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On the Projectively Extended Linear Spaces

On the Projectively Extended Linear Spaces
ABSTRACT

In this article, we show that a linear space whose param-
eters are those of the complement of a subset in a finite
projective plane Tt of order n such that no line is removed
and a sufficient number of lines lost only one point, is

O projektivno prosirenim linearnim prostorima
SAZETAK

U ovom ¢&lanku se pokazuje da je projektivno prosireni
linearni prostor onaj linearni prostor &iji parametri su
parametri komplementa podskupa konaéne projektivne
ravnine Tt reda N tako da niti jedan pravac nije odstranjen,

projectively extended linear space. a dovoljan broj pravaca gubi samo jednu tocku.

Key words: linear space, projective plane, affine plane, Kljuéne rijedi: linearni prostor, projektivna ravnina,
semiextension, parallel class, projectively extended linear afina ravnina, polupro$irenje, paralelna klasa, projektivno
space. prosireni linearni prostor

MSC 2000: 51E20, 51A45

1 Introduction Definition 1.3 Lets = (2, £) be a finite linear space. If
there exists at least one parallel class §n this class is
The cqmplementa_tion problem with respect to a projective ¢5jied ideal pointof 5. We construct a new structure
plane is the following: _ , §* = (#*, £*) which consists of the points sfalong with
Remove a certain subset of points and lines from the pro-ine igeal points and the lines of which are extended by
jective plane. Determine the parameters of the resulting ,gse parallel classes to which belong. This structsite

space. Now assume that you are starting with a space havig calledsemiextensiorof 5. s is calledprojectively ex-
ing these parameters. Does this some howforce this subiended linear spacé s* is a projective plane.

set to reappear, thus giving an embedding in the original
projective plane? A number of people have considered
complementation probleni$l], [2],[3],...,[10]). In 1970,
Dickey solved the problem for the case where the configu-
ration removed was a unitgg|.

Let us first recall some definitions and results. For more
details, seé5|.

The cardinality of? (resp. ) will be denoted byv
(resp. b). The degreeof a pointp is the numbemb(p)

of lines on which it lies. The integar, wheren+ 1 =
max{b(p) : p€ 2}, is called the order of the space. The
sizeor degree yl) (also denoted byi|) of a linel is the
number of points it contains. Reline is a line of sizek.
Definition 1.1 Afinite linear spacds a pair (2, 2 ), where ~ The difference betweem+ 1 and the number of points on
2 is a finite set of points and is a family of proper subsets | is called adeficiencyof | denotedi(l) for any linel. Two

of #, which are called lines, such that lines| andl” areparallel (respectivelydisjoint) if | =1’ or
INI" = @ (respectively ifl # 1" andl NI’ = @).

A parallel classin the linear spacé?, ) is a subset of
£ with the property that each point af is on a unique
element of this subset.

A finite projective planef ordern, n > 2, is a non-trivial
(n+1)-regular linear space in which all lines have the same
sizen+ 1.

A finite affine planeof ordern, n > 2, is a non-trivial

(n+1)-regular linear space in which all lines have the same
(ii) No line contains all points of . sizen.

(L1) Any two distinct poins lie on exactly one line,

(L2) Any line contains at least two points.

Definition 1.2 A finite linear space = (2, £) is called a
non-trivial (n+ 1)-regular linear spacen > 1, if

(i) Every pointis on nt+ 1lines
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In this paper, for any two disjoint linek and !’ which
have size less thanin a finite linear space we will use
m(l,1") andmy (I,1") to denote respectively the total num-
ber of lines ana—lines meeting or |’ without! andl’ are
themselves included.

p=min{n+1—-v()|l € £, v(l) < n} and
A=max{n+1—v(l)|l € ,v(l) S n}.
Mp =max{my (I,I") | I, € £, v(l) S n,v(I") < n}.

The positive integerg andA will denote the minimum and
maximum ofdeficiencie®f lines ofs which have size less
thann, respectively

Lemma 1.1 [5, Lemma 3.3 Suppose that = (?,2) isa
non-trivial (n+1)-regular linear space withf+n+ 1lines
and r* +n+ 1 — s points

(i) Ifbpisthe number oflines of size iy, b s(n+2—5s).
In particular, P +1<v<n?+n—1,b,>2n.

(i) If there is no line of size n,

5 d(1)(d(l) —2) =s(s—2—n).

ler

2 Main Results

Lemma2.1If s = (®,L£) is a non-trivial (n+1)-regular
linear space with A+ n+ 1 lines which contains at least
one n-line, n> 2, the semiextension gfis linear space.

Proof. Let s* = (#*,£) be a semiextension of. Fix an
n—line . Then the number of lines missings n. Hence
eachn—line induces a parallel class of- 1 lines. Sinces

is a (n+ 1)-regular linear space which contains sufficient
number ofn-lines, s contains at least one parallel class of
lines.

Itis clear that two old points (points af ) or an old and a
new point are on a unique line af.

Let x andy be new points. We must show that they deter-
mine a unique line of. Let |y andly be n—lines which
determine the parallel classes correspondingdady. If

Ix andly do not meet, them =y which is a contradiction.
Soly andly meet. Each point df, is on a unique line of the
parallel class determined By. This leaves precisely one
line of the parallel class parallel to bothandly. There-
fores* is a linear space.

]

Lemma 2.2 Let s be a non-trivial (n+1)-regular linear

space with A+n+ 1 lines in which all lines in semiex-
tension ofs meet. Then semiextensionis a projective

plane of order nn > 2.

Proof. Let s* be semiextension of. Then each line iz *
containsn+ 1 points since all lines ig* meet. Therefore
$* is a linear space with? +n+ 1 lines andn® +n+ 1
points. Hence * is a projective plane of order.

Lemma 2.3 Let s be a non-trivial (n+1)-regular linear
space with b=n?+n+1 lines and ¥l) = n+1—d(l)
for every line | ofs. Then

(i) The number of lines parallel to a line | is(b).n

(i) If I and I’ intersect, the number of lines parallel to
two lines | and 1is d(I).d(l’), and it is (n— 1) +
(d(l)—1)(d(I") — 1), if | and I" are parallel.

(i) If M is the set of lines parallel to a given ling |

(v=v(1).d(l) = 3 v(k)
keM
Proof. Itis trivial.

Lemma 2.4 Lets = (»,£) be an(n+ 1)-regular linear
space with b= n? +n+ 1 lines and v points having the
property each point on an# 1—d(l)-line, d(l) > 0, is
on at most b- v—d(l) lines of size n.

(i) fb—v<2u—1 My<2(n+1—p(b—v—p.
(i) fb—v>2A-1 My < (n+1—w(b—v—1).

Proof. Suppose that is ann+ 1 —d(l)-line andl’ is
an+1—d(l’)-line, d(l) < d(l"). By all the assumptions
of lemma, there are at mogh+1—d(l))(b—v—d(l))
lines of sizen and (n+1—d(l"))(b—v—d(l’)) lines of
sizen meetingl andl’, respectively. Let the number of
n-lines which are (meeting and missingl’), (meeting
I” and missingl) or (meetingl andl’) be x,y or z, re-
spectively. Them(I,1') = x+y+2z On the otherhand
y+z< (n+1—d(I")(b—v—d(l)), sinced(l) < d(l").

If b—v<2u—1,b—v—d(l)<d(l')—1andb—v—d(l') <
d(l) — 1 sinced(l) < d(I") and 21— 1 < d(1) +d(I") — 1.
Hence

x < (n+1-d(l))(b—v—d(l))
< (n+1-pb-v—p
y+z < (n+1-d(I")(b—v—d(l")
< (n+1-pwb-v—p.
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Thus

Mn<2(n+1—p(b—v—p).

fb—v>2A—1b—v—d(l)>d(I")—1, b—v—d() >
d(I")—1, sinced(l) < d(I’) and A — 1> d(1) +d(I") — 1.

Therefore,

(N+1-d())(b-v—d(l)) > (n+1-d())d(l)-1)
and
(n+1-d("))(b—v—d({’) > (n+1-d{")(d()—-1).

Hence
X < (n+1-d()(d(")-1)
y+z < (n+1-d(")(b—v—d(l")
< (n+1-d(1)(b—v—d(l").

ThereforeMp < (n+1—p)(b—v—1), since
M(l,1) < (n+1—d(1))(b—v—1) andp < d(1) < d(l') <A.

Theorem 2.1 Let s be a non-trivial (n+ 1)-regular lin-
ear space with i+ n+ 1 lines and v points. Let the total
number of n-lines iy be k. If by > My, § is projectively
extended space of order n.

Proof. Lets* be semiextension of. By Lemma2.15* is

a linear space. It follows from our method of construction
that each point of* is onn+1 lines. Finally we prove
that any two lines of * always meet. Lelt andl’ be lines

of s* which don’t meet ins. To prove that they meet in
s*, it sufficies to find am-line parallel to both.

If eitherl orl’ is ann-line, we are done (and clearly neither
can be am+ 1-line)

Suppose thaltis ann+ 1 —d(l)-line andl’” is ann+1—
d(l")-line, 2< d(l) < d(l"). Sinceby > My, and there is
at mostM,, lines of sizen which intersect at least one of
two parallel lined andl’, there is at least anotherline.
Thusl andl’ meet ins*. Therefore, by Lemma 2.3,* is

a projective plane of order.

Theorem 2.2 Lets = (, £) be an(n+ 1)-regular linear
space with b= n? +n+ 1 lines and v points having the
property each point on an-a1—d(l)-line, d(I) > 0, is on
atmostb-v—d(l) lines of size n. Ifp>2(n+1—p)(b—
v— ), S is projectively extended space of order n.

Proof. By Lemma 2.1, semiextension efis linear space.
Fix ann-line |. Then the number of lines missings n.
Hence eachn-line induces a parallel class of+ 1 lines.
Let s* be a semiextension of. We must show that any
two lines ins* intersect. Let andl’ be lines ofs* which
don’t meet ins. To prove that they meet in*, it suffices
to find ann-lines parallel to both.

If either| or I’ is ann-line, we are done. (and clearly nei-
ther can be an+ 1-line).

Suppose thdtis an+1—d(l)-line and’ isan+1—d(l’)-
line, 2 < d(l) < d(l). By all the assumptions of the-
orem, there are at mogh+1—d(l))(b—v—d(l)) n-
lines and(n+1—d(lI"))(b—v—d(l")) n-lines meeting

| andl’, respectively. Let the number aflines which
are (meeting and missingl’), (meetingl’ and missing
I) or (meetingl andl’) be x,y or z, respectively. Then
y+z< (n+1—d(1")(b—v—d(")), since 2<d(1) <d(l').
Hence

x < (n+1-d(l))(b—v—d(l))
< (n+1-pwb—-v—p)

y+z < (n+1-d(l")(b—v—d(l"))
< (n+1-pwb-v—p.

Therefore, the number of-lines which intersect at least
one of linesl andl’, the number ofn-lines is at most
2(n+1—p)(b—v—p) and there is at least omeline miss-
ingl andl’. Thusl andl’ meetins*. So by the Lemma 2.2,
S* is a projective plane of order.

Corollary 2.1 Lets = (2,£) be an(n+ 1)-regular lin-
ear space with b= n? +-n+ 1lines and v points having the
property each point on an-a1—d(l)- line, d(I) > 0, is on
at most b-v—d(l) lines of size n.

If by >1and n> (b—v—p)(b—v—1), s is projectively
extended space of order n

Proof. Letb, > 1 andn> (b—v—p)(b—v—-1). By
Lemmal.1py > (b—Vv)(n+2—(b—V)).
Sincen> (b—v—p)(b—v—1),

(b—v)(N+2— (b—V))>2(n+1—p)(b—v—p).

Therefore, by the Theorem 2.2,is projectively extended
space of orden.
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Theorem 2.3 Lets = (2, L) be an(n+ 1)-regular linear
space with b= n?+n+ 1lines and at mostf+n-+2— 2\
points having the property each point on a1 —d(l)-
line, d(l) > 0, is on at most b- v—d(l) lines of size n.
Ifbn > (n+1—p)(b—v—1) thens is projectively extended
space of order n

Proof. By Lemma 2.1, the semiextension gfis linear
space. Fix am-line |. Then the number of lines missing
| is n. Hence eacn-line induces a parallel class of+ 1
lines. Lets* be a semiextension of. We must show that
all lines ins* intersect. Let andl’ be lines which do not
meet ins. To prove that they meet ix*, it suffices to find
ann-line parallel to both irs.

If eitherl orl’ is ann-line, we are done (and clearly neither
can be am+ 1-line).
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IVANKA BABIC, ANA SLIEPCEVIC

Regelmallige Polygone in der
projektiv-erweiterten hyperbolischen Ebene

Regular Polygons in the Projectively Extended
Hyperbolic Plane

ABSTRACT

Regular, semi-regular and polygons with right angles are
constructed in Cayley-Klein's model of the projectively ex-
tended hyperbolic plane (H-plane). Some of the construc-
tion are analogous with the Euclidean ones. The ones for
which there are not Euclidean analogues are carried out in
original way characteristic for a H-plane. The construction
of the defect of an equilateral triangle is of a special inte-
rest having the construction of the regular heptagon as its
consequence.

Key words: hyperbolic plane, regular polygons, orthogon

Pravilni poligoni u projektivno proSirenoj hiper-
bolickoj ravnini

SAZETAK

Na Cayley-Kleinovom modelu projektivno proSirene H-
ravnine konstruiraju se pravilni, polupravilni i pravokutni
poligoni, odnosno ortogoni. Neke su konstrukcije potpuno
analogne euklidskima, a one za koje ne postoje euklidski
analogoni, izvode se na originalne nadine svojstvene H-
ravnini. Posebno je zanimljiva konstrukcija defekta jedna-
kostrani¢nog trokuta, $to ima za posljedicu konstrukciju
pravilnog sedmerokuta.

Kljuéne rijeci: hiperboli¢ka ravnina, pravilni poligon, or-
togon

MSC 2000: 51M09, 51M10, 51M15, 14H50

Einleitung

Zur Erklarung der verschiedenen planimetrischen Kon-
struktionen in der projektiv erweiterten hyperbolischen
Ebene (i.w. H-Ebene) zieht man zweckmalig das klassi-
sche, projektive Modell dieser Ebene von F. Klein und A.
Cayley heran. Dieses Modell benutzt eine mit einer hy-
perbolischen absoluten Polaritat ausgestattete piegekt
Ebene, in der dann die (im AuRengebiet des absoluten Ke-
gelschnittes liegenden) hyperbolisch uneigentlicherkPun
te zur Konstruktion mit herangezogen werden kdnnen. Die
Ubliche Wahl eines euklidischen Kreises als absolutem
Kegelschnitta erlaubt zusatzliche Vereinfachungen. Den-
noch ist zu beachten, dass die planimetrischen Konstruk-
tionen mittels euklidischer Werkzeuge ausgefiihrt werden
mussen, dass wir also nicht Gber einen “hyperbolischen
Zirkel” verfugen.

