identities
in Euclidean trigonometry. In maximum metric case, the
Pythagorean identities are different from £6s- si 6 =

1 in Euclidean metric. Clearly, The Pythagorean iden-
tity follows simply from equation of then— unit circle
max{|x|,|y|} = 1, giving us

max{|cosnX|,|Sinmx|} =1,
and applying the tangent identity (2), we have
max{1, |tanmX|} = |SeGnX].

Since the tangent function does not change in the maxi-
mum metric, the Euclidean identity

_ tanu + tanv

tanNutv)= ———
" ) 1 Ftanutanv

holds in the maximum metric. Applying (2) to both sides,
this equation can be rewritten and simplified as
Sinm(u£V) ngr;“nld ﬂg?(, _ SiNmUCOSy U = SinymVCosnV

cosn(U=£V) - 1F %m © COSRUCOSHV F SifmUSInmV

and since the fractions on both sides are in the lowest
terms, we can equate numerator and denominator. So, the
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sum and difference formulas in the maximum metric is ob-

tained:
coga + sirga
SiNm(U= V) = SinmUCOSHU = SinyVCoSyV dm(O,A) = k\/ _ =
COSn(U = V) = COSnUCOSHV F SiNpUSIN, V. ©) Coh(a +6) + siry(a +6)
~, max{|coga+0)|,|sin(a+6)|}
Also, the double angles formulas are obtained by applying 7 maxX{|cosn)|,|sinal}

u=vin (5).

PrROOFE Since the lengths under the translations are pre-
served in maximum metric, it is enough to consider a line
segment passing through the origin. lda(O,A) be k.

By the rotation ofOA through an anglé, we get the
line segmenOA'. If a is the reference angle @, then
A= (k.cospa,k.sinna). Let dn(O,A’) bek'. ThenA =

In Euclidean metric, an angle size and an arc length are(’ cos,(a + ), K. sinm(a + 0)). Because of the equality

equivalent on the unit circle. But, there is a non-uniform of Eyclidean lengths of the line segme®4 and OA’ we
change in the arc length increasing the arfjley a fixed get

amount in maximum metric. So, it is necessary to develop
the trigonometric functions defined on the maximum unit d.,(0, A) = dm(0,A)
circle by the reference angle fémot in standard position

[4]. If Bis not in standard position, it can be defined two gnd therefore
angles in standard position. So, we can define the general . .
trigonometric functions for the angkewith the reference (k-cosn0)? + (k. Sifm)? = (K'.cOsn(01 4 8)) + (sinm(c +6))?
anglea on m— unit circle. When@ is the angle with the ;o \/ cog,a-+sirga

reference angle which is the angle betwee® and the ~ 7\ cos(a+8)+ sing(a+8)

positive direction of the x- axis om— unit circle, we can  and by using the identity

define the general cosine and sine functi®r@s follows:

4 m- trigonometric functions with reference
angle

cogo+sinda = 1+tarfa = seca,

mcpsﬁ:gosn(a+e).cosna—sinn(a+e).§inna max{|cog(a + 8)|, |sin(a + )|}
MSinB = sinm(a + 8).cosna + cosn(a + B). sinpa . K = max{[cosa )] |sinal}

(6)

is obtained in terms of the Euclidean sine and cosine func-

In these definitions, sina@+ 6 and o are in standard po-  tIONs.

sition, the value of medst + 8), mcost,msin(a + 6) and The following corollary shows how one can find the max-
msin are calculated by using (3) and (4).df=0, then  imum length, after a rotation of a line segment through an
mco$ = cosy B and msir = sin, 6 sinceb is in standard  angled in standard form.

position. The general definitions for other trigonometric

functions for the angles which are not in standard position Corollary: Let OA be a line segment on theaxis. If OA’

can be given similarly. is the image ofOA under the rotation through an andle
Consequently, the general definitions of trigonometric then

functions can be given by defining angles with the ref- K

erence angle in maximum metric. dm(O,A) = = kmax{|cosB|, |sinb|}.

. _ _ V/co20+sir’8
It is well known that all rotations and translations preserv

the Euclidean distance. But, if a line segment is rotated , . .
. . . . PrROOF. Using the valuex = 0 in the theorem, the corol-
the length of it changes in non-Euclidean metrics. Thus, . .
lary is obtained.

the change of a line segment length after rotation is given
by the following theorem: Consequently, this paper on the trigonometric functions in
maximum metric provides good facilities for further works
on the subjects as norm, inner product, cosine theorem and

Theorem 1 Let OA be a line segment, not on the x-axis . . . .
area of triangles in maximum metric.

with reference angle a and dny(O,A) = k. If OA istheim-
age of OA under the rotation through the angle 6, then

a7
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Zum axonometrischen Umriss einer Kugel

On Axonometric Projection of the Contour of a
Sphere

ABSTRACT

The present article refers to a question that arose du-
ring the lecture of descriptive geometry for undergradua-
te students in the fields of geodesy and cartography: If
the axonometric projection of the contour of a sphere is
constructed with the help of the cutting method (L. ECK-
HART, 1937), the pairs of contour points with regard to the
cutting directions of two non-associated auxiliary projecti-
ons determine two in general non conjugate diameters and
their conjugate directions of the ellipse of contour. Con-
versely an ellipse is in general overdetermined by two given

O konturi kugle u aksonometriji
SAZETAK

Ovaj se &lanak bavi pitanjem koje se javlja u nastavi nacrt-
ne geometrije za studente preddiplomskog studija u po-
drugju geodezije i kartografije: Ako se aksonometrijska sli-
ka konture kugle konstruira pomoéu metode presjeka (L.
ECKHART, 1937), tada parovi konturnih toaka, proma-
tranih s obzirom na smjerove presjeka dviju nepridruZenih
pomocnih projekcija, odreduju opcenito dva nekonjugira-
na promjera konturne elipse i njima konjugirane smjerove.
Obratno, elipsa je opcenito odredena s dva zadana promje-
ra i njima konjugiranim smjerovima. Promatra li se kon-
strukcija konturne elipse s ravninskog aspekta, iz ovog se

diameters and their conjugate directions. The theorem of nacina konstrukcije moZe izvesti PASCALOV teorem.
PASCAL can be deduced from the figure of construction
whereby the construction of the ellipse of contour is con-

sidered from a planar point of view.

