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Abstract

Mixed labyrinth fractals are dendrites in the unit square, which were recently studied with
respect to the lengths of arcs in the fractals. In this article we first give a construction
method for mixed labyrinth fractals with the property that all arcs in the fractal have
box counting dimension 2. Subsequently, we show how a certain familiy of patterns can
provide a mixed labyrinth fractal of any box counting dimension between 1 and 2, which
also coincides with the box-counting dimension of the arc between any two distinct points
of the fractal. Finally, we show how the results can be extended to a more general setting.

1 Introduction
Labyrinth fractals are dendrites in the unit square which were introduced in the last decade
[2, 3]. They can also be viewed as special families of Sierpiński carpets. Labyrinth fractals
were studied with respect to their topological and geometrical properties, with special
focus on the arcs in these dendrites. The construction of labyrinth sets and labyrinth
fractals is done by using labyrinth patterns: in the self-similar case one labyrinth pattern
generates, inductively, a sequence of labyrinth sets, whose limit is a labyrinth fractal, and
in the case of mixed labyrinth sets and mixed labyrinth fractals [4] more than one pattern
(in general, even infinitely many) are used for their construction.

While for the self-similar labyrinth fractals [2, 3] there are results on the lengths and
the dimension of the arcs in these dendrites, the papers on the mixed case [4, 5] deal
mainly with the length of arcs, and how this depends on the properties of the patterns
that generate a mixed labyrinth fractal. The main goal of the present article is to construct
families of mixed labyrinth fractals with the property that the arcs between distinct points
of the fractal have given box counting dimension, equal to the dimension of the whole
fractal.

There exists quite a lot of interest in fractal dendrites lately. Self-similar dendrites
were constructed with the help of polygonal systems and studied recently [16], but the
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emphasis is not on length of arcs, and, moreover, the methods are different, using tools
like contractive iterated function systems and zippers, a different approach from ours, and
restricted only to self-similar fractals. We also mention existing results on dimensions of
homogenoeous Moran sets in a closed real interval of finite length [8], since the fractals
studied in the present paper can be seen as a family of planar relatives of these.

In the last years, labyrinth fractals and results on them have already shown to have ap-
plications in physics. We mention, e.g., the fractal reconstruction of complicated images,
signals and radar backgrounds [14], or the construction of prototypes of ultra-wide band
radar antennas [15]. Very recently, fractal labyrinths combined with genetic algorithms
were used in order to create big robust antenna arrays and nano-antennas in telecommuni-
cation [13]. Concerning further possible applications of mixed labyrinth fractals, we want
to mention very recent results in materials engineering [11], which show that dendrite
growth, a largely unsolved problem, plays an essential role when approaching high power
and energy lithium-ion batteries. Furthermore, there is recent research on crystal growth
[9] which suggests that, depending on the geometric structure of the studied material,
labyrinth fractals can offer a suitable model for studying various phenomena and objects
occurring in other fields of science. Finally, we mention that Koch curves, which are of
interest in theoretical physics in the context of diffusion processes (e.g., [17]), are related
to arcs in labyrinth fractals.

Let us now give a short outline of the article. Section 2 contains the needed preliminar-
ies: we give the definition of labyrinth patterns, labyrinth sets and labyrinth fractals, and
cite some of the main results regarding topological and geometric properties of labyrinth
fractals proven in earlier research [2, 3, 4, 6], which are essential to our considerations
throughout this paper. In Section 3 we introduce a special family of horizontally and
vertically blocked labyrinth patterns called snake cross patterns. We analyse their shape,
as well as the the objects generated by certain sequences of snake cross patterns. These
are mixed labyrinth sets and, in the limit, mixed labyrinth fractals, dendrites with the
property that the length of any non-trivial arc is infinite. Section 4 is dedicated to prov-
ing that the fractal dendrite obtained as the limit of the construction in the previous
section has the property that the arc between any two distinct points in the fractal has
box counting dimension two. Subsequently, we give in Section 5 a construction based on
the use of snake cross patterns that provides mixed labyrinth fractals of any box-counting
dimension δ ∈ [1,2). In a short last section we take a glimpse at how these results could be
used to infer analogons thereof in a more general setting. We conclude with a conjecture.