Unter Benltzung der Grund-Konstruktionen, wie
Strecken- und Winkelsymmetralen, sowie von H-Kreisen
[1], [7], [8], [9] werden in diesem Artikel einige Konstruk-

Wir betrachten zwei Klassen von Polygonen:

e Die Klasse dewollstandig regelmafRigenPolygone;

das sind solche Polygone, die gleiche Seiten und
gleiche Eckenwinkel haben. Sie besitzen einen In-
kreis und einen Umkreis, wie auch in der euklidi-
schen Ebene.

Die Klasse der Polygone fur welche gilt, dai3 je zwei
aufeinanderfolgende Seiten normal zueinander ste-
hen. Diese Polygone heil3ewollstindige Orthogo-

ne

Bekanntlich haben in der euklidischen Ebene nur Recht-
ecke die Eigenschaft, dass alle vier Eckenwinkel rechte
sind. Demgegenuber existiert in der H-Ebene kein sol-
ches Viereck mit vier rechten Winkeln; hingegen existieren
vollstandigen-Orthogone fir jedes > 5.

In diesem Artikel werden nun Polygone aus jeder der Klas-

tionen fur regelmafige und rechtwinklige Polygone in der sen im Cayley-Kleinschen Modell der projektiv erweiter-

H-Ebene angegeben.

ten H-Ebene konstruiert, wobei der absolute (fundamen-

tale) Kegelschnitt durch einen Kredsgegeben wird. Man

7
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bemerkt, dass nur das gleichseitige Dreieck, das dann autoren gegeniberliegender Winkel und hyperparallelen ge-
matisch auch gleichwinkelig ist, analog zum euklidischen genuiberliegenden Seitenpaaren dar. Die Diagonalen des

Fall konstruiert werden kann. Andere regelmafige Polygo-vierecks stehen senkrecht zueinander und halbieren sich,
ne, wie auch vollstandige Orthogone, wurden auf anderegjng aper nicht kongruent. Da die gegeniberliegende

Weisen konstruiert.

1 Regelnalige Polygone

1.1. Dreieck

Das gleichseitige Dreiecist das einfachste regelmaRige

Polygon. In der Fig. 1 ist ein solches Dreieck durch die

SeiteAB gegeben.

Die Konstruktion wurde ganz analog zur euklidischen
Konstruktion durchgefuihrt. Die dritte Eckedes Dreiecks
ABC st als Schnittpunkt der Seitensymmetralend des
H-Kreisesk(A, AB) mit dem MittelpunktA und RadiusAB
konstruiert. Um den Punki konstruktiv zu erreichen, wur-
de die perspektive KollineatiofO,0,B,B;) angewendet.
Durch diese Kollineation bildet sich der H-Krdisn den
absoluten Kreis ab, und die Symmetrakin die Gerade
s1 [9]. Die EckeC des gesuchten DreieckdC ist dabei
dem Schnittpunk€; = an's; zugeordnet. Man bemerkt,
dass noch ein solches Dreie&BH existiert, welches sym-
metrisch zum ersten bezugliéB liegt.

1.2. Vierecke

1.2.1. H - Rhombus

Das DreieckspaaABC und ABH in der Fig. 1 stellt
ein gleichseitiges VierechCBH mit kongruenten Paa-

Winkelsymmetralenpaare zusammen fallen, besitzt dieses
Viereck einen Inkreis. Da kein Vierecksumkreis existiert,
handelt es sich hier um ein “halbregelmaliiges” Viereck,
das ein Analogon zur euklidischen Rhombus ist.

1.2.2. Pseudoquadrat

In der H-Ebene kann man ein regelmafiges H-Viereck
konstruieren, welches vier kongruente Winkel und Sei-
ten, wie auch senkrechtstehende kongruente Diagonalen
hat. Dieses wird “Pseudoquadrat” der H-Ebene genannt,
weil es bis auf die Rechtwinkligkeit aufeinanderfolgen-
der Seiten die gleichen Eigenschaften, wie das euklidi-
sche Quadrat hat. Die Konstruktion des solchen durch die
DiagonaleAC gegebenen Vierecks ist in Fig. 2a gege-
ben. Zuerst konstruiert man den Kreisnit dem Durch-
messerAC. Der zum AC senkrechtstehende Durchmes-
ser schneidet den Kreis in den anderen beiden Ecken
B,D des gesuchten Viereck&BCD. Es ist zentral- und
achsensymmetrisch in Bezug auf die Achsensymmetrien
(S1,s1,B,D) und (S, 52,A,C) [1], [8], aber auch in Bezug

auf die gemeinsamen Seitensymmetralen der Gegenseiten-
paare. Da dieses Viereck offensichtlich einen Inkreis hat,
der zum Umkreig konzentrisch ist, handelt es sich um ein
vollstandig regelmafiges H-Viereck, eben ein Pseudoqua
drat.

Figur 1: Gleichseitiges Dreieck
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Figur 2a: Pseudoquadrat

Das Pseudoquadrat ist auch durch eine vorgegebene Sei-
te AB festgelegt. Zur Konstruktion bestimmt man zunachst
die (eigentliche) Seitensymmetraleon AB. Ordnet man
jeder Geraden des Geradenbusctwjslie H-orthogonale
Gerade des Geradenbusch@s$ zu, so schneiden solche
projektiv zugeordnete Geradenbischel die Symmesale

in zwei kollokalen Punktreihen. Die Doppelpunkte die-
ser kollokalen Projektivitats) sind die Mittelpunkte zwei-

er Pseudoquadrate. Die Angabe ist damit auf die vorheri-

ge zuriickgefuihrt, die anderen zwei Ecke konstruiert man

dann mittels Zentralsymmetr{®©,0,C, A). )
Figur 2b: Pseudorhombus

Bemerkung:
g 1.3. Sechsecke

Durch den DurchmesseiC ist noch ein spezieller H-
Konstruiert man in der Fig. 1 noch ein zum Dreie&RC,
bzw. ABH kongruentes DreiecACD mit der SeiteAC, so
punkt S gegeben. Auf die beschriebene Art kann man sollten diese drei Dreiecke, gemaR der euklidischen Lo-
in diesen Hyperzykel ein spezielles Viereck einschreiben 9k die Halfte eines regeimafligen Sechsecks bilden.(Es is
aber anders in der H-Ebene, weil die Summe der drei Win-
(Fig.2b). Es ist ein sogenanntes “Pseudorhombus” mit ke| pei der EckeD = A weniger alst betragt (Fig. 3a). Da
zwei Paaren parallelen Nebenseiten und hyperparallelern@mlich, ein Winkel in einem gleichseitigen Dreieck weni-
ger alsT betréagt, konnen die drei erwahnten kongruenten
'Dreiecke keine Halfte des in den Kréi®ingeschriebenen
kongruente Diagonalen und besitzt auch einen Inkreis. Esregelmaiigen Sechsecks bilden. Das regelmaRige Sechs-
eck in der H-Ebene besteht namlich nicht aus sechs gleich-
seitigen, sondern aus gleichschenkeligen Dreiecken. Die
klidischen Ebene. Rosette aus sechs gleichseitigen Dreiecken mit einer ge-

Kreis - ein Hyperzykel mit dem uneigentlichen Mittel-

gegenuberliegenden Seiten. Es hat normalstehende nich

existiert kein Analogon eines solchen Vierecks in der eu-

9
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meinsamen Ecke im H-Kreiszentrutnerfillt keinen vol- Der Dreiecksdefekt kann speziell gerade die Halfte des
len Winkel. Der Rest bis zum vollen Winkel hangt vom so Eckenwinkels eines gleichseitigen H-Dreiecks betragen.
genannten Defekt des Grunddreie®&C ab. Wie man in In diesem Fall erfullen sieben gleichseitige Dreiecke ein
der Fig. 3a sieht, hangt der Dreiecksdefekt von der Langein den Kreisk eingeschriebenegleichseitiges Siebeneck
und der Lage der Dreiecksseite ab. Je kleiner die Dreiecks<{Fig. 3b). Es zeigt sich, dass die Dreiecksseite so lange sei
seite, desto kleiner ist der DreiecksdefékSomit ist ei-  kann (also der Defekt so grof3), dass acht (bzw. mehr) kon-
ne didaktisch brauchbare Moglichkeit gegeben, den Defektgruente gleichseitige Dreiecke ein regelmaRiges Achteck
eines gleichseitigen H-Dreiecks anschaulich darzustelle ~ (bzw.n-Eck) bilden.

In der H-Ebene kann man auch ein durch eine Seite gege-
benes regelmafiges Sechseck konstruieren. Fur die Kon-
struktion werden einige Kongruenztransformationen ver-
wendet, welche das Losungs-Sechseck in ein regelmaiiges
Sechseck, dessen Mittelpunkt in dem absoluten Mittel-
punkt liegt, verbinden. In der Fig. 4 ist eine Konstruk-
tion des durch die kiirzere Diagonal® gegebenen re-
gelmaRigen Sechsecks gezeichnet. Zuerst konstruiert man
das gleichseitige DreieckBC wie in der Fig. 1. Der Mit-
telpunktO des Dreiecksumkreisesist auch sein Ortho-
zentrum und eines der vier Inkreiszentren. Eine von Seiten-
symmetrale jeder Dreiecksseite stellt gleichzeitig dadnel”
dieser Seite, wie auch eine der Winkelsymmetralen des
ihr gegenuberliegenden Winkels dar. Die drei Seitensym-
metralen schneiden den Dreiecksumkreis den restli-
chen EckeD, E,F des gesuchten regelmalligen Sechsecks
ADBECEF (Fig. 4). Das regelmaRige Sechseck besteht aus
den sechs kongruenten, gleichschenkeligen Dreiecken mit
der gemeinsamen Eck&

Bemerkung:

Man kann die Frage stellen, ob mit der kurzeren Dia-
gonale (“NebendiagonaleAB ein einziges regelmaRiges
Sechseck gegeben ist? Bekanntlich besitzt das Dreieck
ABC noch weitere drei H-Umkreise [8]. Konstruiert man
die Schnittpunkte der eigentlichen Seitensymmetralen des
Dreiecks ABC mit jedem der Umkreise, bekommt man
noch drei Dreiecke, die mit dem Dreie@BC noch drei
weitere Sechsecke bilden. Diese zusatzlichen Sechsecke
sind aber nicht vollstandig regelmafig; sie bestehen aus
drei kongruenten Deltoiden.

Figur 3a: Defekt des gleichseitigen Dreiecks

1.4. Achteck

Ein regelmaRiges Achteck kann z.B. durch seine das Zen-
trum enthaltende Hauptdiagona®€ angegeben werden
(siehe Fig. 5). Mit dem DuchmessA€ konstruiert man
zuerst den Kreis und dann das Pseudoquadk®CDwie

in der Fig. 2. Die anderen vier Ecken des gesuchten Acht-
ecks sind die Schnittpunkte der Seitensymmetralen des
Pseudoquadrats mit dem KraigFig. 5). Da die Winkel-
symmetrale der gegeniberliegenden Winkel des Achtecks
mit den Seitensymmetralen des Pseudoquadrats zusam-
menfallen, handelt es sich hier um ein solches regelmagigs
Achteck, das einen zum Umkraidkonzentrischen Inkreis
besitzt. Das Achteck besteht aus den gleichschenkeligen
Figur 3b: RegelnRiges Siebeneck Dreiecken.

10
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Figur 5: RegelniRiges Achteck

Bemerkung: Ein hyperbolisch regeléRiges n-Eck ist genau dann mit
Wie im euklidischen Fall kann durch fortgesetztes Halbie- Zirkel und Lineal konstruierbar, wenn es das euklidisch re-
ren des Zentralwinkels aus jedemEck ein Zn-Eck er- gelnaRige n-Eck ist.

zeugt werden. Auch in der H-Ebene stellt sich die Frage, Es ware also eine interessante und vielleicht lohnende Auf
welche regelmaRigemEcke mit Zirkel und Lineal allein  gabe, nach einer unmittelbaren Konstruktion eines hyper-
konstruiert werden konnen. Sei ein solchekck durch bolisch regularen Flinfecks zu suchen.
den MittelpunktM und eine EckeA gegeben. Dann exi-
stiert eine (keineswegs eindeutige) H-Spiegelung derart, . .
dassM in die (euklidische) Mitte des absoluten Kreises 2 Rechtwinkelige Polygone
a gelangt. Das zu konstruierende regelmaRige H-Vieleck

d d d d Wie bekannt hat ein Dreieck in der euklidischen Ebene

erscheint dann auch als euklidisch regulares n-Eck. Somit’ | . . N i
; ) hochstens einen rechten Winkel. Demgegeniber kann ein
folgt unmittelbar: . : o . )
Dreieck in der projektiv erweiterten H-Ebene (und in der

11
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elliptischen Ebene) entweder einen, zwei oder im speziel- Dreiecksseiten die absolute Polare der gegeiiberliegende
len Fall sogar alle drei rechte Winkel besitzen. Die Drei- Ecke. Es ist ein sogenanntes “autopolares Dreieck”; es be-
ecke in der Fig. 6a und 6b haben einen rechten Winkel sitzt naturgemaf nur eine eigentliche Ecke, die beiden an-
bei der EckeC. Zwei-rechtwinkelig ist das Dreieck in Fig.  deren liegen im Aul3engebiet van Ein Dreieck mit drei

6¢, und ein spezielles Dreieck mit drei rechten Winkeln ist eigentlichen Ecken kann offensichtlich nur einen einzigen

in der Fig. 6d gegeben. Bei diesem Dreieck ist jede der rechten Winkel haben.