Kljuéne rijeci: aksonometrija kugle, konturna elipsa, PAS-
CALOV teorem, konika

Key words: Axonometric projection of a sphere, ellipse of
contour, theorem of PASCAL, conic

MSC 2000: 51NO5, 51A05

1 Einleitung K¢, K respektivekd, KS sind durch die Einschneiderich-
tungens bzw.s” bestimmt, vgl. etwa [1].

Die Konstruktion des axonometrischen Umriss einer Kugel ; . . o wa

gehort zu den klassischen Aufgaben in Darstellender Geo—\:gg(1 E—Z sm_? dh|er(|13|urch é,\fvil DuSr”c_hmeTlsﬁlKl ’_I_Kl] untd
metrie in der Ausbildung von Studentinnen und Studenten_[ ,KZ] mit den Paare ZW. S -paralieler ‘angenten
der Architektur sowie in einigen ingenieurwissenschaftli N dén Durchmesserendpunkten und damit ein Tangenten-

chen Studiengangen. Sie wird Ublicherweise mit Hilfe des Parallelogramm gegeben. Die beiden Durchmessek¥on
nach L. ECKHART (1937) benannten Einschneideverfah- sind dabei im Allgemeinen nicht konjugiert. Die Umris-
rens durchgefiihrt: Der (scheinbare) UmiS8siner Kugel  sellipsek® wird in [1] mithilfe einer geeignet gewahlten
® ist dabei axonometrisches Bild jenes Gro3kreisesp, perspektiven Affinitatg aus einem Kreisk< = ¢ (k)
dessen Tragerebene orthogonal zur Projektionsrichsung konstruiert, deren Achsa mit einer Seite des Tangen-
liegt. Er ist ein Kreis respektive eine Ellipse, je nachdem, tenparallelogramms zusammenfallt (Abb. 1), vgl. [1]: Es
ob s orthogonal zur Bildebenex steht oder nicht. Wird  gej 0. B. d. A.a=t§ mit t¥ := K% || § gewahlt. Da-

0. B. d. A. der MittelpunkiM von ® als Ursprung eines  mjt pesitzenk und k% das gemeinsame Linienelement
kartesschen qurgllnatensyster@, Ex.Ey.Ez) gewahlt, (K{, 1) = (KY,tf). Zur Bestimmung des Mittelpunkt€X

so schneidek die in den Koordinatenebenen liegenden vonkX und damit eines Angabepaar€, 0%) von gist zu

GroBkreisek := ;NP (i = 1,2,3) in den Gegenpunkten . | .
Ki, Ki. Sind beispielsweise Grund- und Aufrissfigur von beachten, dass die Diagonalen eines Tangentenparallelo-

als Einschneidehilfsrisse gegeben, so lassen sich die Paardr@mms einer Ellipse Richtungen konjugierter Durchmes-
(K&, K%) bzw. (K$,KZ) von Konturpunkten unter Verwen- ~ S€r sind. Der Mittelpunk©* ergibt sich danach in zwei-
dung perspektiver Affinitaten zwischen dem Einschneide- deutiger Weise aus dem Schnitt der Gerades Kf Ltf
grundriss bzw. -aufriss und dem axonometrischen Grund-mit dem Thaleskrei& Uber der zuj gehorenden Seite
riss bzw. - Aufriss konstruieren. Die Tangentenkdnin des Tangentenparallelogramms.
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Abbildung 2: Satz vorPAsCAL

i < Wird diese Aussage ins Duale Ubertragen, so gehort ei-
- / : ne weitere Gerade einem durch funf Geradep; (I =
st 1,...,5) bestimmten Klassenkegelschnitt genau dann
an, wenn die Verbindungsgeraden= pi1p2 V paps, S:=
p2p3s V psp undt := p3ps V pp1 von Gegenecken des
Sechsseit®; . .. psp kopunktal liegen. Werden schlielich

i a a +0 10 i Nni a ta
Bemerkt werden soll, dass das zweite Paar von Kontur- " der Angabeky, Ky, i, 1) die LinienelementeKy, ),

punkten(K¢,K$) fur die Festlegung vorp(a, (O%,0%)) (Kf&t_f) sowiets als infinitesimal bengphbarte Tangenten
mit g(k) = k% nicht benétigt wird. Lediglich die Tangen- %nk gedeutet, so lassen sich die Berghfpl,mkt‘?‘%‘“”m
teninKg, K¢ als Seiten des Tangentenparallelogramms ge-t2_nachtraglich konstruieren. Fi' < t3 ergibt sich bei-
hen in die Konstruktion ein, vgl. [1]. Hieraus ist erkennbar spielsweise

dass die Ellips&® du_rch_Angabe dgr tangentialen Lini- =18 VK, t =t VK, s=rt || ¥, KS = st
enelementeK(', t¥), (Kf,t}") (j = 1,2) in den Endpunkten
zweier Durchmesser grundsatzlich tberbestimmt ist. Um-
gekehrt konnen die Punki€), K$ auftS, tS' bei vorgege-

bener FigufK%, K, t% t%) nicht beliebig gewahlt werden.
L5

Wird nun obige Konstruktion der Umrissellipdé' als
planare Aufgabe aufgefasst, so scheint die Ableitung je-
ner Bedingung aufschlussreich, wonach die tiberzahligen
PunkteKs', K aufk® liegen. In Folge dieser ergibt sich die
Frage, in welchen Fallen durch Angabe zweier verschiede-
ner Durchmessdt, L] und[Ly, L] mit den zugehorigen
Paaren paralleler Tangenten in den Durchmesserendpunk-
ten eine Ellipse, allgemein ein Kegelschnitt, bestimmt ist
Der Fall eines Paares konjugierter Durchmesser, durch den
bekanntlich eine Ellipse festgelegt ist, ist hierin eingtib
ten.

Abbildung 1: Perspektive Affinitt

Es ist zu vermuten, dass speziell die zweite Frage bereits
Gegenstand ausfuhrlicher Untersuchungen war. lhre Be-
antwortung erfolgt an dieser Stelle vielmehr aus didakti-
schenUberlegungen im Zusammenhang mit der ersten.

Abbildung 3: Konstruktion des Béihrpunktes

Die Konstruktion vork € t3' istin Abb. 3 visualisiert. Sie
veranschaulicht ferner den Satz vomsRAL, welcher der

2 Der Satz von PASCAL Konstruktion zugrunde liegt. Entsprechendes gilt fur die
Konstruktion des PunktdsS. Er lasst sich auBerdem Uber

Bekanntlich ist ein projektiver Kegelschnittdurch funf ~ die Punktsymmetrie K3 bezlglichO® bestimmen.
PunkteR (I = 1,...,5) der Ebene festgelegt. Sind nicht Wegentf‘ I t_f‘ ergeben sich in der Figur von Abb. 3 Strah-
drei PunkteR,, R,, B, (I1,l2,13 € {1,...,5},11 # 12 # lensatzfiguren mit den ScheiteB:= rt und B := t{'t5.

I3 # 11) kollinear, so ist der Kegelschnitt nicht entartet. Uber diese kann ein Vergleich von Teilverhaltnissen vor-

Nach dem Satz vonA3cAL liegt ein weiterer Punk® ge- genommen werden, die den Tripeln von Punkten zugeord-
nau dann au€, wenn die Schnittpunkt® := PP, N P4Ps, net sind, welche auf den Seiten des Tangentenparallelo-
S:=P,PsNPsPundT := PsP,N PP, von Gegenseiten des gramms liegen. Fir deren Angabe werden die Ecken bzw.
Sechseck®; ... PsP kollinear liegen (Abb. 2). Seitenlangen des Parallelogramms entsprechend Abb. 3
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mit A, B, C undD bzw. a, b, c undd bezeichnet. Fir die
ubrigen Abschnitte werden die Schreibweid#) = by,

KSC = by, CK{ = c1, KYD = ¢, dergleicheray, ap, di, d2

insbesondere aufschlussreich, da die Lagen und Maf3stabe
der Einschneidehilfsrisse in zwei Koordinatenebenen, bis
auf den Fall paralleler Einschneiderichtungen, frei getva

vereinbart. Es ergeben sich die nachstehenden Verhaltniswerden konnen.

gleichheiten.

b

©2_SK _bic_b
Cl_ g:_bz’ C_

Fernerhin gelten die augenscheinlichen Gleichheiten
ap/a = cp/c und by/b = di/d. Werden schlie3lich die
Quotientenayz/a, by/b, c2/c unddi/d als Teilverhaltnis-

se aufgefasst, so gelten folgende Gleichheiten:

TV(K{;B,A) = TV(K;D,C)
=TV(KS;B,C)
=TV(KS;D,A).

1)

Die GleichungTV(KJ;B,C) = TV(K{;B,A) beschreibt

eine notwendige und hinreichende Bedingung, wonach die

PunkteKs, K_g auf der durcr(K“,Kf‘,tf‘,t_f‘) festgelegten
Ellipse k® liegen. Diese impliziert insbesondere, dass die

ParallelitaterkK{KS || K{'KS || AC sowieK{KS || K{KS ||

Abbildung 4: Konturpunkte

Dem Nachweis wird eine Konstruktionsfigur entsprechend

BD gelten, die Verbindungsgeraden der Konturpunkte apy 4 zugrunde gelegt, in welcher Grund- und Aufrissfi-

demnach parallel zu den Diagonalen des Tangentenparal

lelogramms, d. h. einem Paar konjugierter Richtungen, lie-
gen. Die erhaltene Bedingung ist raumlich sofort einsich-
tig, da jenes zu den Durchmesséiy, K{'] und [K§',K5]

von k% gehorende Tangentenparallelograr’ABCD axo-
nometrisches Bild eineks umschlielRenden Rhombus ist,
bezuglich dessen obige Teilverhaltnisgleichheiten dad
mit die Orthogonalitateik;K>_LBD, K;K> LBD, des wei-
terenK1Kz LAC und K1K> LAC, der Verbindungsgeraden

entsprechender Beruihrpunkte gelten. Die axonometrische

Abbildung erhalt Parallelitaten und Teilverhaltniss®

dass sich die Eigenschaften wie angegeben tUbertragen Iasd-
sen. Daneben lasst sich die erhaltene Bedingung in gleiche

Weise mithilfe der in Abschnitt 1 beschriebenen perspekti-
ven Affinitat @(a, (O%,0%)) zwischenk® und k* bestati-
gen, da unter perspektiven Affinitaten Parallelitaten un
Teilverhaltnisse erhalten bleiben.

3 Die Konstruktion der Umrissellipse als
planimetrische Aufgabe

Wird die Konstruktion der Ellips&® unter Verwendung
der Einschneidehilfsrisse, unabhangig ihrer raumliche

gurvon® als Einschneidehilfsrisse sowie die Einschneide-
richtungens’, s” bezuglich des Grund- respektive Aufriss
gewahlt werden. Die Paare von Konturpunkigd),K;)
beziglichs, s’ sind im jeweiligen Einschneidehilfsriss
durch den Schnit{K;,K{} = ki N (O L &) bzw. durch
{KJ,KJ} = kon (0" L &) festgelegt. lhre axonometri-
schen Bilder(K{',K{') lassen sich unter Verwendung der
perspektiven Affinitaterp; : 14 — 1 und @ : TG — TG
zwischen den Einschneidehilfsrissen und dem axonometri-
schen Grund- bzw. Aufriss konstruieren. Die Tangenten an
K% in K{, K{' respektiveK5', K3 sind durch die Einschnei-
erichtungers’ bzw.s” gegeben.

Um die Bedingung der Teilverhaltnisgleichheit auf den
Seiten des hierdurch festgelegten Tangentenparallelo-
gramms zu uberpriifen, scheint es sinnvoll, ¢#g,K/),
(K7.K7) bezuglich (K,Kf") erganzenden Hilfsrisse
(K{,KY), (K5,K5) zu konstruieren. Hierfur kann benutzt
werden, dass

®loqily Y =Y, @togly Y —Y

teilverhaltnistreu operieren.
Die Konturpunkte lassen sich durdbbertragen ihrery-

Deutbarkeit, als ebene Aufgabe aufgefasst, so ist die FrageKoordinaten im jeweils anderen Riss bestimmen. Sfrd

zu beantworten, wodurch sich die in (1) genannten Teil-
verhaltnisgleichheiten ergeben. Die Beantwortung sthei

und y’-Achse nicht parallel gewahlt, so erlaubt die in
Abb. 5 dargestellte Vorschrift die zeichnende Bestimmung
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der Risse(K{,K{) und (K5,K5). Sie folgt aus der Tatsa-
che, dass die Schnittpunkte der jewedlparallelen Gera-
den durch den Grundri$® mit derZ’-parallelen Geraden
durch deren Aufris$” fir beliebige PunkteéP kollinear
liegen, vgl. [1].