Figur 6: Rechtwinkelige Dreiecke

In der euklidischen Ebene existieren Vierecke mit lauter net. Es ist bekannt, dass fur jede> 5 das vollstandige
rechten Eckenwinkeln. In der H-Ebene gilt anderes: Da OrthogonOj, existiert [4].

namlich zwei beliebige Geraden in dieser Ebene eine ein-pie konstruktion der eigentlichen Orthogone kann man
zige Normale haben, existiert kein Viereck mit nur rechten beispielsweise durch eine spezielle Modifikation des
Winkeln. Das bekannteste Viereck mit drei rechten Win- gcys(n > 3) mit mindestens einer Idealecke durchfiihren.
keln ist dasViereck vom J.H. LamberDas Viereck von  je4e |dealecke einesEcks transformiert sich durch die
G.G. Saccherist hingegen zwei-rechtwinkelig und gleich- - apsojute Polaritat in eine eigentliche Gerade, die zum be-
schenkelig (Fig. 7). stimmten Seitenpaar desEcks orthogonal steht, bzw. je-

de Idealecke definiert im Allgemeinen zwei rechte Win-
7§ kel. Trasformiert man eim-Eck mit nur Idealecken und
ey, nur eigentlichen Seiten, dass man jeder der Idealecken ihre
~ absolute Polare ordnet, entsteht ein Orthogon miSai-

’, 7 ten undm = 2n rechten Winkeln. Im Fall eines-Ecks mit
a <, k=12, ... (n—1) eigentlichen Ecken bekommt man ein
/ Orthogon mit 21 — k Seiten und mitm < 2n — k rechten

Winkeln. Die Seiten des Orthogons liegen dabei entweder
/ \\\\ auf den eigentlichen Seiten degccks oder auf der abso-
/ N luten Polaren der Idealecken de&cks.

Beispielsweise, aus den Dreiecken mit drei bzw. zwei Idea-
lecken und alle drei eigentlichen Seiten wurden auf die
beschriebene Weise die vollstandige Orthog@ﬁebzw.

Ein ebenes Polygon mit mindestens einem rechten Ecken Q2 konstruiert, .WObeOg aus dem rechtwinkeligen Drei-
winkel nennt man unabhéngig von der Metrik in seiner €Ck entsteht (Fig. 8).

Tragerebene “Orthogon”. Ein Orthogon mit lauter rech- Aus einem allgemeinen Dreieck mit zwei Idealecken be-
ten Winkeln heitvollstandiges OrthogonSei mit O}, kommt man ein vier-rechtwinkeliges Finfeck. Aus ei-
(m < n), einn-Orthogon mitm rechten Winkeln bezeich- nem asymptotischen Dreieck mit zwei Idealecken und ei-

Figur 7: Vierecke vom J.H. Lambert und G.G. Sacheri
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ner Grenzecke bekommt man ein asymptotisches, vier- 6 5 /A\
0 O /N
N

rechtwinkeliges Funfeck mit einer Grenzecke. Das drei-
rechtwinkelige Viereck vom Lambe®; kann durch die
Modifikation des rechtwinkeligen Dreiecks 6a) bzw. 6b)
entstehen (Fig. 7). Die zwei-rechtwinkeligen \ﬁere@&
erstes Typs modifizieren sich aus den Dreiecken mit ei-
ner Idealecke. Unter diesen Vierecke ist auch ein gleich-
schenkeliges Saccherisches Viereck (Fig. 7). Ein zwei-
rechtwinkeliges Vierelez1 des zweiten Typs entsteht aus
einem Dreieck mit zwei Idealecken, wobei zwei Dreiecks-
seiten auf eigentlichen Geraden liegen und eine liegt auf
einer Idealgeraden oder einer Grenzgeraden (Fig. 9).

Figur 8: \ollstandige Orthogone

Bemerkung:

In [8] wurde bewiesen, dass 28 Dreieckstypen existieren.
Zwolf Paare der Dreieckstypen stehen dual zueinander,
und 4 Dreieckstypen sind selbstdual. Fur die beschriebene
Modifikation sind nur die Dreiecke mit Idealecken interes-
sant. Dabei induziert jedes Dreieck eines dualen Dreiecks-
paars das gleiche Orthogon (Fig 10).

Durch die Modifikation eines Vierecks mit vier, drei, zwei
bzw. eine Idealecke und allen Seiten auf eigentlichen Ge-
raden entstehen die Orthogo@§', O, OF' bzw. OF', die
auch vollstandig sein kdnnen. Es ist einfach zu sehes, das
man durch die Modifikation eines Vierecks mit einer Idea- Figur 9:  Zweirechtswinkeliges Viereck des Il Typs
lecke Orthogon®zZ, O, O oderOz konstruieren kann.

Im Allgemeinen kann eim-Eck, n > 3, durch die be-
schriebene Modifikation in die vollstandigen Orhogone
O5"¥(k = 0,1,,n — 1) transformiert werden. Jedes der
vollstandigen Orthogone kann als ein Vertreter des Men-
gentypsO5" (k= 0,1,,n—1;j = 0,1,...,.k) betrach-
tet werden. Mitk ist die Zahl der eigentlichen Ecken des
n-Ecks bezeichnet. Z. B. fin=5 undk = 0,1,2,3,4
kann man von einem Finfeck die vollstandigen Ortho-
gone 019 03,08,07,08 ableiten. Dabei ist, z.B., ein
vollstandiges Orthogo®§ nur ein Vertreter des Mengen-
typsO3(j =0,1,2,3).

Nattrlich lassen sich manche der Orthogone auch auf anigur 10: Duale Dreiecke modifizieren das gleiche Or-

dere Weise konstruieren. thogon
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Afina geometrija minimalnih ploha Minkowskog
u R3
SAZETAK

S jedne strane mi dajemo rezultate vezane uz afine invari-
jante Zari$nih ploha minimalnih ploha Minkowskog, dok
s druge istraZujemo karakteristike afinih invarijanata u
sluéaju pridruzivanja kod minimalnih ploha Minkowskog.

Klju€ne rije¢i: minimalne plohe Minkowskog, ZariSne
plohe, pridruZene plohe

There are many results on affine geometry of Euclidean Results concerning the behavior of affine quantities by as-

minimal surfaces irR3. Several results concern tfecal
surfacesof a minimal surface. Denotine the Gauss-
curvature, in case of minimal surfaces the principal cur-
vatures (eigenvalues of the shape operatorpéreKe)'/2

(¢ ==£1).

Theorem 1 (P. FRANCK [5]). Let f:U CR? — f(U) =:

® c R3 be a minimal immersion with &£ 0 in U. The
two sets of focal point$’; and W_; of f(U) = @ are
parametrized by z f + ¢(—Ke)~/2ne, where r denotes
the normal vector and/; and W_; correspond tap = 1
and ¢ = —1 respectively. Then the following holds for
e {1,-1}:

(@)If Wy is a regular surface, then {Wy) = —1/4Ke,
where k(W) denotes the Gauss-curvature'd§.

(b) If Wy is a regular surface the affine normal & in-
tersects the affine normal df orthogonally.

(c) If Wy is a regular surface then it is an affine minimal
surface.

(d) If W1 andW_4 are both regular surfaces, thery 1) :
Ka(W_1) = He(W1)*: He(W_1)*, where K (W1), Ka(¥_1)
and Hy(W1), He(W_1) are the affine Gauss-curvature and
the Euclidean mean curvature 8f; andW_1 respectively.

sociation are contained in

Theorem 2 (P. FRANCK [5], FMANHART [9]). Letd
be a regular minimal surface withdéZ2 0 andW; andW_4
the sets of focal points as above. Denotitg the pencil
of associated minimal surfacesdthe following holds:

(a) The affine normal vector () of ® is invariant:

(b) The affine Gauss-curvature ofp is invariant:

Ka(()\)cb) = Ka(cb)-

(c) If W1 andW_1 are regular surfaces then denoting by
na(¥1) and y(W-1) the affine normal vector d¥#; and
W_1 respectively, the figure of the three affine normals
spanned by 5(®), na(W1), na(W_1) is invariant by trans-
lation along the orbit (ellipse).

In the present paper we will prove analogous results for
minimal surfaces in Minkowski space and give some ex-
amples.
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1 Preliminaries

A Minkowski(or Lorent) 3-spaceR$ is (R3, (x,y)), where
(x,y) is the scalar product

(X,y) 1= X1y1 + XoY2 — XaY3, X = (X1, X2, X3). 1)
Avectorx € R} is called

spacelike <«~—
timelike <«~—
isotropic(lightlike) <=

x# 0.
The(Minkowski-) lengttof a vectorx is defined by

X[l == /1(xx)| = 0.

The (Minkowski-) crossproduds

(2)

xx ywith (x x y,z) = det(x,y, z). 3)

A surface® in RE is locally parametrized byf : U C
R? — R3. The local coordinates are denoted fyv)
or (u!:=u,u? :=v). Partial derivatives of a function
b:R? — R orb:R? — R3 are denoted by

0 02

b,j = mb, b,jk:: Wb

The scalar produgt, -) in R3 induces a (pseudo-)Rieman-
nian metric orlJ, thefirst fundamental form (ljvith com-
ponents

Jjk Z=<f,j,f,k>ZU—>R. 4)
DenotingA := det(gjk) a surfacep = f(U) is called
inU,

inU.

spacelike <— A>0
timelike «<— A<O

Points withA = 0 are excluded. Fof c U a Jordan mea-
surable set thlinkowski surface ares

o(f(T)) ::/ VIA/dudv 5)
T
The normal vector is
qoo faxfa  faxfa (®)

S faxfall /]

Because ofA # 0, n is a well defined non null vector in
U. In the following we denote := (n,n). So in case
of spacelike and timelike surfaces we have- —1 and

€ =1 and thespherical image (U ) is part of the two-sheet
hyperboloid (x,x) = —1 and the one-sheet hyperboloid

16

(x,x) = 1, respectively. Theecond fundamental form (I1)
and theshape operator @re related by(Il)(f,j,fx) =
&(S(f,j), k). The components of (Il) anBare

hik := (I1)(f}, f) = &(n, f,jx) =
€

= —det(falafazafjk)a (7)
V14|
S(f,j):=—nj=hfs with h®=ehyg*. (8)
Mean curvaturendGauss-curvaturare
1 €
H = EUS— i(h11922—2h12912+ h22011),  (9)
det(h;
K = edetS=¢ e(AJk). (10)

In case ofK we use the sign convention used in [10], [4]
and [8]. The eigenvalues & (principal curvatures of)
are

(11)

k1,2: H:l:\/HZ—SK.

The integrability conditions of Codazzi and the Theorema
egregium read as usual:

CO . hjS7k_hjk75: I_;)khps_ I_Fshpk7 (12)

Ga : Rpjksz Rtjksgpt = hjkhsp— hjshkp. (13)
Remark 1 From (7) and (10) an easy calculation gives
A’K = —A2Ke wherel is the determinant of the com-
ponents of the Euclidean metric. Thus Euclidean and

Minkowski Gauss-curvature have different sign.

We need some basics from affine differential geometry. For
details see for instance [13], [2]. From affine point of view
a surfacef (U) is nondegenerat#é

D::det(Djk);AO, Djk Z=det(f,1,f,2,f,jk). (14)

By (7) and (10) we havB # 0 <= K # 0. Assumingf to
be regular and nondegererate, it is said to beguiaffine
immersion Then the components of thadfine metricof
f(U) are

Gjk := |D|"¥*Djx, (15)
and theaffine normal vectoof @ = f(U) is
Na:= (1/2)Acf, (16)

wherelg is the Laplacian with respect to the affine metric.
Theaffine shape operator Befined byB(f,; ) = —n,,j has
component8* defined by

Navj=:—Bf k. (17)
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Affine curvature K andaffine mean curvature Hare de-
fined by

Ka:=detB), Ha:= (1/2)tr(B). (18)

In case of a constant affine normal vector the surfags
called animproper affine spherend we havé&; = Hy = 0.

2 Minimal Surfaces and their focal surfaces

A regular surfaceb = f(U) C R3 is called aMinkowski-)

minimal surfaceiff H =0 in U. There are many inves-
tigations on these surfaces, for instance [1], [3], [4], [6]
[7], [10], [11], [12], [14], [15]. Although a spacelike sur-

where here as in the following the derivativesgofU C
R? — R are denoted by

0%g

9%g
g// ==,
dw?

o
9= Judv

99
dv’

.09 . 0% .
g:= ajv g_Wv g =
Theorem 3 Let f(U) = ® c R3 be a regular minimal
surface with K# 0 in U. The two sets of focal points
W, andW_; of @ = f(U) are parametrized by z f +
®(—€K)~%2n, where n denotes the normal vector a#g
and W_; correspond top = 1 and ¢ = —1 respectively.
Then the following holds fop € {1,—1}:

(@)If Wy is a regular surface, then fy) = —1/4K,
where KW, ) denotes the Gauss-curvatureg§.

face locally maximizes the surface area defined by (5), as(b) If Wy is a regular surface, then it is non degenerate and

E.CALABI proved in [3], and timelike minimal surfaces

the affine normal ofy, intersects the affine normal df

neither maximize nor minimize surface area (see [11]), we orthogonally.

speak of minimal surfaces.

(c)If Wy is a regular surface then it is an affine minimal

As we want to study properties of affine geometry too, we gyriace.

exclude points withK = 0 on ®. Denoting byk; » the
eigenvalues of the shape opera®of @, the focal sur-
facesof ® =f(U) are parametrized by= f + (1/ky2)n.
So the focal points are real ik » are real. From (11) the
eigenvalues are in caseldf=0

ki2 =+v—¢K.

In case of a spacelike minimal surfage£{ —1) the Gauss-
curvature is positive (cf. [7, p. 298], [4, p. 518]), so we
have two different real eigenvalugs,/K. A timelike min-
imal surface € = 1) has real focal surfaces i < O that
means by Remark ® is locally strongly convex. So in

(19)

both cases locally we can take the lines of curvature as

parametric lines.

Lemmal (T. WEINSTEIN [14, p. 160]). La&b be a mini-
mal surface irR$ with K # 0 and real focal surfaces. Then
locally there is a parametrization fU — R3, f(U) = o,
so that

g:=011>0,0220=—€0,012= 0,
hi1=1hp=¢h1>=0,

wheree = —1 and e = 1 refers to spacelike and timelike
surfaces respectively.

The coordinate functions ¢f) and(ll) in Lemma 1 fulfil
the Codazzi conditio€o (12). The Theorema egregium
(13) reads

(0" —&§+2) = g° —e¢?, (20)

(d) If Y1 andW_1 are both regular surfaces, then
Ka(W1) : Ka(W_1) = (—)H(W1)* 1 H(W_1)*,

where K (W) and H(W, ) are the affine Gauss-curvature
and the Minkowski mean curvature\@j respectively.

Proof
(a) Using the parameters of Lemma 1 we calculate the
Gauss-curvature

—€
and the Gauss equations
fi1 = vifa+eyafo+n,
fi2 = yofa+wnif, (22)
f2 = eyifi+yaf2+en,
where
_9 . ._9
Y1 = zga Yo = 29
The Weingarten equations are
—€ €
n,]_:—f,]_,n72:—f,2, 23
g J (23)

The parametrizations of the focal surfaces (sets of focal
points) are

z="f+dgn ¢ € {1,-1}. (24)

17
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Expressing the derivatives aty the derivatives of and
nwe get

z1 = (1-¢ed)f1+0gn, (25)
zp = (1+&0)f2+6gn,

z11 = (1-3ed)yafi+(e—9)yof2o+(1—edp+og)n,
z12 = (1—¢ed)vof1+(1+ed)yaf 2 +dgn,

222 = (e+®)yifi+(1+3ed)yf2+(e+¢+¢g")n.

Using (25) we calculate the metrg, := (z,j,zx) of the
focal surfaces

g1 = 20(1—€f)+e?

0, = €99, (26)
9 = —2eg(1+ed)+eg?,

A = det(g)) = 2gleg”*(1— &) — §*(1+ed)].

The determinanti)’j‘k '=det(z1,22,z) (according to
(14)) for the focal surfaces are

1= (+ep)g+ (e—)g”
12 = 0,

Dy, = (e —1)g° — (e+0)¢?

D" = det(D},) = —2(e+¢)§*—2(e—¢)g".

(27)

From (26) and (27) a focal surface is hon degenerate iff

it is regular. In case ofp = 1 or ep = —1 this requires
g # 0 or ¢ # 0 respectively. From (7),(10) and (14) the
Gauss-curvature of a focal surfa€éWy ) is

D*

= E* =
|A%|Ar

.d et(th)
A*

e b

= @9

K(LP¢) =€

because ddgnA*) = —(n*,n*) = —¢*, wheren* is the nor-
mal vector of the focal surface. Calculatikg¥y) from
(28) using (26) and (27) gives(Wy) = —1/4K from (21).

(b) From (15) the components of the affine metrichoére
G11=¢\/0,G12=0, G2 = /0.

Using (29) the affine normal vector df is from (16)

(29)

Na(® egf,1+g f,2+2egn). (30)

1
)= 27!

In case of spacelike surfaces £ —1) we calculate the
affine metric of the focal surfacé,

G =Gy = _\/§|g/|7 Gi, =0,
Gi1=Gs=V2|g|, Gj,=0

o=1:
o=-1":

18

and the affine normal

1, -1 . 1.

=1 na(W1) = @(ﬁg)[gfd—g/f72+é(gz+g/2)n}7
1 -1 . 1.

o—-1 na(w,l):@(—Zg)[gm—g’tﬁé(gz+g’2)n]-

(31)
In case of timelike surfaces & 1) we get

¢:1 Gi1:ﬁ|g|7 GiZZOﬂ GEZZ_\/E|Q|7
b=-1 Gilz\/i|9/|a G12=0, GEZ:—\/i|g’|
and the affine normal

0=1 (W)= (o0t tg o 56 g

na(W 1) = 1 (

. 1.
I )[gf7l+g’f72_7(gz—g/z)n],

-1
V2g 2
(32)

In both cases we have used (20). From (31) and (32)
the affine normals o1 andW_; are parallel and using
(30),(31) and (32) it followgna(®),na(¥y)) = 0. So (b)
is proved.

(c) From (31) and (32), using (22) and (23) a straightfor-
ward calculation gives the componerEt§‘=k of the affine
shape operatd* of the focal surface¥y.

o=-1

In case of spacelike surfaces-£ —1) we get

o-1 : (B)) = sgng) ( FF; _F’p

2V'2g

Pi= 5. #0) (33)

b=-1 (Bjk)_ 2v/2g ( -Q Q@ )
Q:=1/P,(§#0). (34)
In case of timelike surface€ & 1) we get withP,Q as

above
=1 : (BTK) :—52%;%) ( ?Q _%, >,(35)
. (P P

0=-1: (Bj)= —Sf\r/(gg) ( o e ).(36)

From (33)-(36) the focal surfacés, are affine minimal
surfaces.

(d) From (33)-(36) the affine Gauss-curvatures of the focal
surfaces are related by

=1 1 KWy = ()'Ka(W)  (@0)
e=1 Ka(W1) = —(%)4Ka(wl). (38)
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The components of the second fundamental form of the Theorem 4 Let ® be a spacelike minimal surface Rﬁ
focal surfaces are with K # 0 and M @ the family of the associated minimal
surfaces. Then the following holds.

. gl .«
e=-1¢=1: hp=hy= —u, h12=0, (39)  (a)The affine normal vector () of ® is invariant:

Nk 12=0, (40) (b) The affine Gauss-curvature ofp is invariant:
Ka(N®) = Ka(P)

(c) Assuming the focal surfacég and W_;1 of ® not to

. gl L be.degenerate and denoting by(¥1) and rh(lv_l) thg

e=1¢0=-1: hj;=—hy= g2 =0. (42) affine normal vectors d¥; andW_; respectively, the fig-
ure of the three affine normals spanned hy®), na(W1),

Calculating the mean curvature of the focal surfaces from Na(¥-1) is invariant by translation along the orbit.
(39)-(42) using (26) together with (37) and (38) proves (d).
O Proof
(a) We use the coordinates according to Lemma 1. From
(45) we calculate the derivatives 81 f and from this

e=—-1¢=-1 " hj;=hy=

3 Associated spacelike minimal surfaces

Mok = gik, (46)
A A oy (0
On a spacelike minimal surfacednC RS there are always MDys = —geosh, VD1, = gsinA, WDz, = geosh,
global (lI)-isothermal coordinates (see [14, p.184]), for i (47)

stance the normalized ones of Lemma 1: )
where (46) expresses the well known isometry. Further we

g:=011=022>0,012=0, get the components of the affine metric

hy = 1,hpa = —1,hy2 = 0.
H 2 2 NGy = —y/gcosh,N Gro= /g sinh, N Gap = /g cosh.

Consequently we have (48)

H=0<= hui+h2=0+= f11+f2=0A;f=0, Using this the affine normal is
(43)

na(Mo) = (—¢f,1+9g'f,2—2gn). (49)

1
293/2
so the coordinate functiorf§ : U C R? - R, (o = 1,2,3)
are harmonic. Then the conjugate harmonic functions are Because o = —1, comparison with (30) proves (a).

(b) Denoting the components of the affine shape operator

= 2 _
FPrUCR —R,(a=123), of f and™ f by BX and® B¥ respectively, we get

related tof® by . . . .
B (()\)Blj() :< BlcosA +BZsinA  Bicos\ + B2sinA )

— 1ai 2 2 T
fa=fg, fl=—f%(@=123). (44) —BisinA 4+ BjcosA  B5cosh — B3sinA
(50)
Then the one parameter family ® of associated minimal _
surfaces is parametrized by From this we get
M f(u,v) := cosh f(u,v) — sinA (U V), AR, (45) Ka(M®) = det( VBf) = Ka(®).

If A2 —\1| = 1/2 the surface§'7® and*2)® are called  (c) From (46) we hav&)K = K. Together with the invari-
adjoined It is well known that the surfaces of the pencil ance of the normai(®) and the affine normais,(®) and
Mo share metrigl), normal vector and Gauss-curvature na(W1), na(W_1) this gives the invariance of the figure of
as in the Euclidean situation (see [14, p.184]). the three affine normals. O
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Figure 1. Associated spacelike surfaces and their focal surface@rcolor).

In figure 1 the dark surfaces are associated minimal sur-Remark 2 : Itis (O f = f. Obviously the surfacd (U)

faces (to the so calleglliptic catenoid(62)). Starting with  does not to belong to the family of associated surfaces ([6,

the elliptic catenoid (left figure) the adjoined surfacenist  p.338]).

spacelike portion of aright helicoid (right figure). Itis lve

known, that the surfaces aserew surfacesn Rf ((see

[12]). The red surfaces are the focal surfaces. The focal Analogous to Theorem 4 we have

surface on the leftis the surface (69), which is an improper

affine sphere. Because of Theorem 4 the focal surfaces of o o )

every surface of the pencil is an improper affine sphere.  1heorem5 Let ® be a timelike minimal surface i3
with K # 0 and M @ the family of the associated minimal
surfaces. Then the following holds.

4 Associated timelike minimal surfaces (a) The affine normal vector ot®) of @ is invariant:
Na((MN®) = na(D),

(b) The affine Gauss-curvature ofp is invariant:
Ka(M®) = Ka(®)

A timelike minimal surface inb C Rf admits locally a rep-
resentation in isotropic coordinates

f(uv)=gu)+h(v), g:leR—REh:IJeR-R] (c) Assuming the focal surfacéi4 and W_; of ® not to
(51) be degenerate and denoting by(#;) and ny(W_;) the

whereg(l) andh(J) are isotropic curves affine normal vectors d¥1 andW_; respectively, the fig-
dg ., dh ure of the three affine normals spanned hy®), na(W1),

N 2 AN TR _an
<g,g>—<h,h>—o,g._du, =g

(see [14, p.184] or [6, p.338]). So itis
(52) Proof

= = 07 = 0 5 h/ O H H 1
911. 922 g_lz .<g > 7& ) (a) We use the isotropic coordinates from above. From (54)
This means a timelike minimal surface is locally a surface e calculate the derivatives 8% f and from this

of translation with isotropic generating curves. The cenju
gate minimal surface is locally parame-trized by

na(W-1) is invariant by translation along the orbit.

Mg, — g
— Ok = 0jk, (55)
f(uv) = g(u) ~h(v), (53) Mgy — (costh-+ sinfh)Dus
and the family of associated minimal surfat8® is given )
by ()\)D12 =0, (56)
(M (u,v) = coshf (u,v) + sinhf(U,v), A € R. (54) D2z = (coshh —sinfh)Dz,
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Figure 2a Figure 2b Figure 2c

Figure 2. Associated timelike surfaces to the surface of rotation étol their focal surfaces (in red color).

where (55) expresses the well known isometry. The com- representations of this rotations are
ponents of the affine metric are

xt cosv —sinv 0 xt
2 ; 2
NGy, = (cosh\ +sinhA)Gq3 X3 - sinvcosv 0 X3 - (59)
’ X 0 0 1 X
MGy, = 0, (67) N 1 0 0 xt
MGy, = (coshh — sinhh)Gyo. x> | — | 0 costv sinhv x? |, (60)
x3 0 sinhv coshv
Calculating the affine normal by (16) yields(*®) = 1 2 2 1
Na(®). X 1-5 v % X
N -v 1 v x? | . (61)
. . X3 _ﬁ \Vi 1+ V_2 X3
(b) Denoting the components of the affine shape operator 2 2

A K A RK ;
of f and™/f by Bi and' )Bi respectively, we get There are seven types of minimal surfaces with rotational

symmetry (see [1], [6], [7], [10], [15]).

MRK) — e Bi et B% The following surfaces are spacelike=£ —1)
5 eB? B )’ (°8)
. 2 f(u,v) = (sinhucosy,sinhusiny,u), (62)
Thus itis f(u,v) = (u,sinusinhy,sinucoshv), (63)

f(uv) = (B+u—u? —2uvud—u—u?). (64)

MNp) — Mgk) — _
Ka(*V @) = dEt( Bl) = Ka(®). where the rotation axis is timelike, spacelike or isotropic

respectively.
(c) The argumentis as in the proof of Theorem 4. [ In case of timelike surfaces we have
f(u,v) = (sinucosv,sinusinv,u), (65)
f(u,v) = (u,sinhusinhy,sinhucoshv), (66)
5 Further Examples
P f(u,v) = (u,£coshucoshv,costusinhv), (67)

3 3
A well known class of minimal surfaces in Minkowski ~ f(LV) = (-U+u—u/ —2uv—1°—u—uv). (68)
space is that of rotation surfaces, that means surfaces adwhere in case of surfaces (65) and (68) the rotation axis is

mitting a one parameter family of isometriesiy fixing timelike and isotropic respectively. Surfaces (66) ang (67
the points of a straight line. If the axis is timelike® — have a spacelike rotation axis. Clearly we have to exclude
axis) or spacelikex! — axis) or isotropic(x* = x3,x? = 0) discrete values af in order to have regular surfaces.
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Calculation of the focal surfaces gives in case of surfaces According to Theorem 3 the focal surfaces (69)-(75) are
(62), (63) and (64)

f(u,v) = (2sinhucosy,2sinhusiny,u+ sinhucoshu), (69)

f(u,v) = (u+cosusinu,2sinusinhv,2sinucoshv), (70)
fuv) = (—2u®+2u—2u/?, —4uy,—2u® —2u—2uA). (71)

and in case of surfaces (65), (66), (67) and (68)

f(u,v) = (2sinucosy,2sinusinv,u- cosusinu), (72)
f(u,v) = (u-+coshusinhu,2sinhusinhy,2sinhucoshv), (73)
f(u,v) = (u—coshusinhu,£2coshucoshy,2costusinhv), (74)
f(u,v) (208 + 2u—2uv?, —4uvy, 2u° — 2u— 2uV?). (75)
Figure 3a
Figure 3.
of a spacelike (timelike) surface.
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the corresponding Ps(x). Seven types are obtained. Kljuéne rijeci: polinom 4. stupnja, Descartesova kubna

Key words: 4th degree polynomial, Descartes'’s cubic re- rezolventa, tipovi korijena
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In the previous article (see [6]), it is shown that we get the wheret = A2. Further in the above mentioned article there

Descartes’s cubic resolvent of the reduced polynomial of are the theorems about correspondences between the types

the fourth degree of the roots ofPs(t) andP4(x), and about characterizations

of those types of roots d#%(t) formulated and proved. For

the sake of further results we shall repeat the main defini-

by factorization ofP4(x) tions and formulations of those two theorems. As the free
member ofPs(t) is —a? and the coefficient of the great-

X'+ 8 +ax+a0= (X +Ax+B)(*+Cx+D)  (2)  est power ot is 1 we have three main possibilities for the

types of roots oPs(t).