A/

Abbildung 5: Ubertragen von Teilveritnissen
Hiernach folgen sodann die Gleichheiten der Teil-
verhaltniss& V((K{);E),0') und TV (K{;E;,0") sowie
TV((K5)"E/,0") und TV(K3;Ey,O), die jeweils dem

Werden nurk! undKj} in Richtung der Einschneiderich-
tungens’ bzw. s’ projiziert, so ergeben sich die Punkte
K{ := (K/||s") NKJKY beziehungsweis} := (K3)[|s' N
K{K{. Fur die PunkteK und K} gelten dann offen-
bar TV(K{;K4,0") = TV(K};K},O') = cosycose, wor-
aus schlie3lich die gesuchte Gleichheit folgt:

TV(K{;C,D) = TV(KS;C,B). (2)

4 Welitere Folgerungen aus der Anwendung
des Satzes von PASCAL

Im letzten Abschnitt wurde planimetrisch begriindet, dass
die Konstruktion der Konturpunkte beziiglich der Ein-
schneiderichtungenin Grund- und Aufriss tatsachlichizwe
Durchmesser sowie die dazu konjugierten Richtungen ei-
ner Ellipse angibt. Diese ist durch Bedingung (2) wohlde-
finiert. Die Bedingungen (1) bzw. (2) sind hierbei affin-
geometrische Folgerungen aus der Anwendung des Satzes
von PSCAL, der zur projektiven Geometrie zu zahlen ist.
Da diese nicht ausschlief3lich auf Ellipsen zu beziehen sind
bzw. sich vergleichbar fur Hyperbeln formulieren lassen,
scheint die Frage berechtigt, wie (1) geeignet zu spezifi-
zieren sind. Daruiber hinaus stellt sich die Frage, wie sich
hierin durch Anwendung des Satzes vatsBAL auch der
Fall einer Parabel einbetten lasst.

Kosinus des Winkelmal3 entsprechen, der zwischen derBekanntlich lassen sich Ellipse, Parabel und Hyperbel in

orientierten GeradeK/{K;] bzw. KJKJ und der positiven
Richtung dey/’-Achse bzwy”’-Achse eingeschlossen wird.

TV((K])';Ey,O) = TV(K{;Ey,0") = cosy
TV(()"5E}.0) ~ TV (K§ E},0) — cos.

ihrer Lage bezuglich der uneigentlichen Geraden affingeo-
metrisch kennzeichnen. In den Abb. 6 und 7 sind die Falle
einer Hyperbel und Ellipse in einem projektiv abgeschlos-
senen affinen Raum (nach Anwendung einer Kollineation)
schematisch dargestellt.

Abbildung 6:
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bzw. Ty, — T, gelten, lassen sich aus

DV (Ky; B, A, Tay) =n, DV (K1;D,C, Twy)
=n, DV(K2;B,C, Tou) 3)
=y DV(KZ;D,A,TZU)

mit den VereinbarungedV (K1; B, A, Tyy) =: TV(Ky; B,A)

etc. die Teilverhaltnisgleichheiten (1) erhalten. Im &mt
schied zueinander trennen im Fall der Ellipse die Punkte-
paare(A,B) und (K1, Tyy) etc. einander, im Fall der Hy-
perbel jedoch nicht. Infolgedessen geniigen die Werte der
Doppelverhaltnisse und mithin die entsprechenden Teil-
verhaltnisse im Fall der Ellipse der Relation

0<TV(Ky;B,A) < 1, (4)
wogegen im Fall der Hyperbel
TV(Ky;B,A) > 1 (5)

gilt. Des Weiteren ergibt sich fur den Fall der konjugierte
Lage der DurchmesséKi,K1] und [K2, K] einer Ellipse

ein vollstandiges Viereck, beziglich dessen sich dig)n (
genannten Punktequadrupel in harmonischer Lage befin-
den. Das TeilverhaltnisV(Ky; B, A) nimmt mit der getrof-
fenen Vereinbarung den Wert2 an, der sich als spezieller
Teilverhaltniswertin (4) ergibt.

B

Abbildung 7: Ellipse

Die in Abschnitt 2 entwickelte Figur eines Tangenten-
parallelogramms lasst sich hierin kennzeichnen: Die von
den uneigentlichen Punktdiy, an den Kegelschnik ge-
legten Tangentety, t_J bilden ein Tangentenvierseit. Die
zu Tjy bezliglichk polaren Verbindungsgeradeqﬂzj der
Beruihrungspunkte inzidieren mit dem Réblder uneigent-
lichen Geraderu bezuglichk, verlaufen demnach durch
dessen Mittelpunkt und sind somit Durchmesserkiddie

von Tj, verschiedenen Schnittpunkte der Tangerfety
bilden das ViereckABCD. Mit jeder der Seiten;, t; inzi-

dieren damit genau zwei Eckpunkte vABBCD sowie je- Abbildung 8: Parabel
weils genau einer der Punkig,. Demnach sind auf den
Geradenj, tj Punktequadrupel bestimmt. Im Fall einer Parabél ist die uneigentliche GeradeTan-

- . . gente der Kurve, weswegen der Rélbeziglichk mit
Wegen der Polaritatsbeziehungen bezligkcelten er- seiner Polarem inzidiert. Es gilt alsdJ € u. Die Menge

S',ChtI'ChU € AC,BD sowieZ € umit Z:=KiKa NK1Ka. aller Geraden durcl bildet bekanntlich ein Parallelge-
Die Punktequadrupel agf, tj lassen sich sodann vermoge agenbischel von Durchmessern, welches auch die Achse
der Geradenbusch@l) bzw. Sz perspektiv respektive pro-  vonk enthalt. Es lasst sich entsprechend den vorangegan-
jektiv aufeinander abbilden, wonach das Doppelverh&ltni genen Fallen untersuchen, unter welcher Bedingung durch
der Punktequadrupel erhalten bleibt. Da jew&jls— Tjy die Angabe zweier nichtparalleler Linieneleme(g,t;)
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und (Ky,t2) sowie einer Geradenrichturdjeine Parabel  Tangenten ak in P undK; in ihrem MittelpunktM1» ge-
festgelegtist, fur welch&y,t1) und(Kz,t2) tangential lie-  teilt wird, lasst sich auch die Tangengeank in P konstru-
gen undd die Durchmesserrichtung angibt. ieren. Es gilttp = M12P. Die Ellipsek kann mithin auch
Nach Anwendung des Satzes voaseAL entsprechend als Ortskurve der Punkfbzw. als Enveloppe der Tangen-
Abb. 8 ergeben sich hierfir vollstandige Vierecke, deren t€nschar erzeugt werden.

Ecken neberJ, Ki, bzw. Ko die PunkteA = tito, Toy
bzw. Ty, bilden. Die Nebenecken sind durgls, Ty, B)
bzw. (S T2y, C) mit B:= (Kq||d) Nty undC := (Ky||d) Nty
gegeben. Da in einem vollstandigen Viereck bekannt-
lich die Nebenecken von den Schnittpunkten ihrer Ver-
bindungsgeraden mit den Seiten durch die dritte Neben-
ecke harmonisch getrennt werden, gilt dies unter Ver-
wendung einer geeigneten Perspektivitat auch fur die zu-
geordneten Punktepaare ayf Wird erneut vereinbart,
dassDV (Ky;C,A, Tyy) = TV(K3;C,A) und entsprechend
DV (K2;B,A, Toy) = TV(K2; B,A) gelten, so folgt einsich-

tig

TV(K1;C,A) = TV(K2;B,A) = 2. (6)

5 EineKonstruktion der Umrissellipse

Ziel dieses abschliel3enden Abschnittes ist es, eine punkt-
und tangentenweise Konstruktion des axonometrischen Abbildung 9: Ellipse als Ortskurve

Umriss k% einer Kugel® vorzuschlagen, der durch die

KonturpunkteK{, K und K§, K3 bezuglich der Ein- .

schneiderichtungesi unds’ gegeben ist. Alternativ kann ~ Literatur

eine Ellipsek nach Abschnitt 3 durch zwei Durchmesser

[K1,K1] und[Kz, Kz] sowie die dazu konjugierten Richtun-  [1] BRAUNER, H.: Lehrbuch der Konstruktiven Geome-
gen gegeben sein, falls zusatzlich Bedingung (2) erifiillt trie. Springer-Verlag Wien, Fachbuchverlag Leipzig,

Wird Uber dem Durchmesser eines Kreises ein beliebiges 1986.

Aufsatzdreieck errichtet, so liegen die HohenfuB3punife a [2] JEGER M.: Konstruktive Abbildungsgeometrie
den vom Durchmesser verschiedenen Seiten nach Umkeh- Raber Verlag, 1964.

rung des Satz vonHALES auf dem KreisUbertragen auf
Ellipsen als perspektiv affine Bilder von Kreisen lasshsic
eine punktweise Konstruktion vdavorschlagen, vgl. [2]
(Abb. 9): O.B.d.A ist eine Gerade in zu [Ky,K;] kon- Marco Hamann

jugierter Richtung gewahlt, dif1,K1] innen schneidet. Technical University of Dresden

Mit T := KiKaNg undH := K;K> N g folgt entsprechend e-mail: Marco.Hamann®tu-dresden.de
P:=TKiNKiH mit P € k. Da die StreckeH, T] von den
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Multimedijski pristup u
vizualizaciji polarne stereografske projekcije

Multimedia Concept in Visualization of the Polar
Stereographic Projection

ABSTRACT

The paper deals with topic of polar stereographic projec-
tion with emphasis on the ICT application in teaching.
The formulae for the above mentioned projection have
been derived, which made it possible for it to be visu-
alized by writing the codes in the program Mathematica,
and the multimedia component has been achieved by im-
plementing it into video record by means of the program
Bulent’s Screen Recordérom the group of Desktop Screen
Recorders

Key words: information and communication technologies

Multimedijski pristup i vizualizacija polarne stere-
ografske projekcije

SAZETAK

U radu je obradena tema polarna stereografska projek-
cija s naglaskom na primjenu ICT-a u nastavi. Dan
je izvod formula polarne stereografske projekcije $to je
omogudilo njenu vizualizaciju u programu Mathematica
dok je multimedijska komponenta ostvarena implementi-
ranjem u video zapis uz pomo¢ programa Bulent’s Screen
Recorderiz skupine Desktop Screen Recorders-a

Kljuéne rijeci: informacijske i komunikacijske tehnologije
(ICT), e-ulenje, kartografske projekcije, polarna stere-
ografska projekcija, vizualizacija

(ICT), e-learning, cartographic projection, polar stereo-
graphic projection, visualization

MSC 2000: 97U80, 51N20

Akademske godine 2007/08 Vedran Car i Dino Dra- i podutavanja) uz uporabu informacijsko-komunikacijske
gun, tadasniji studenti trece godine preddiplomskogijtud tehnologije u svrhu unapreahja kvalitete samog procesa i
geodezije i geoinformatike na Geodetskom fakultetu ishoda obrazovanjg6].

Sveucilista u Zagrebu, napisali su raftiti na drugi  Byduéi da su nove informaticke tehnologije obiljezile
nacin — upotreba multimedijskog i interaktivnog saeja nadu epohu, tako se i otekuje da ¢e u visokodkolskom
Voditeljica rada bila je Jelena Beban Brki¢. Studenti su za Obrazovanju postati standardom, dok ce poznavanje i
svoj rad dobili Nagradu dekana Geodetskog fakultea. Ovajsposobnost uporabe tehnologija e-ugenja biti sastaeni di
Clanak je izvadak iz tog rada. osnovne pismenosti svakog &lana akademske zajednice.
Jednako tako mozemo reti da se e-ucenje pojavljuje i
kao rjeSenje u novoj situaciji u kojoj broj studenata na
sveucilistima ubrzano raste, jer postaje sve teZe oaigu
o o _ _ "staru” neposrednu komunikaciju izmedastavnika i stu-
E-ucenje je jedan od brojnih pojmova s prefiksom"e-"koji genata. Stoga jStrategija e-Genja Sveilista u Zagrebu

se u posliednje vrijeme sve CeSCe spominju. Opcenito,2007. - 2010., na sjednici Senata Sveu&ilista odrzanoj
prefiks "e-" (elektronicko, eng. electronic) oznacava 12. lipnja 2007. godine, prihvacena konsenzusom svih
izvodenje odreenih djelatnosti uz pomoc informacijsko-  sveugilinih sastavnica, gdje je jasno da e-uéenjeap®st
komunikacijske tehnologije (ICT). sinonim za novo, moderno i kvalitetno obrazovanije.