Pa(x) = X* + apx® + a;x+ap (a € R,i =0,1,2), (1)

and then seek the equation for deriving the valug.oBy
multiplying those two quadratic polynomials on the right In thefirst case Ps(t) has only one real non-negative root
side of (2) and then equating the coefficients of the sameand two conjugate complex roots or one real non-negative
powers ofx we get the following system of four equations (oot and one real negative double root.

with four unknowns .
In the second casePs(t) has one real non-negative root

A + C = 0 and two different real non-positive roots (the case of dou-
AC + B + D = =& (3)  blerootatzerois included in this case).

AD + BC = a ) .

BD - a. In the third case, Ps(t) has three real non-negative roots

(the cases of double and triple roots are included in this
When we solve this system we obtain the following equa- case).

tion (Descartes’s cubic resolvent) , )
Now we shall give the formulations of the theorem 1 and

Pa(t) =t + 2at? + (a3 — dag)t — a3 = 0, (4)  the theorem 2 of [6].
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Theorem 1.
1stcase <= P4(x) has two real and two complex roots
2nd case <= P4(x) has only complex roots
3rd case <= Px(x) has only real roots

Theorem 2.

Istcase <= Dj;>0or(D;=0and(a5—4ap < 0or (a3 —4ay>0and g > 0)))
or (Dy =0and & —4ay=0and & > 0and a # 0)

2nd case <= (D1 <Oand(a3—4ap < 0or (a3—4ay>0and g > 0)))
or (ag =0and & — 4ap=0and & > 0)

3rdcase <= D;<O0and&—4ay>0anda <O0.

We get the quantitip; by using substitutioh=z— 2a,/3 different cases. In the first case we suppose xhat xo,

in P5(t) that reducesiit to and together with (9) we get +a= x2+a= 0. Finally,
from this one and from the three representations of (8) as
Z+pz+q=0, (5) product of two quadratic polynomials (by taking the sec-

ond power of a coefficient of in every such representa-

with tion) we obtain
1
p=—4ap— éa% © 1 =4a2>0; th=t3=—b?<O0. (10)
2
2 3
0= zaa2— & — =&, Hence, in this case the multiplicity of.th-e real root$pix)
. implies the same degree of the multiplicity of the real neg-
and finally ative root ofPs(t). If x; # X, it can be shown (see [6])
> 3 that there is no multiplicity of roots dPs(t) (because in
D=L P (7)  this case, andts are conjugate complex numbers). Fur-
4 27 ther on, we will show that this correspondence among the

This is a known procedure that leads to the Cardano’s for- Multiplicity of the roots ofP4(x) andPs(t) is not a random
mula (see [3]). Before we formulate and prove the theo- €vent. For this purpose we shall divide all the possibditie
rem about multiplicity correspondences betwegfx) and of double and triple multiplicities oPs(t) on seven cases
P(t) we will show from which part of the theorem 1 proof a@nd in all those cases we will find the corresponding mul-
comes the first indication for such theorem. In the proof tiplicity of P4(x). Itis time to look at the following seven
of the "only if” part of the first statement we should first figures and to analyze every one of them.

apply the factorization theorem f&%(x), so we get

P4(X) = (x—x1)(X— x2) (x—a—bi)(x—a+ bi). (8)
Since the coefficient of the third powerxoin P4(X) is zero,
we obtain the following important relation S a
X1+ X+ 2a=0. 9)

By using the (8) we can represent tRgx) as a product

of two quadratic polynomials in three different ways. In
every such representation, the second power of the coeffi-
cient of x (no matter which one because they differ only
in sign) is a root ofPs(t) (see [6]). Thus, by using (8) we
can find all roots ofPs(t) but we have to distinguish two Fig. 1 a: 1st case
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Fig. 1 e: 5th case Fig. 1 f: 6th case Fig. 1 g: 7th case
In the 1st case(Fig. 1 a),Ps(t) has a real negative double In the 5th case(Fig. 1 e),Ps(t) has a zero as double root
In the2nd case(Fig. 1 b),Ps(t) has a zero as double root ] o ,
and a real negative single root. In the 6th case(Fig. 1 f), Ps(t) has a real positive triple
root.

In the3rd case(Fig. 1 c),Ps(t) has a real positive double

root which is smaller than the real positive single root. In the 7th case(Fig. 1 g),Ps(t) has a zero as a triple root,

In the 4th case(Fig. 1 d),Ps(t) has a real positive double .
root which is greater than the real non-negative single root Now we can formulate and prove the main theorem.

Theorem 3.
Istcase <= Pu(x) has two complex roots and one double real root.
2ndcase <= Py(x) = (x®*+b?? (b#£0)
3rd case <= P4(X) has three different real roots, but among them is only

one double root and the other two single roots are on the
same side of the double one.
4th case <= P4(x) has three different real roots, but among them is only
one double root and the other two single roots are on the
opposite sides of the double one.
P4(x) has two double real roots.
P4(x) has two different real roots and one of them is a
triple root.
7th case <= P4(x) has only one fourfold real root which is zero.

5th case
6th case

Iy
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Proof: At the bargaining we shall do some general consid- So there are two possibilities

erations. It is known (see [7]) that the rootsRf(x) and

Ps(t) are connected by the following relations I xa=xs and (X2,X3<Xa OF Xp,X3>X4) (15)
Il X2=X3 and (X1,Xa <Xz OF Xg,X4>X2).

1= —(x1+%2) (X + - :
! 0 +%2) (X6 +s) The caseq = x4 andxp = x3 is impossible because from

o= —(x+Xs) (2 +X4) (1) = —(xa+ %) (Xa + Xa) = — (x4 +%2) < O we get a con-
t3 = —(X1+X4) (X2 +X3). tradiction. Analogously in the case of fourth statement we
et
In the further considerations we shall use also the first Vi-
eta’s formula for the roots dP4(X) X1 + X2+ X3+ X4 = 0 (X3 —X4) (X1 —X2) =0
(because the coefficient of the third powerxofs zero). ti<tr=t3 <= (—X3)(X1—X) <0 (16)
From these formulas we can get (X2 —X4) (X1 —%3) < 0.
t1 = (X1 + %)% = (X3 +x4)? So there are two possibilities
tr = (X1 +%3)% = (%2 +Xq)? (12)
t3 = (X1 4+ X4)% = (X2 +X3)2. I Xp=X and (Xg<Xg<X4 OF X4<X1<X3)
Il Xz=x4 and (X <Xx3<X2 OF Xz <X3<Xp).
Now we shall consider the case when two rootB4k) are (17)
real and the other two roots are complex. ket= a+ bi
andxq = a— bi (b # 0). Thent, = (xg +%3)2 = (X1 +a+ The caseq = X2 andxz = x4 is impossible because from

bi)? must be a real number (becauséor i = 1,2,3 are th = — (X1 4+ X3) (X2 +X4) = — (X1 +X3)? < 0 we get a con-

always real numbers in all seven cases) but that is onlytradiction. In the case of 5th statement we get again using

possible iff x; +a = 0 respectivelyx; + X2 + X3 + X4 = (12) andxy + X2 +X3+X4 =0

X1+ a+x2+a=x+a=0thusx; = xp = —a. From

(12) immediately follows, =t3 = —b2 < 0. Inthe case O=ti=t2<tz <= Xx1=-X2=-X3=xX4#0. (18)

when all four roots ofP4(x) are complex numbers, let

X1 = a+ bi, xo = a—bi, x3 = c+di, x4 = c—di, then from In the case of 6th statements we get analogously

X1+ X2 + X3+ X4 = 2a+ 2c = 0 we geta+c = 0. Hence

from (12) it followst, = —(b+d)? andtz = —(b—d)2.

From the fact that both numbebsandd are different from (X2 —X3) (X1 —X4) =

zero we conclude thas # tz and at least one of themis L =tr=t3 <= (X3—X)(
(

less than zero. i andc are both different from zero, then X2 —Xa) (X1 —X3) =

it follows from (12)t; = 4a® > 0, which means that all X1 = Xo = X3

three roots ofs(t) are mutually different. If we want that X1=Xo=Xa

at least two roots oPs(t) be the same, then it is necessary = =Xa=xg (19)
and sufficient thath= ¢ = 0 andb = d or b = —d, which Xp = X3 = X4.

implies x; = bi, X = —bi, x3 = bi, X4 = —bi. According

to this all four roots are purely imaginary with two equal |f e supposeds = x, = x5 = x4 we get that all four roots

pairs. On the basis of all these considerations we concludeyre equal to zero, which is a contradiction. In the case of

that 7th case by considerations of previous case we easily get
. . X1=X=X3=%4=0. u

t>0 (i=123) < xe€R (i=1,23/4). (13)

Remark. As we have noted before, the proof of the "first

case” in the theorem 1 is an indication for the existence

of the theorem 3. Yet one indication for the theorem 3 is

a fact that the discriminants ofsPx) and R(t) are equal

So we proved the first two statements of our theo-
rem and in the remaining five statements are all four
roots of P4(x) only real numbers. From (12) and from
X1+ X2+ X3+X4 =0 we get

(see [7]).
(X2—X3)(X1—X4) =0 )
h=th<ts <= (Xx3—Xg)(X1—%2) <0 (14) It remains only to formulate and prove the theorem about
(X2 —Xa) (X1 —X3) < 0. the characterizations of all those seven cases.
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Theorem 4.

Istcase <= a3+12a>0 and —2ay</a+128 and 2(a3+ 12ag)? = 2a3— 72aay+ 2742

2ndcase <= a;=0 and &-4a=0 and &>0

3rdcase «= a<0 and &-4a3>0 and &+12>0 and 2(a3+12ag)? — 2a3— 72apa0+ 2782

4thcase <= ap<0 and @—4a>0 and &+123>0 and 2(a3+ 12a0)? — —2a3+ 72389 — 27a2

Sthcase «= & =0 and &-4ap=0 and &<O0

6thcase «— a3+12=0 and 8a3+27a2=0 and &<0

7thcase «<—= a=ay=a,=0.

(20)

Proof: The last condition is obtained by analogous reasoning like

in the 1st case. Finally, analogously as in the 1st case, it
must bePs(t1) = 0 wheret; is given by (23), so we get the
relation (24) again.

In the 4th case we get the conditions (28) using the same
In the 1st cas@j(t) should have two different real roots reasoning like in the 3rd case. But nd¥(tz) = 0 where
and the smaller one should be double real rooPsf). t2 is the greater real root ¢%(t) i. e.

For P4(t) to have different real roots, the necessary and

sufficient condition is 23 2
—2ay+4/a5+ 12ag
2 . (29)

Pa(t) = t3+ 2at? + (a3 — dag)t — a3
P4(t) = 3t2 + dagt + a3 — 4ag (21)
Pg(t) = 6t + 4ap.

t prm—
a3+ 12ag > 0. (22) 2 3
If condition (22) is satisfied then the smaller real root of ConditionPs(tz) = 0 is equivalent to the following condi-
Pi(t) is tion
3
—2ap — /a5 + 1239 2(a3+ 12a0)2 = —2a3 + 72axag — 27a3. (30)
f— . 2 . (23) 2 2 1

. o . In the 5th case, analogously as in the 2nd case) must
The condition necessary and sufficient Ry(t:) = 0 is be the double real root d%(t) which is equivalent to the

5 3 .3 2 conditions (26). But now, since the second single real root
2(ag +12a0)2 = 28, — 728980 + 2747. (24) of P5(t) is positive, we conclude easily that

Finally, the condition fot; to be a negative real number is

equivalent to a; <0. (31)
—2ap < \/a3+ 12a. (25) In the 6th case
In the 2nd case= 0 is a double real root d#;(t) which is Ps3(t)=0, P4(t)=0, P{(t)=0 (32)

evidently equivalent to
must be for the same value bfFromPj (t) = 0 we easily

ap=0 and a3—4ay=0. (26)  get

As the second single real root Bf(t) is negative, we eas- >

ily conclude that t= —§a2. (33)
ap > 0. (27)

From (33) we getimmediately
In the 3rd casd®(t) has two different positive real roots

which is equivalent to ap <0, (34)
P4(0) = a3 —4ay >0 and and

P{(0)=4a, <0 and (28) ) )

a5+ 12ap > 0. 24 (—§a2> =0 and P3 (—§a2> =0, (35)
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which is equivalent to

a3+12a=0 and &3+ 27a=0. (36)

In the 7th case it should be

P3(0)=0; P4(0)=0; P5(0)=0, (37)

which is equivalent to

=0, aa=0; ay=0. (38)
U

Now, there is question left about the conditions that give

By eliminating the member witk® between (44) and the
second equations of (43) we get
6ayx® + (8ag — 2a3)x — ajap = 0. (45)
Finally, by eliminating the member witk? between (44)
and (45) we get

(8apap — 2a3 — 9a2)x — a1@3 — 12apa; = 0. (46)

From the equation (46) the formula (39) follows. Using the
relations which characterize the 3rd case in the theorem 4
we will prove that

the answer in the 3rd and the 6th case to the questionSo we get

on which side of the double (triple) root are two single

roots (one single root). That problem is solved in the next aj—4ap>0 = 12a3— 483 >0 =

lemma.

Lemma 5. Let B(t) have a real positive double root and
a real single root which is greater than that double one.
Then

__a(ag+128)
8agay — 2a3 — 9a2

(39)

is double root of R(x) and

a; > 0(<0) <= x3z and % are on the left (right) side ofpe.

(40)
Let Bs(t) have a positive triple root. Then
8ap
=—=— 41
X123=—3 o (41)

is a triple root of R(x) and

a; > 0 (< 0) <= x4 ison the left (right) side ofe 3.
(42)

Proof: From the theorem 3 it follows th&4(x) has only
one double real root. We will find that double root by elim-
inating the members with higher powers>obetween the
following two equations

Pa(X) = x* + apx? + agx+ap =0

Py(X) = 4x3 + 2apx+ a1 = 0. (43)

By eliminating the member withk* between these two
equations we get

2ao%% + 3a1x + 4ag = 0. (44)

30

8agay — 2a5 — 9as > 0. (47)
16a3 > 4(a3 + 12ay) =
— 2(a3+12a0)2 < —4ap(a3+ 1289) —> (48)

— 2(a%+ 12a9)? = 27a2 + 2a3 — 72agay <
< —day(a3+12a9) => 8agay — 2a5— 9aZ > 0.

Froma§+ 12ay > 0 and (47) it follows that the sign of »
is the same as @f;. It remains only to prove tha cannot
be zero. Suppose conversely thais zero. Then from

X1=%=0 and X;+Xo+X3+X3=0 (49)

we conclude thats = —x3 which is in contradiction with
the 3rd case (becausg andx, are on the opposite sides
of double root zero). Now, if the sign of; > is positive
(a1 > 0) then from

X3t X
2

we conclude thatz andx4 lie on the left side oky 2. Com-
pletely analogously we reason in the case wkens neg-
ative (ag < 0).

X1,2 = (50)

If P3(t) has positive triple root then according to theorem 3,
P4(x) has a triple real root. We will get it by eliminating
the members of higher powers famong the following
three equations

Py(x) =x*+apx’ +aix+ag =0
Py(X) = 4 + 2apx + &g = (51)
Py (x) = 12 4 2a, =0.

From the first two equations we get

2apX2 + 3ayx+ 4ag = 0. (52)

From the (52) and the last equation of (51) we get finally

9ayx + 12ap— a3 = 0. (53)
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From (53) it follows

a3 — 1239

% (54)

X1,23 =

Using the relations which characterize the 6th case in thex, = —3x;,3 and ap <0

theorem 4 we easily get thag cannot be zero and sec-
ondly that

8ap
X123 = — 3 a—l- (55)
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Cyclical Surfaces Created by a Conical Helix
ABSTRACT

The paper describes cyclical surfaces created by revolution
of a circle about an edge of the trihedron of a conical he-
lix that is moving evenly along the helix. This Euclidean
metric transformation is composed from revolution about
one of the coordinate axes and transformation of the right-
handed coordinate system to the right-handed system of
the moving trihedron in every point of the conical helix.
This transformation is analytically represented by a func-
tional matrix of 4! order. These surfaces are determined
at particular parameter values which have influence on the
surface shape. The vector equation of surfaces and some
illustrations of this group of surfaces are presented in the
paper. The surfaces are illustrated and modelled in the
programme Maple.

Key words: cyclical surface, conical helix, trihedron

MSC 2000: 15A04, 53A05, 14J26

1 The vector equation of the cyclical surface
created by a conical helix

Let the conical helixs in right-handed coordinate sys-
tem (O;X,Y,z) be located on the circular conical surface
with the meridian defined analytically by the vector func-
tion (r1+u(r2—r1),0,uv,1),ue R, (ry #0,r2 #0,v#0)
(Figure 1).

Figure 1: Meridian of the conical surface

Kruzne plohe izvedene pomocu zavojnice na
stoscu

SAZETAK

Clanak prikazuje kruzne plohe koje nastaju rotacijom
kruZnice oko jednog brida trobrida pratioca na zavojnici
sto3ca, koji se jednoliko giba duZ zavojnice. Ova euklidska
metri¢ka transformacija sastoji se od rotacije oko jedne od
koordinatnih osi i transformacije desno orijentiranog koor-
dinatnog sustava u desno orijentirani sustav gibajuceg tro-
brida u svakoj to&ki zavojnice na stoscu. Ta je transforma-
cija analiti¢ki prikazana funkcionalnom matricom 4. reda.
Plohe su odredene posebnim vrijednostima parametra koji
utjece na njihov oblik. U €&lanku je predstavljena vektorska
jednadzba i nekoliko primjera ove grupe ploha. Primjeri su
konstruirani pomoc¢u raunalnog programa Maple.

Kljuéne rijeéi: kruZne plohe, zavojnica na stoscu, trobrid
pratilac

The helix has the parametrical equations (1), wHesea
number of helix screws and the parameter+1 for right-
turned helix and) = —1 for left-turned one (Figure 2) [3].

Figure 2: Conical helix right-turned and | eft-turned

B g(ra—r1
X= <r1+ o >cose

B g(ra—r1\ . (1)
y=q¢ <r1+ BT ) sing, € € (0,2m).
,_ e

- 2am

+ The paper was supported by the grant VEGA 1/ 4002/07
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The trihedror(R;t,n,b) in the coordinate syste®; x, Y, z) resp. T;(€/(€))) in equation (5) [2]. The parameten is

is given in every poinR € s with coordinates determined a multiple of the radian velocity of the poiRRmoving on

in equation (2), where is the tangentb is the binormal the helix. Right-handed rotation of the circle about the cor
andn is the principal normal of the conical helx(Fig- responding axis, y, or z is represented by the parameter
ure 3). The unit vectors of the trihedron are expressed inq = +1 and left-handed rotation by the paramefer —1.
equations (3) and (4) [1].

; 1 0 0 0
v | O cosl(e)  dsing(e) O
KE©)=| o —q'sing/(e) cost/(e) O |’
0 0 0 1
cos/(e) 0 (d'sing'(e) O
fray 0 1 0 0
Ty(e() = —q'sing’(e) 0 cos'(e) O |’
0 0 0 1
* cost’(e) q'sing/(e) 0 O
—(g'sing/(e) cost’/(e) 0 O
Figure 3: Thrihedron (R;t,n,b) with unit vectors 0 0 0 1
(5)
R(XR, YR, ZR) = Then we will transform the rotated cirdiégiven in the lo-
g(ra—r1 g(ra—r1\ . VE cal coordinate systerfO; x,y, z) into the circlek in the co-
fi+ 2Tt COSE, { M1+ 21Tt SIng, 207/ ordinate systeniR;t,n,b) where are expressed in (4) (Fig-
(2) ure 4) by the transformation given by (€).
t = (ata b[ I Ct)? &

a = —% ((rp—rq)cose — (2rilmt+€(ra —rq)) sing),

by = _% (q(rz—r1)sine+ (2rylTt+€(ra —rq)) cose),

G = —% (v), where 3
h= \/(rz —11)2+ (2rgl T+ £(r2 — r1))2+ V2. Figure 4: Transformation (R;t,n,b) into (O;x,y,2)
The entries in the rows 1, 2 and 3 bf(€) are the coor-
dinates of the unit vectors of the trihedron expressed in
N = (8, b, Cn) — tp xt equations (3), (4) and the entries in tH& ebw are the co-
Y tp x| ordinates of the poirR in equation (2)
txn
b= (ab,bb,cb) = —. (4)
[txn a b o O
bpb ¢ O
tp = ((r2 —r1)cose,q(r2 — r1)sing,v) in equation (4) is ~ M(€) = 22 b: c: 0 (6)
the direction vector of the generator of the conical surface
) . R YR R 1
passing through the poift

The vector equation of the cyclical surface created by the
We will revolve the circleky = (S,r) represented by the —conical helixis expressed as a product of three matrices for

vector functionr(u) = (x(u),y(u),z(u),1), u e (0,2m I=XY,z
through the angle’ = me about the local coordinate axis
X (resp.y, resp.2). The corresponding rotation is repre- p(u,e) =r(u)-Ti(€(€)) - M (). (7)

sented by the matrix functiom,(¢'(g)) (resp. Ty(¢/(€)) ,
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2 Classification of the cyclical surfaces cre- :
ated by a conical helix ‘<

The three basic types of cyclical surfaces described above
can be characterised with respect to the axis of revolution
of the moved circle:

| the circle rotates about the tangént
Il the circle rotates about the binornial x

Il the circle rotates about the principal normal 3
IAa

in the pointR of the conical helixs.

The circlekg in dependence on the axis of revolutioge- x
(resp.o=y, resp.o=2isin:

A meridian plane,
B normal plane. (Figure 5)

IBa

Figure 5: Thecircle kg in the meridian or normal plane

The distanceal = |S, 0| between the centr8 of the circle
ko = (S r) and the axis of revolution can be:

a d>r thecirclekg does not intersect the axis
b d=r circlekgistangent to the axis,
¢ d=0 the centre of the circlly is on the axi®.

[IAa

3 Display of the cyclical surfaces created by
a conical helix

In this chapter we will display only these cyclical surfaces
created by the conical helix, which are applicable in tech-
nical practice. Hence we will display cyclical surfaces of
types IA, IB, IIA, IlIA. The surfaces of types 1IB and I11B %
are inapplicable in technical practice in due to their farms

A&

In Figure 6 the cyclical surfaces of the named types are
shown by rotating the circlé&y about the corresponding
coordinate axis ifR;t, n, b) of the right-turned conical he-

lix with | = 1 screw then transformed into the coordinate
system(O; x,Y, z).

Figure 6: Types of the cyclical surfaces created by a
conical helix
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In Figure 7 a cyclical surfaces of type IA is shown, where We may express the vector equation of this cyclical sur-
the circlek is in the normal plane to the axis of revolution  face of type IA from equation (7), where the vector func-
0= X.t Asil su;faces Slhg"‘{r;'][f‘ F|gl:re U havtiﬁthﬁ Zame P3- tion of the circleko in the normal plane to the axis= x is
rameters =5, m= "~ but citerent parametar. o r(u) = (0,rcosu+d,rsinu,1), u € (0,2m and we get the

the helixsis not on the surface, d = r the helix is on the ] o :
surface and ifl = 0, then the centrof the revolving cir- ~ cOrresponding matrix for = x from equations (5), where

cle is on the helixs. The parameteyf = +1 for first three @by, -+ ,Cn are expressed in equations (3), (43, YR, Zr

surfacesq = —1 for forth and fifth surface. are the coordinates of the poiRin the equation (2)
1 0 0 0 a b o O
B : 0 cos'(e) dsing'(e) O ap bp ¢ O
p(u,e) = (0,rcost +d,rsint,0,1) - 0 —qsing(e) cos'(e) O a, by & O
0 0 0 1 XR YR R 1

Figure 7: Cyclical surfaces of type |A

In Figure 8 cyclical surfaces of type IB are shown, where We may express the vector equation of this cyclical surface
the circlekg is in the meridian plane of the axis of revo- of type IB similarly as for the surface of type IA, where
lution o = x. The first two surfaces displayed in Figure 8 the vector function of the circlig lying in the meridian
have the same parametérs 3, m=10,d >r, andg= +1 plane of the axi® = x is r(u) = (rcosu+d,rsinu,0,1),
orq= —1. The helixsis not on these surfaces. Third and u e (0, 2.

fourth surfaces have parametérs 3, m= 15,q= +1 or

g= —1. These surfaces are applicable only with parameter

m > 1 in technical practice.
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4 Conclusion ure 10 there are displayed some illustrations of combina-

i i ) tions of these cyclical surfaces with interesting and hieaut
Many of these surfaces may be used in design practice as| qesthetic forms.

constructive or ornamental structural components. In Fig-
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Figure 10: Combinations of cyclical surfaces of different types
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Quadratic Cones and AutoCAD
ABSTRACT

Oblique circular cones and quadratic cones are discussed
mainly with respect to implementations in Computer Al-
gebra systems and CAD systems especially AutoCAD.

Key words: quadratic cones, oblique circular cones, ellip-
tic cones

Stosci 2. stupnja i AutoCAD
SAZETAK

Raspravlja se o kosim kruZnim stoScima i stoScima 2. stu-
pnja, uglavnom s obzirom na izvedbu u racunalnim alge-
barskim i CAD sistemima, posebno AutoCAD-u.

Kljuéne rijeci: stoZac 2. stupnja, kosi kruzni stozac, elip-
ti¢ki stoZac

MSC 2000: 65D17

Bekanntlich existieren im dreidimensionalen euklidisthe Man bestimmt die NormalprojektioN von S auf € und
RaumEs bezuglich der 6-parametrigen euklidischen Be- misst die beiden Abstande= SNundc = ON. Die GroRe
wegungsgruppe genau zwei Typen von quadratischen Ke+, jst die Kegeltbhe ¢ soll ZentralabstancheiRen. Durch

ggln: Schiefe KreiSkegel und Qrehkegel (vgl. [?'] p.158f). {r,c,h} ist der Kreiskegel bis auf eine unwesentliche Spie-
Gibt man also als Leitkurve einen Kegelschnitt vor und

wahlt eine Kegelspitz8¢ a, so laf3t sich der Verbindungs-
kegel vonSmit ¢ stets alschiefer Kreiskegedrzeugen.

gelungeindeutigfestgelegt.

Fur unsere Untersuchungen gehen wir nun von einem el-
liptischen Kegel aus (vgl. die Abbildung), wobei die Lei-
tellipse/ in derxy-Ebene liegt und die Halbachsenlangen
aundb, a > b besitzt; die Hohe vofi seid = US, wobei

U der Ellipsenmittelpunkt ist.

Schiefe Kreiskegel spielen in der Technik eine wichti- AZ

ge Rolle (vgl. z.B. [2]). Umso erstaunlicher ist es, dal 8"

z.B. in AutoCAD (zumindest bis zur Version 2007) keine
Moglichkeit bestehschiefe Kreiskegells Solidszu erzeu-
gen; das Programm erlaubt nur die Konstruktion von Dreh-
kegeln und elliptischen Kegeln. Zwar lassen sich schiefe

Wir verstehen nun unter einemiliptischen Kegekinen
Kegel mit elliptischer Leitkurve/, dessen Kegelspitz8
auf einer Normalen durch den Ellipsenmittelpuikiauf
die Tragerebene von/ liegt (vgl. die Abbildung).

Kreiskegel als verbindende Regelflache zwischen einem ™ J v
PunktS und einem Leitkreig mit diesem Programm als U >
Oberfaichenmodell@erstellen, doch bieten diese Objekte KJ
wenig Bearbeitungsmoglichkeiten, insbesondere z.B. kei NA pr

ne Boole’schen Verkniipfungen oder ahnliche Operatio- h 2 b

nen. o\ | u” uls

In dieser Arbeit wird mittels einfacher mathematischer
Methoden die Erzeugung eines schiefen Kreiskegels fur ei-
ne Computerimplementation hergeleitet.

AN
o
V‘<

Ver Vx
Ein schiefer Kreiskegel mit dem Leitkrels(Mittelpunkt
O, Radiusr) Tragerebene und der Spitzes (vgl. Kreuz-

riss in der Abbildung) kann wie folgt festgelegt werden: Hauptrisse eines elliptischen Kegels
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Zur Ermittlung der Kreisschnittebenen vénverwenden
wir geman [3], p.249f eine Hilfskuged mit dem Mittel-
punktU, welche die Umrisserzeugenden vbrim Auf-

riss beruhrt. Wie aus [4] p.179 bekannt, zerfallt dann die
Schnittkurve vori” mit der Kugelk in zwei Kurven zweiter
Ordnung, die als Kurven awf somit Kreise sein miissen.
Wir bezeichnen mip den Radius dieser Hilfskugel.