1 Uvod

Postoje razliCite definicije e-u€enja. Mi €emo navesti Iz navedenog se otituje da e-ucenje treba predstavljati v
onu koja po naSem miSljenju dobro ocrtava smisao i sokokvalitetni proces obrazovanja u kojem nastavnici i
ideju e-uCenja: E-ucenje je proces obrazovanja@enja studenti aktivho suragu, sa svrhom postizanja zadanih
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obrazovnih ciljeva. Pri tome trebaju intenzivno koristiti
informacijsku i komunikacijsku tehnologiju za stvaranje
prilagodljivog virtualnog okruzenja u kojem se razvijaju

i koriste multimedijski interaktivni obrazovni materijal
ostvaruje médsobna komunikacija i suradnja, studenti
izvrSavaju pojedinacne ili grupne zadatke i projekte, te
provode kontinuiranu samoprovjeru i provjeru znanja.
Upravo zbog koriStenja ICT-a kao poboljSanja kvalitete
prijenosa znanja, u ovom radu dajemo primjer kako upotre-

bom programeDesktop Screen Recordemsultimedijska
komponenta moze biti ostvarena.

Glavno obiljeZje ovih programa je da omogucuju snimiti

svaku aktivnost na grafickom zaslonu, istovremeno sni-
majuci i zvuk, te istu aktivhost spremaju u video datoteku.

Iz skupine navedenih programa, nakon provedenih po-

Cetnih testiranja, izabrali smo prograBulent’s Screen
Recorder (Version 412].

Moze se snimati cijeli ekran, odrfedi prozor, ili dio
ekrana. Moguce je i podeSavati kvalitetu i intenzitetkayu

Zatim, odabiremo snimanje zvuka pomo¢u mikrofona, dok
iskljuCujemo pokaziva¢ miSa na ekranu prilikom sninzan;
videa:

2% Bulent's Screen Recorder

Audio

ﬁ ¥ Record Audio

[ Audio From : |Fr0m Mi-c:rophone ol

Mouse Cursor

I Record mouse click sounds
I Record kepstroke sounds

]

I Amplity Rec. Waolume : ix 7

h I Record Mouse Cursor

te smo sukladno radu s navedenim programom dosli do |

najoptimalnije konfiguracije navedenih moguécnosti.

Kako bi prikazali naCin na koji dolazimo do konacnog
proizvoda, tj. video clipa, slijedi dio postupka u postav-

kama programa, od samog ukljucivanja do izlaznog po-
datka. Za poCetak odabiremo snimanje zaslona jednom od

prikazanih mogucnosti :

2% Bulent's Screen Recorder

'+ Record Screen

" Edit/ Produce Video In Movie Lab

" Play Video File
" Movie Studio Tasks

" Open Converter

Traublezhoaoting

I Do not show this dialag again

Close ‘ | Hext »> ‘

Slika 1: Odabir postavki snimanja
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More Settings > |

Troublezhooting

I Do nat show this dialog again

Clase | << Previous |

Slika 2: Odabir n&ina snimanja zvuka

Konatno, izlazni je podatak, video zapis othrdg
sadrzaja (u ovom se slu€aju radi o datoteci naziva: "Ste-
reografska projekcija.avi”)

2 Programski paket Mathematica

Softverski alati mo€no su oruzje u inoviranju pristupana
tavi. Istaknuto mjesto medmatematickim softverom ima
upravo programski pak&lathematicasoftver tvrtke Wol-
fram Research. Davno prepoznat kao jedan od najbo-
ljih svjetskih softverskih matematickih alata, ali talod
jedan od najboljih softverskih proizvoda uop&tgathema-
tica nam uz minimalan utro3ak resursa omogucuje odlicne
rezultate i visok stupanj inovacije nastave, te mijenja sam
pristup matematici i predmetima vezanim uz matematiku.
Implementacija sadrzaja moguca je od najnizih do séjvi”
razina matematike, ovisno o potrebama. Ono [¥@&
thematicaomogucuje u nastavi je prevedje problema

iz jezika u matematicki jezik, uci kako eksperimentirati
s matematikom, uci kako spojiti matematiku i programi-
ranje, matematiku sa drugim znanstvenim disciplinama,
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omogucuje shvatanje rekurzija i kako ih prakticno upotr odretene presjekom koordinatnih linija meridijana i para-

jebiti. Ukratko,Mathematicge: lela. Svaka mreza koordinatnih linija preslikana u ravn-
inu naziva se kartografska mreza. Zadatak kartografskog
— kalkulator proizvoljne tocnosti, preslikavanja je da ustanovi ovisnost izfnekbordinata

toCaka na Zemljinom elipsoidu ili sferi i koordinata tih
toCaka u projekciji. Ta ovisnost najceste se odjeded-
— alat za rjeSavanije razlicitih algebarskih, ratunskih nadzbama:

drugih problema,
anp x="f1(6,), y="Fa(,M). (1)

— kalkulator za simbolicko ratunanije,

— sustav za vizualiziranje funkcija, podatakai slozenih
objekata, Buduti da toCku na plohi Zemljinog elipsoida ili sfere
i _ o _najceste odragemo geografskim koordinatangai A, a
— generator zadataka, provjera znanja, vjezbi... sa 'u ravnini pravokutnim koordinatamai y, to jednadzbe
bez odgovora, (1) nazivamo osnovnim jednadZbama kartografskih pro-
— aplikacija za izradu interaktivnih prezentacija. [7] ~ Jekcija. Te jednadzbe odnosno funkciieodrediju svoj-
stva kartografskih projekcija i moZe ih biti beskonacno
Mathematicaostoji vet vise od 20 godina. Postala je stan- Mnogo. U praksi se niedim koristi nekoliko stotina kar-
dard u mnogim organizacijama, tvrtkama i sveutilistima. tografskih projekcija. Prikaz Zemljine plohe u ravnini u
Ministarstvo znanosti i tehnologije RH je krajem 1994. bilo kojoj projekciji je deformiran. Duzine, povrSine bk
godine opremilo Mathematicomrhrvatska sveugilista, a  tovi pri preslikavanju se mijenjaju, tj. deformiraju. Pram
1996. godine vetinu istrazivagkih instituta. Broj rast  Obliku deformacija kartografske projekcije dijelimo u ove
nika i studenata koji ju koriste neprestano raste. Mi smo Cetiri grupe:
uz pomo&athematicezvrsili vizualizaciju stereografske
projekcije, a zatim sve to uspjesno implementirali u video
zapis.