Man findet unschwer

p=adp/a?+0d?, 1)
und als Gleichung voh

X2 y2 7\ 2

2 - (-g) @

Schneidet mah mit der Ebeng/ = 0, so ergeben sich die
beiden Umrisserzeugendenunde; fur den Kreuzriss zu

©)

und diese liefern im Schnitt mit dem Umriss der Kugel

x==+b(1-2z/d)

Aus (7) folgt dann mittels (4a)
r = ad®Q. (9)

Fur den Normalenfu3punkt gewinnt man nach einigem
Rechnen die Koordinaten

_ dbw da?h? + d3(a? — b?) 10)
a?(b?+d?)" a?+d? ’
woraus siclc = ON bestimmen lasst zu
c= (d?Q/a)/(a2 — b2) (a2 + d2). (11)

SchlieRlich ergibt sicth = SN ausS(0,0,d) und wieder
aus(10) als

h=d*bQ/a. (12)

Zur Losung der geometrischen Fragestellung muss das
Gleichungssystem (9), (11) und (12) nagtb undd auf-
gelost werden. Dazu eliminieren wir als erstes die GroRRe
Q aus den Gleichungen (11) und (12) mit Hilfe der Bezie-

beziiglich des Kreuzrisses nach einigen Rechnungen VierhungQ: r /ad? aus (9), quadrieren um die Wurzel in (11)

Punkte von denen lediglich zwei benotigt werden. Die bei-

zu vermeiden und erhalten unmittelbar aus (11) und (12)

den anderen Punkte ergeben sich aus einer Spiegelung U5 cn Division durchd? die beiden Gleichungen

die zAchse. Zwei der bendtigten Punkte sind z.B.

db(1+W)  d(b? - d2W)
Pl( Rrd2 ' B2 d? ) (43)
—d?h(1—W) _ d(b?+d2W)
PZ( i 0T i ) (4b)
wobei als Abkiirzung
W= /(a2 - b)) (@2 + d?) (5)

verwendet wurde. Diese Punkte legen eine dallen
Kreisschnittebenefest (vgl. die Abbildung). Die zweite

wirde sich naturlich aus den gespiegelten Punkten ergen2,2 _

ben. Aus (4a) und (4b) erhalt man als Gleichung der dritt-
projizierenden Kreisschnittebene
d da?
=——Wx+ —5—.

S NP

Als Nachstes muss der Mittelpun®tdes Schnittkreisels
vonl mit g, der Radiug vonk, der Zentralabstancdund
die Kegelhodhé berechnet werden. Fi@ erhalt man

(6)

d’bW di?
Wir verwenden noch die Abkirzung
Qi=1/y/ (a2 +d?)(b2 + ). ®)

40

(3—2)202: (:-2-3-2) <:—2+1) r?, (13a)

(:—z)thZ (S-i)zr? (13b)

Setzt man nun

x:=a?/d*> und y:=b?/d?, (14)

so erhalten wir schlief3lich die Gleichungen

A =12(x2 —xy+x—Y), (15a)
=r?y, (15b)

Durch Elimination vony erhalt man eine kubische Glei-
chung inx. Nach Ausscheiden der uninteressanten Ldsung
x = 0 hat man als Ldsungen der verbleibenden quadrati-
schen Gleichung mig = ¢+ h? —r? dann

x12 = (—q+ \/q2 + 4h2r2) /2h?

wobei das positive Vorzeichen zu wahlen ist. Aus (14) und
(15b) lassen sich sofoat/d undb/d bestimmen zu

(16)

a h
a_\/>—< und 3= 7%

wennx nun die Losung mit positivem Vorzeichen bei der
Wurzel bedeutet.

(17)
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Um d explizit zu bestimmen verwenden wir (8) und (12) Zur praktischen Durchfilhrung werden zunachst also die

und erhalten Werte {a,b,d } berechnetund der zugeordnete elliptische
d= &gh' (18) Kegell” z.B. als Solid dargestellt. Die weiteren Konstruk-

tionen ergeben sich dann aus der Abbildung und den Be-
schreibungen und sollten fur jemand, der einigermalRen mit
den Grundkonstruktionen in AutoCAD vertraut ist unter

Verwendung geeigneter Benutzerkoordinatensysteme kei-

d= \/(X+ 1/x)(hex2+12) (19)  ne Probleme mit sich bringen.
und dann mit Hilfe von (17) sofort auchundb.

In diesem Ausdruck ist bereits alles bekamhkann daher
sofort berechnet werden. Ausgedriickt durch die Losung
erhalt man

Zu bedenken ist aber Folgendes. Da die Berechnung von
Fur die praktische Konstruktion mittels AutoCAD ist {a,b,d} nicht zu vermeiden ist, kann man auch die Punk-

zunachst der dem §ch|efen Kre|§kegel zugeord'nete elllp'tl te P, und P, mit (4a) und (4b) direktberechnenum
sche Kegel zu bestimmen und dieser sodann mit der Kreis- o : )
schnittebene zu schneiden. Die Gleichung varist ge- sich aufwandigere Konstruktionen zu ersparen. Die Punk-

geben durch die Beziehung (6), woraus sich fiir den Nei- te werden dann mit Koordinaten eingegeben. Einen dritten
gungswinkelo von € gegen diexy-Ebene mitW aus (5) Punkt vone erhalt man dann aug durchAnderung der

die Formel y-Koordinate. Diese Mdglichkeit ist auch deshalb interes-
d d /a2_p2 sant, weil sich unsere Kegelkonstruktion mit einer der in-
tano = — W= —¢ 212 (20)  ternen Programmiersprachen von AutoCAD in einfacher

ergibt. Dieserkippwinkel o wird benatigt um die Basis- Wei.se implementieren lasst, soda'\ss dig Erstellung eines
flache des schiefen Kreiskegels parallel xyrEbene dre- schiefen Kreiskegels dann durch einen eigenen Befehl auf-
hen zu konnen. rufbar wird.

Literatur

[1] AuTOoDESK, INC: AutoCAD Benutzerhandbuch,
www.autodesk.de

Hans Giinther Kopetzky

[2] HOHENBERG F.: Konstruktive Geometrie in der e-mail: kopetzky@unileoben.ac.at

Technik Springer Verlag, Wien 1966 Hans Sachs

[3] KoMMERELL, K.: Vorlesungenuber Analytische e-mail: sachs@unileoben.ac.at

Geometrie des Raumds,F.Koehler Verlag, Stuttgart

1950 Lehrstuhl fiir Angewandte Geometrie

[4] WUNDERLICH, W.: Darstellende Geometrie |,  Montanuniversitat Leoben
B.l.Hochschultaschenbiicher, Bd. 96/96a, Mannheim, A-8700 Leoben, Osterreich
Wien, Zirich 1966

41






KoG-11-2007

D. Velichova: Knotted Tori

Professional paper
Accepted 28.12.2007.

Knotted Tori

DANIELA VELICHOVA

Knotted Tori
ABSTRACT

Paper presents a family of surfaces called knotted tori,
which can be regarded as special subset of two-axial sur-
faces of revolutions of Euler type. Analytic representation
of surfaces and some of their specific geometric properties
are derived, shaping parameters are discussed and several
representatives of interesting shapes are illustrated.

Key words: knotted tori, Euler trajectory, two-axial sur-
faces of revolution

Torusni €vorovi
SAZETAK

U ¢lanku se prikazuje porodica ploha pod nazivom torusni
¢vorovi, koja se moZe promatrati kao podskup dvoos-
nih rotacijskih ploha Eulerovog tipa. lzvode se analiti¢ka
prezentacija tih ploha te neka od njihovih geometrijskih
svojstava. Raspravlja se o parametrima oblika, a na neko-
liko se primjera ilustriraju zanimljivi oblici ploha.

Klju€ne rijeci: torusni &vorovi, Eulerova trajektorija,
dvoosne rotacijske plohe

MSC 2000: 14J26, 15A04, 53A05

1 Introduction From the geometric point of view we can assume that a

) . ) knotted torus is an envelope surface created by the con-
Theory of knots is a part of algebraic topology, which stud- i ,0us movement of the sphere in the space with the tra-
ies problem known as "embeddings” of one topological jectory located on the torus of revolution in such way that
space mto apqthgr one. .Embeddlng pf spAciato the no self-intersecting might occur. This curve is in the gen-
spaceY is an injective continuous mappirfg X — Y such g5 case trajectory of the specific composite revolutignar
that the restriction of on movement about the two skew axes called Euler movement
f:X—f(X)CY (1) known as the Euler trajectory and described in details in

is a homeomorphism of spacEsandf (X). 1]

The easiest form of the above mentioned problem is e.g.Simple Euler trajectory in the basic form is a closed space
inclusion of a unit circle into the three-dimensional Eu- curve without any multiple points illustrated in fig. 1, on
clidean spac&3. In practical terms, this means that: "we the left; its orthographic view in the plane perpendicular
take a circle, cut it, knot the created thread and finally glue to the axis of revolutiorfo is a symmetric plane curve,
together again both free ends”. Closed space curve createdimacon of Pascal.

in the described way is a topologically embedded circle | gta — (a,0,0,1) be a given point on the coordinate axis
into the three-dimensional space. that moves in the Euler movement composed from two rev-
In the presented paper, the knotted tori will be understood g|ytions, about coordinate axis= 1o and simultaneously
as a regular surface created by a similar knotting of a torusgpout axis2o parallel to the coordinate axisin the dis-

like surface (not solid) in the three-dimensional spaée tanced # 0,20 || x determined by equations= d,z = 0.
Knotted torus is a surface with no self-intersections and Trajectory of the point movement can be analytically re-
singular points, it is closed, and its envelope is again a presented by continuous differentiable point function in

torus. This means that by knotting a torus no new type gne real variable, which is on the interval = (0,1) CR
of topological structure will be created, or no new type of in the following form:

knot will arise then the original one. Consequently, there
exist infinitely many different forms of the knotted tori in
the three dimension space.

r(v) = (acosknv, asinknv codnv+d(1— codmv),
asinknv sinltv —d sinlmv, 1).
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y ¥y

Figure 1: Formsof Euler trajectories.

Euler trajectory is located on torus of revolution with Parametric equations of surfaces in this subgroup of sur-
the axis in the axis of revolutiofo, centre in the point  faces of Euler type are fdu,v) € (0,1)? C R? in the form
S=(0,d,0,1) on the coordinate axigsand radius equal to
the distance of the moving point from the axis of revolu-  x(u,v) =(a+r cos 2w)cosknv
:iﬁn'lo. I_C_(:ordin?tes offt:]hetEuIer trajectory points satisfy y(U,V) = (a+ r cos 2w) sinknv cos Tv—

e implicit equation of the torus . .

P q , — (b+r sin2ru)sinltv+d (codmv— 1)

(XZ +(y—dP?+2+d?>— a2> = 4d? ((y_ d)? + 22> . z(u,v) =(a+r cos 2w)sinknv sinlmv+
Several forms of the Euler trajectory determined by mul- + (b+r sin2rw) cos v +d sinlmy
tiplesk andl of angular velocities of separate revolutions
are illustrated in fig. 1 on the left, in the middle and on the
right, with pairs of parameters
a=5d=3, (kl)=(2,2),(2,6),(4,6). b=0, a<d, a>r, kandl are even numbers.

Knotted tori can be created by choosing values of shaping
parameters satisfying the following relations

Different modifications of knotted tori can be achieved by
the choice of other shaping characteristics, multiples of
separate angular velocitiésandl. Number of windings
in the direction of the revolution about the second axis is
the number of arms equal k2, number of windings in the

2 Knotted tori as cyclical two-axial surfaces
of revolution of Euler type, the 1st form

Surfaces in the group of general two-aX|aI.s.urfgces_ of rev- direction of the first axis of revolution defines the number
olution of the Euler type (complete classification is pre- of knots k2
sented in [2]) can be generated by the movement of the e
basic circleg located in the plane passing through the first Simple non-trivial knotted torus (trefoil) is illustrated
- interior axis of revolutiorto, and they are represented by fig. 2 on the left, shaping characteristics are 5, b = 0,
vector function d=10,r =3, k I) = (6, 4). Other illustrated forms are

. determined by the same shaping paramegglsd, r , and
r(u,v)=(a+rcosau,0,b+rsin2u,1), by valuesk, 1) = (10, 4), (14, 4), surfaces have two knotted
ue(0,1), abreR r#0. arms; number of knots is 3, 5 and 7.
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In fig. 3 knotted tori with values of shaping characteristics By knotting four arms the next modification of the knotted
a=5b=0,d=12,r =3, k I) = (8, 6), (10, 6), (14, 6) torus can be created, shaping parameters of the illustrated
are illustrated, which are created by knotting of three arms surfacesara=5,b=0,d=17r =2, k, 1) = (6, 8), (10, 8),

4,5 and 7 times. (14, 8), so the four arms are knotted 3, 5 and 7 times.

Figure 2: Knotted tori of the 1st form, with 2 threads.

Figure 4: Knotted tori of the 1st form, with 4 threads.
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3 Knotted tori as cyclical two-axial surfaces multiples of angles of revolutions akeandl. Number of
of revolution of Euler type, the 2nd form turns about the second axis of revolution defines the num-
ber of armd/2, number of turns about the first axis of rev-
Basic circle of the knotted torus located in the plane of the olution gives the number of knokg2.

exterior axis of revolutiodo defined by vector function Knotted tori of the second form are illustrated in fig. 5,

r(u)=(a+rcos2w, b+rsin2mw,0, 1), values of parameters for corresponding forms illustrated
ue(0,1), ab,re R r#0. from the left to the right area= 10,b=0,d =17,r = 3,

determines subgroup of surfaces of Euler type of the sec-(k’ )=(4,6), (4,10), (4, 14).

ond form represzented _analytically by parametric equationsin fig. 6, samples of modifications determined by parame-
for (u,v) € (0,1)° C R? in the form tersa=10,b=0,d=17,r =3, k1) = (6, 8), (6, 10), (6, 14)
x(u,V) = (a+r cos 2m) coskmv — (b+ r sin 2ru) sinkmv are presented, in fig. 7 illustrations of knotted tori de-
y(U,v) = (a+r cos ) sinknv cosTv-+ termined by multiples of angular velocitiek, () = (8, 6),

+ (b+r sin2rmu) cosknv cosimv+d (cod v — 1) (8, 10), (8,14) are presented.
z(u,v) = (a-+r cos2w) sinknv sinl v+ Some complex forms of knotted tori are extremely interest-
ing in shapes, and they can be utilised as small artefaets, re
sembling mosaic motifs, laces and embroidered emblems.
Different modifications of knotted torus of the 2nd form Samples of these aesthetic objects, which are freely modi-
can be created by shaping characteristics, wher@, and fied forms of knotted tori, are illustrated in fig. 8.