1. konformne ili istokutne,

N

ekvivalentne ili istopovrSinske,
U nastavku, prije izvoda formula i prikaza kodova i ilustra-
cija, dajemo kratki uvod u kartografske projekcije (vidj,[1

w

ekvidistantne ili istoduzinske,

[3],[9]i [11]) i nekoliko povijesnih notica iz tog podrugj 4. uvjetne (sve koje ne spadaju pod 1, 2 odnosno 3).
(31, [9], [10]). (3]
3 O kartografskim projekcijama 4 Stereografska projekcija

Grana kartografije koja proucava naCine preslikavanja za Stereografska projekcijaibraja se maa najstarije pro-
krivliene povrsine Zemlje i ostalih nebeskih tijela na+av jekcije, a njen pronalazak se pripisuje gr¢ko astronomu
ninu Cesto se naziva matematickom kartografijom. Budu€i Hiparhu oko 150. godine pr.Kr. prilikom izrade karata
da danas matematika sve viSe prodire i u ostale grane karnebeske sfere. Njenu upotrbu opisao je gréki matematicar
tografije, naziv matematicka kartografija nije vise prik- astronom i geograPtolomej(2. st. n.e.). Jo$ od Hiparha,
ladan, pa se ta grana kartografije nazKartografske Ptolomeja, a najvjerojatnije jos i od starih Egiptana,
projekcije  Cilj izuCavanja kartografskih projekcija je polarna stereografska projekcija koristena je za karte
stvaranje matematiCke osnove za izradu karata i riefavan zvijezda, ukljuujuci i prve tiskane kartellmagines
teorijskih i prakticnih zadataka u kartografiji, geodezi- coeli septentrionales cum duodecim imaginibus zodiaci’
ji, geografiji, astronomiji, navigaciji i ostalim srodnim ’Imagines coeli meridionalesbd strane njemackog slikara
znanostima. Pri izradi karata najprije se tocke s fiziCke i grafiCaraAlbrechta Direra 1515. godine, koji je iskoris-
povrSine Zemlje prenose po odesdm pravilima na plohu  tio polarnu stereografsku projekciju za izradu kasjev-
elipsoida ili sfere, a zatim se elipsoid odnosno sfera pre-erne eklipttke polusferd9]. Godine 1507. njemacki
slikavaju u ravninu. U tu svrhu sluze kartografske pro- znanstvenikGaulterius Lud(1448. - 1547.) izradio je
jekcije. To su nacini preslikavanja plohe elipsoida ili vjerojatno najstariju poznatu kartu svijeta, koja je baza
sfere u ravninu. Na plohi elipsoida ili sfere tocke su na stereografskoj projekciji.Franois d’Aiguillon 1613.
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uvodi pojam stereografske projekcije umjesto dotad@Snje Neka je sfera zadana jednadzbom

nazivaplanisfera "To je projekcija u ravninu iz tocke na

zemaljskoj sferi koja se nalazi totno nasuprot tocke u ko-

X +y?+(z—R? =R (2)

joj ravnina tangira sferu.” Upravo zbog toga ne mozemo TotkamaZ(&,n,{) na sferi odgovarat ce toCkex,y) rav-

prikazati cijelu zemaljsku kuglu iz jednog projekcijskog
sredista.

Stereografska projekcija spada u konformna preslikayanja ¢
iz tog razloga su mali elementi (zapravo beskrajno mali

djelovi) prikazani bez deformacije oblika, dok s druge

strane kod vectih podrucja dolazi do deformacija oblika.
Ove osobine je prvi pokazao engleski matematicar i astro-

nomEdmond Halley(1656. - 1742.), poznat po izradi ra-

zlicitih tematskih karata, te karata putanja kometa. U svo
jim djelima bavio se dokazom konformnosti, pa je tako u
jednom od njih objavio i sljedec¢u tvrdnju: "U stereograf-
skoj projekciji, kut pod kojima kruZznice sijeku jedna drug

u ravnini projekcije, ima istu vrijednost kao i kut pod ko-
jim se te kruznice sijeku na sferi. Ovo moze biti vrlo vazn

svojstvo ove projekcije ukoliko se ono i dokaze!”, §to je
Halley nekoliko godina kasnije i dokazao.

Dakle, tocka gledanja je u tocki na povrsini sfere iz eje
promjer sfere okomit na ravninu projiciranja.

Slika 3: Princip projiciranja pri polarnoj stereografskoj
projekciji sfere na ravninu

5 lzvod formula stereografske projekcije

Neka je Oxyz pravokutni Kartezijev koordinatni sustav.
Postavimo sferu polumjer® tako da u juznom polu
dodirujexy—ravninu i to u ishodistu koordinatnog sustava.
Projiciramo toCke sfere iz sjevernog pd¥0,0,2R) na
Xy— ravninu. TockiZ sfere biti ¢e pridruzena tockakoja
se dobije kao probodiSte pravbi i ravninexy.
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ninexy. Pokazat cemo da su koordindten,{) i (x,y)
vezane relacijama:

4R?x
X2y 4AR2
4R%y
T2y AR
4R?z
A R N~
2RE 2Rn
X= T_Z, y= T—Z 4)
Kao prvo ¢emo provijeriti da li relacije (3) vrijede za je-
dnadzbu zadane sfere (2):
g+n°+(-R*=F
2 2 2
(2 +A;F2{J): w) +(z +‘;§2+y w) (2 S/iz R

3)

R)z —R
R2(16R2x2 F16R2Y2 + (4 yP — 4R2)2>
(@ +y2 +4R2)*

R?(x2 -4-y2-|-4R2)2
(@ +y2+ 4R2)2
R? =R
Promotrimo sada radijvektore to¢aka z u odnosu na pol
N:

NZ=&+nj+(C—2Rk Nz=x +yj+ 2Rk (5)
Kako su oni kolinearni treba biti:

Iz relacije (6) slijedi da jex = 22R—'§, y= %, Cime je
pokazano da vrijede relacije (4).

Dalje, uvedemo li parametau (6) dobivamo:

E=xt, n=yt, {=2R-2Rt (7

Kako se tock&Z(&,n,{) nalazi na sferi, mora zadovolja-
vati njenu jednadzbu. Uvrstimo stoga (7) u jednadzbu (2).
Nakon sret/anja dobivamo da je

4R?
R ®)
Sto uvrsteno natrag u (7) daje koordinate tocakea sferi:
_ 4AR% . IRYy 4Rz
COXRHY AR Y AR T Ry AR
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Ovime su i formule (3) dokazane. Detaljniji raun moze se
naci u [4].

Napomenimo da se formule (3) i (4) mogu dobiti i rabeci
slicnost trokuta.