+ (b+r sin2mu) cosknv sinlmv+ dsinl v,

Figure 5: Knotted tori of the 2nd form, two-folded.

Figure 6: Knotted tori of the 2nd form, three-folded.
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Figure 7: Knotted tori of the 2nd form, four-folded.

4 Conclusions expected from readers. Book [4] brings a historical sur-
vey of the theory of knots, showing that creation of knots
There exist infinitely many different forms of knotted tori, can be regarded as one of the oldest and most widespread
and not all of them can be created as special two-axial sur-techniques in art, weaving, sea-sailing, coding, ciphgrin
faces of revolution of Euler type, whereas many of them puilding and architecture, and in many other applications

can be created on the base of other principles. There isang practical activities influencing the development of hu-
available a rich source database of materials dealing with j,5n civilisation and culture.

knotted tori, where this topic is discussed from different

viewpoints and on different theoretical or practical lev- SOMe interesting and inspiring sources can be found on
els. Book [3] is an introduction to the theory of knots Internet, where one can see also many interactive applica-
and topology of surfaces, where common links between tions enabling modelling of knotted tori on-line on web.
these two areas and their connections to the graph theory/Veb-page at address [5] is entirely designed for bringing
and theory of groups are given. Book is written in a very information about available source materials with refer-
good style, there are a lot of illustrations in there, and jus ences to all aspects of knotted tori modelling - theory, art,
the basic knowledge of secondary school mathematics iscomputer modelling, video presentations, on-line gakeri

Figure 8 Knotted tori, free forms.
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Modeliranje terena pomocu
Delaunayjeve triangulacije

Terrain Modelling by Using Delaunay
Triangulation

ABSTRACT

Delaunay triangulation is a terrain modelling procedure out
of irregular set of points, such as geodetic survey. This ar-
ticle discusses one of the computation methods with com-
putation theory and some practical uses. It also discusses
some uses for Voronoi diagram as well as computation
method.

Key words: Delaunay triangulation, Voronoi diagram, ter-
rain modelling, geodetic survey

Modeliranje terena pomoc¢u Delaunayjeve
triangulacije

SAZETAK

Delaunayova triangulacija je postupak modeliranja terena
iz nepravilnog skupa tocaka, kao to je geodetska izmjera.
U ¢lanku je prikazana jedna od metoda proraduna triangu-
lacije s teorijskom podlogom i nekoliko primjera upotrebe.
Takoder je navedeno nekoliko primjera uporabe Voronoi-
jevog dijagrama, i metoda proracuna.

Kljuéne rijeci: Delaunayjeva triangulacija, Voronoijev di-
jagram, modeliranje terena, geodetski snimak

MSC 2000: 68W30, 86A30

1 Uvod 2 Deaunayjevatriangulacija
Prilikom projektiranja greevina, potrebno je uzeti u obzir, Polazimo od pretpostavke da teren ne moze imati tocke

izmedu ostalog, i geometriju terena na kojem ée se gra- na istimx_i y kqordinatar_na i razlicitoj v_isini. Ov_g pret-
diti. Time se izbjegavaju troSkovi suvidnih iskopa i nsi postavka je nuzna da bi se problem triangulacije mogao

o . N . svesti na ravninski. Problem triangulacije je matematick
sanacije terena i sl. 1z tog razloga se prije projekti-

_ _ > : 2 \ analogan problemdkonveksne ovojnicgl] u prostoru,
ranja, poglavito vecih gdevina, narucuje geodetska izm-  gqnosno razvlatenju elasticne membrane kroz zadane
jera postojeceg terena. Navedenom izmjerom sedujiie  togke.

prostorne koordinate toCaka. Pojedini softverski paketi Konkretno, Delaunayjeva ravninska triangulacija je ana-

kao Sto suAutodesk Civil 3d, Bentley Powercivil i sl.  |ogna problemu konveksne ovojnice totaka raviiyipro-
imaju mogucnost generiranja modela terena iz niza tataka jiciranih na paraboloid = x2 +y? paralelno s ost [1],

medutim takvi paketi su znatno skuplji od klasi¢nih CAD (vidi sliku 1). Time se dobiva triangulacija s najmanje
alata, a €Cesto i komplicirani za uporabu. ostrih kutova, Sto je ujedno i optimalno rjeSenje.

Ovaj rad objaznjava jednu od metoda kako od izmjerenih AKO Proizvolina ravnineR ima jednadzbu

toCaka dobiti trodimenzionalni model terena iz kojeg je
moguce dobiti .sl?Jnlce, presjeke, ,kol|'cme |s.kop'a| pasi projekcija presjeka paraboloida= 2+ y2 i te ravnine, na
i sl. Poznavajuti metodu moguce je napisati SamOSta'ravninuxy ima jednadzbu

lan racunalni program za generiranje modela ili nadogra-
diti postojeci CAD alat. Dobiveni trodimenzionalni model

Z=0xX+By+Y,

X2+ Y2 = ax+ By +y.

se sastoji od trokuta koji povezuju sve tocke, a postu- |, jednadzbe je vidljivo da je, neovisno o presjeénoj rav-
pak generiranja trokuta se naziva Delaunayjevom trian-ninj projekcija presjeka kruznica. Buduci da presjek
gulacijom prema ruskom matematicaru Borisu Delaunayu sadrzi vrhove trokut&'B'C’, projekcija je upravo opisana
(Boris Delone 1890-1980) [4]. kruZnica trokutaABC. Vidi sliku 1.
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Slika 1: Paraboloid presjéen ravninom

Da bi ovojnica bila konveksna, za svaki trokatB'C’

dy dx
x =G V=Gt 5+ 5 tanse
xzzcx_d—zx—dy-tanBO’ Yo = _d_2y
dx d
X3:Cx+7+dy-tan3@ y3=Cy—7y~
‘(x‘,y‘)
/N
N430030°
\
; \
Y
:/,,¢;,,)<%
. |C
(x,y,) # (x,y,)

Slika 3: Jendakostrarian trokut opisan pravokutniku

mora vrijediti da se sve zadane toCke nalaze iznad rav-Ovako smo dobili najmanii istostrani¢an trokut koji saidr”
nine trokuta. Projekcija bilo koje toCke paraboloida idna pravokutnik opisan tockama. Matim, pr|||kom triangu-
ravnine trokuta, na ravningy, nalazi se izvan presjecnice |acije se mogu pojaviti konkavni vanjski rubovi mreze,
paraboloidaravninom trokuta, dakle projekcijuravnini  zbog tega se preporucuje definirati znatno veci trokut od

se nalazi izvan opisane kruznice trokéaC.

dobiva jedinstveno rjeSenje.

minimalno potrebnog (barem 10 puta).

Postavljamo uvjet triangulacije: Za svaki trok&iBC vri-
jedi da se sve zadane tocke, oshnB, i C, nalaze izvan
opisane kruznice trokufaBC. Ovim uvjetom triangulacija

AN

B

Slika 2: Trokut s opisanom kiznicom

Slika 4: Trokut10%veti od minimalnog

PN

3 RastlEi algoritam za Delaunayjevu trian-  Slika5: Neispravna triangulacija

gulaciju
Postoji nekoliko u€inkovitih algoritama za Delaunayjevu
triangulaciju, a jedan od najjednostavnijih i najbrzitize.
rastuti algoritam[2]. Osnova rastuceg algoritma je doda-
vanje tocaka u postojecu mrezu. Algoritam tdko zahti-
jeva da se svaka tocka koja se dodaje u mrezu nalazi unutar

gabarita postojece mreze. Dakle, poetna mreza sardefin
kao trokut, unutar kojeg se nalaze sve zadane tocke. Ovak%lika 6

: Trokut 10 puta véi od minimalnog

dobivena triangulacija ima 3 toCke viSe od zadanih, tegje n
kraju potrebno izbrisati sve trokute koji sadrze bilo kofl

te 3 tocke.

Numericki najpovoljniji trokut, koji sadrzi sve tockge
istostraniCan. Ako definiramo pravokutnik koji sadrzesv
zadane toCke sa stranicarda i dy i tockom C(C,,C,)

kao srediStem pravokutnika, mozemo odrediti koordinate
vrhova istostrani¢nog trokuta opisanog pravokutniku:
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Dodavanje tocke se vrsi na sljedeci nacin:

Prvo se provijeri koje je trokute potrebno ukloniti, a to su
oni unutar €ijih se opisanih kruznica nalazi tocka kogbia

dodati u mrezu (vidi sliku 9). Nakon uklanjanja trokuta iz
mreze, tocka se nalazi unutar poligona Ciji broj stranic
ovisi o broju i me&lusobnom polozaju uklonjenih trokuta
(vidi sliku 10). Novi trokuti koji se dodaju u mrezu sadrze

Algoritam, napisan u pseudo kodu, izgleda ovako:

For i = 0 do broj_tocaka

For j = 0 do broj_trokuta

If tocka_i unutar opisane kruZnice trokuta._j
dodaj_rubove_trokuta_j_u_tablicu
brisi_trokut_j_iz_mreZe

End If

po jednu stranicu navedenog poligona, i tocku koju treba Next j
dodati (vidi sliku 11). Postupak se ponavlja za sve zadaneFor j = 0 do broj_rubova ’ broj rubova u
toCke i tako se dobije konana mreZa prikazana na slici 11 tablici

&

Slika 8: Mreza u koju treba dodati ftku

5

Slika 9: Trokuti koji se briSu

%

Slika 10: Trokuti izbrisani

&

Slika 11: Dodana t@&ka

For k = j do broj_rubova
If rub_j = rubk
brisi_rub_j_iz_tablice
brisi rub k_iz tablice

End If

Next k

Next j

> U tablici su ostali vanjski rubovi poligona
For j = 0 do broj_rubova
dodaj_trokut-rub_j-tocka_i
Next j

Next i

Ukoliko se izvodi na prosjecnom racunalu, ovaj algoritam
je dovoljno brz za vetinu primjena - triangulacija 10.000
toCaka traje svega nekoliko sekundi. ddgim u slucaju
posebnih potreba, npr. izdenje na ru¢nom racunalu, vrlo
velik broj totaka (nekoliko milijuna) ili potreba za itera
tivnim postupkom, moguce je da izéenje traje predugo
za prakticnu uporabu. Postoje tri vrlo jednostavne metode
ubrzavanja algoritma:

1. Memorirati uz svaki trokut koordinate srediSta i
radijus opisane kruznice, da se izbjegne ponovno
proracunavanje za svaki korak.

2. Sortiranje tocaka po jednoj osi - smanjuje broj pro-
vjera.

3. Definirati sve trokute u istom smjeru, pa ¢e rubovi
koji se preklapaju u tablici uvijek biti okrenuti
suprotno jedan drugom.

4 Voronoijev dijagram

RjeSavanjem Delaunayjeve triangulacije ujedno je eijes
jos jedan problem, a to je Voronoijev dijagram [3] (ruski
matematiCar Georgi Voronoi 1868-1908).

Za niz to€aka u ravnini, Voronoijev dijagram prikazuje po-
dru€ja kojima je pojedina tocka najbliza. Dobiva se spa-
janjem sredista opisanih kruznica trokuta, odnosnmfiast
se od simetrala stranica trokuta Delaunayjeve triangglaci
Voronoijev dijagram ima Siroku primjenu u viSe grana dje-
latnosti:

51



KoG-11-2007 Z. Gjurani¢: Modeliranje terena pomo¢u Delaunayjevartgulacije

e Urbanizam - definiranje polozaja vaznih objekata.

Cestogradnja - izbjegavanje prepreka.

Gradnja velikih postrojenja - pronalazenje idealne
lokacije.

X

Arheologija - podrucja utjecaja skupina Zivotinja.

Biologija - povrsine tla koje koriste pojedine biljke,
transport kisika u stanice.

Slika 14: Trodimenzionalni prikaz modela terena sa sloj-
nicama

Slika 12: Voronoijev dijagram
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Slika 13: Model terena sa slojnicama Slika 15: Osjertani prikaz modela terena
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Visual rhythms

Tamas F. Farkas is one of the most significant contempoeoynetri-
cal artists, whose works appear not merely at exhibitioosfParis to
Tokio, but also at scientific conferences and workshopg, laas been
e.g. at the 12th Scientific-Professional Colloquium of @GeraSociety
for Geometry and Graphics.

His visual researches are motivated by the intention taemeaw struc-
tures and "constructions that have never been seen befdis’paint-
ings and graphics reflect ardent desire to beauty and harmdiriese
motivations lead to different realizations in two, threeewen higher
dimensional arrangements of forms, both real and imagi(rast/con-

structable in the tangible world). s !f' ‘Y.
20
>

Ve

The cover page of this issue of KoG shows some Tamas F. Farkas y .’
brand new planar creations. From mathematical point of akthese
belong to discrete geometry, more precisely to perioditepas and
tilings. This area has a wide literature from the classieaults of pla-
nar crystallographic groups e.g. to classification reaflt®lor groups.
Not only mathematics, but physics, chemistry, crystabipdry and en-
gineering sciences operate with the mentioned conceptthandes.

The fascinating, artistically formulated graphics areatee empirically
by Tamas, who works as an intuitive geometer in a way thagiig sich
in ideas.

T. F. Farkas’s newest inventions, the admiring forms rariecircular
arcs constitute a coherent, connected, yet undiscovesegiwvorld.
The objects we see express different relations: they rovett@l and

wave. Structure, periodicity and symmetry makes the figuresing

in an almost vivid way. The way of coloring just heighten tipatsal

imagination and the dynamics. The arrangements are fuifegfit is

easy to associate to exotic flowers or cells under the objess @f a mi-
croscope. The patterns of circular arcs recall images @figdilooms,
fruits and lush tropical vegetation. The forms swirl herd #rere, they
wave and we think to see drops between the leaves.

Sometimes we feel to see frills, cloth making a fluttering eroent and
we are already at the dance, rhythm and music. If we let thengs to
lead us into the world of fantasy, then we may hear a melody fadar
distance or discover the strange poesy of forms, full of yautd life.
Tamas F. Farkas often refers to his pictures as "visual die$d, and
indeed, the rhythm and the composing connects the two areas.

We do mention that this new geometric-artistic imaginatitay inspire
the scientist, initiating new thoughts and helps to discoesv relations
between different layers of life.

ATTILA BOLCSKEI
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