Medutim, u geodeziji se toCke na sferi najceSce zadaju u
geografskim koordinatamg A. Upotrijebimo li parametre

$, A, sfera zadana implicithom jednadzbom (2) ima vek-
torsku jednadzbu

y 40

7(9,A) =(RcosAcosp,RsinAcosp,R(sing + 1)),  (9) — . oo o
Slika 4: Sfera, pol, téka na sferi, njezina projekcija i
Ael[-mm, ¢ € [-/2,1/2], zraka projiciranja.

odnosno parameterske jednadzbe

& = Rcosh cosd
n = Rsin\ cosp (10)
(=R(sinp +1).

Uvrstimo li jednadzbe (10) u formule (4) dobivamo trazenu
vezu:

2R 2R

X=———(cosAcosp), y= T—sinp

1—sind (sinAcosp). (11)

6 Mathematicavizualizacije

Prilozi rada [2] sadrze Mathematica bilj&nicu u kojoj Slika 5:  Paralela i njezina projekcija.
se vizualizira stereografska projekcija tocaka i krigutga
sferi. Ovdje prikazujemo neke olMlathematicavizua-
lizacija iz te biljeznice.

Na temelju jednadzbi (10) i (11) definirane su liste koordi-
nata tocaka na sferi i njihovih stereografskih projekcija

sfera[R_, A_, ¢_]:=
{R* Cos[A] Cos[¢], Rx Sin[A] Cos[¢], R* Sin[¢] +R}

stereografska[R_, x_, ¢_]:=
2R xCos[A] Cos[¢e] 2%RSin[a] Cos[e] 0

{ 1-Sin[e] ' 1-Sin[e] }

Tako definirane funkcije omogu€uju omogucuju prikaze
koji slijede. Slika6: Meridijan i njegova projekcija.
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Na slici 7 prikazane su dvije krivuljle i ko na sferi i nji-
hove projekcije. Krivuljak; odretena je relacijon\ = 2¢,
a krivuljaky relacijomA = 11/2 — ¢.

Slika 8: Kruznica u xy—ravnini i njezin original na sferi.

Loksodroma je krivulja na sferi koja sve njezine meridijane
sijece pod istim kutom.

Slika7: Krivulje k; (magenta) i k (cyan) na sferi i
njihove projekcije prikazane s dva razka
pogleda.

Ako je krivulja uxy-ravnini zadana svojim parametarskim
jednadnadzbama, tada se pomocu jednadzbi (3) mogu
odrediti parametarske jednadzbe njenog originala na sfer
Na taj su nacin, za kruznicu odretu parametarskim je-
dnadzbama

x=12cog —10, y=12sint—20, t e [0,2Pi],

odretene parametarske jednadzbe njezina originala nagjika 9: Loksodroma koja meridijane sie pod kutom
sferi polumjereR = 15. Obje su krivulje prikazane na slici o = arctan10i njezina projekcija u xy—ravnini

8. prikazane s dva radiita pogleda.
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Slika 10:  Sfera, ravnina projekcije i sve ranije nacrtane krivuljghazane na istom Mathematica ctte

7 Zaklju cak vremenjivanja natina u¢enja, sukladno tome kako Bolonj-
ski proces i nalaze. OCituje se vazna primjena ICT-a u

Kod kartografskih projekcija, u ovom slu€aju stereogkafs  nastavnim aktivnostima gdje je vazno ispravno kori&en;j

polarne projekcije govorimo o preslikavanju tocke s &¢  raznih vjeStina i tehnologija.

povrSine Zemlje na trodimenzionalni oblik (elipsoid ili

sferu), kojeg dalje preslikavamo u ravninu. Za prikaz

navednog preslikavanja koristen je programski paket

thematica6.0 koji pruza 3D- vizualizaciju problema s

moguénoStu promjene kuta gledanja. Wathema- Literatura

ticu, koristimo i program iz skupineDesktop Screen

Recorders-au svrhu dodatnog priblizavanja sadrzaju, [1] BorCIC, D. , Matemattka kartografija (Kar-

Cineti shvatanje i savladavanje testereografska polarna tografske projekcije)udzbenik, Tehnitka knjiga, Za-
projekcijajednostavnijim i efikasnijim. greb, 1995.

Ovaj rad nije isklju€ivo nametanje novog nacina pristupa
ucenju, viSe sugestija uz prikaz prednosti koje donosi.

Prisutan je i pojamsamouienjajer se uz implementaciju
obratnog sadrzaja na web, Sto se bez vetih problema
moze realizirati, studentu omogucuje samostalno pristu
panje, analiziranje i konatno shvacanje problema s kojim
se susrece u rjeSavanju zadatka.

[2] CAR, V., DRAGUN, D., UCiti na drugi n&in -
upotreba multimedijskog i interaktivnog sddija,
studentski rad nagread Dekanovom nagradom,
Geodetski fakultet, Zagreb, 2008.

Ovaj oblik prikupljanja novih znanja, spoznaja, je relativ [3] FRANCULA, N., Kartografske projekcije skripta
novi u sustavu obrazovanja jer se radi o jednoj vrsti osu- Geodetskog fakulteta, SveuciliSte u Zagrebu, 2004.
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[4] JoviCiC, D., Praktikum - Matematika Iil web [12] http://www.thesilver.net/
skripta Geodetskog fakulteta, SveuciliSte u Zagrebu,

2003.
[5] SNYDER, J. P. Flattening the EarthThe University Vedran Car

of Chicago Press, 1997. e-mail: 7vcar7@gmail.com
[6] Strategija e - Benja2007. - 2010., Sveuciliste u Za- Dino Dragun

grebu, 2007. e-mail: ddragun@geof.hr

[7] WOLFRAM, S., MathematicaSecond edition,
Addison-Wesley, 1993. Jelena Beban-Brkic

[8] WoOLFRAM, S., MathWorld web enciklopedija e-mail: jbeban@geof.hr

(http://mathworld.wolfram.com/)
Geodetski fakultet Sveudilista u Zagrebu

[9] http://en.wikipedia.org/wiki/Stereographprojection Katiceva 26, 10000 Zagreb

[10] http://digilander.libero.it/diogenes99/

Cartografia/Cartografia02.htm - o
Zahvala: NajlijepSe se zahvaljujemo mr. sc. Drazenu

[11] http://www.progonos.com/furuti/MapProj/Normal/ Tuti€u i dr. sc. Sonji Gorjanc na korisnim stru¢nim sav-
ProjAz/projAz.html jetima.
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