2 Preliminaries on self-similar and mixed labyrinth
fractals
Labyrinth patterns are very convenient tools for the construction of labyrinth fractals. The
notations and notations have already been introduced and used in work on self-similar
labyrinth fractals [2, 3] and later on for the mixed ones [4]. Let x, y, q ∈ [0,1] such that
Q = [x,x+ q]× [y, y + q] ⊆ [0,1]× [0,1]. For any point (zx, zy) ∈ [0,1]× [0,1] we define the
map PQ(zx, zy) = (qzx + x, qzy + y). For any integer m ≥ 1 let Si,j,m = {(x, y) ∣ i

m
≤ x ≤

i+1
m

and j
m
≤ y ≤ y+1

m
} and Sm = {Si,j,m ∣ 0 ≤ i ≤m − 1 and 0 ≤ j ≤m − 1}.

Any nonempty A ⊆ Sm is called an m-pattern and m its width. Let {Ak}
∞
k=1 be a

sequence of non-empty patterns and {mk}
∞
k=1 be the corresponding width-sequence, i.e.,

for all k ≥ 1 we have Ak ⊆ Smk
. We denote m(n) = ∏

n
k=1mk, for all n ≥ 1. Let W1 = A1.

Ee call W1 the set of white squares of level 1, and the elements of Sm1 ∖W1 the black
squares of level 1. For n ≥ 2 the set of white squares of level n is defined as

Wn = ⋃
W ∈An,Wn−1∈Wn−1

{PWn−1(W )}. (1)
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Note that Wn ⊂ Sm(n). We call the elements of Sm(n) ∖Wn the black squares of level
n. For n ≥ 1, we define Ln = ⋃W ∈Wn

W . Thus, {Ln}
∞
n=1 is a monotonically decreasing

sequence of compact sets, and L∞ = ⋂
∞
n=1Ln, is the limit set defined by the sequence of

patterns {Ak}
∞
k=1.

Examples of patterns are shown in figures 1 and 2. These also illustrate the first two
steps of the construction of a mixed labyrinth set.

We define, for A ⊆ Sm, the graph of the pattern A, G(A) ≡ (V(G(A)),E(G(A))): Its
set of vertices V(G(A)) consists of the white squares in A, i.e., V(G(A)) = A and its edges
E(G(A)) are the unordered pairs of white squares, that have a common side. The top row
in A is the set of all white squares in {Si,m−1,m ∣ 0 ≤ i ≤ mn − 1}. The bottom row, left
column, and right column in A are defined analogously. A top exit in A is a white square
in the top row, such that there is a white square in the same column in the bottom row.
A bottom exit in A is defined analogously. A left exit in A is a white square in the left
column, such that there is a white square in the same row in the right column. A right
exit in A is defined analogously. A top exit together with the corresponding bottom exit
build a vertical exit pair, and a left exit together with the corresponding right exit build
a horizontal exit pair. The above notions can also be defined in the special case A =Wn.

Figure 1: Two labyrinth patterns, A1 (a 4-pattern) and A2 (a 5-pattern)

Figure 2: The set W2, constructed based on the above patterns A1 and
A2, that can also be viewed as a 20-pattern

A non-empty m-pattern A ⊆ Sm, m ≥ 3 is called a m ×m-labyrinth pattern (in short,
labyrinth pattern) if A has the tree property, the exits property and the corner property.

Property 1 (The tree property). G(A) is a tree.

Property 2 (The exits property). A has exactly one vertical exit pair, and exactly one
horizontal exit pair.

Property 3 (The corner property). If there is a white square in A at a corner of A, then
there is no white square in A at the diagonally opposite corner of A.

3
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Let {Ak}
∞
k=1 be a sequence of non-empty patterns, with mk ≥ 3, n ≥ 1 and Wn the

corresponding set of white squares of level n. We callWn an m(n)×m(n)-mixed labyrinth
set (in short, labyrinth set) of level n, if A =Wn has the tree property, the exits property
and the corner property. It was shown [4, Lemma 1] that if all patterns in the sequence
{Ak}

∞
k=1 are labyrinth patterns, then Wn is a labyrinth set, for any n ≥ 1. The limit set

L∞ defined by a sequence {Ak}
∞
k=1 of labyrinth patterns is called mixed labyrinth fractal.

The fact that the labyrinth patterns have exits leads to the fact that any labyrinth
fractal also has 4 exits, which are defined as follows. Let Tn ∈Wn be the top exit of Wn,
for n ≥ 1. The top exit of L∞ is ⋂∞n=1 Tn. The other exits of L∞ are defined analogously.
We note that the exits property yields that (x,1), (x,0) ∈ L∞ if and only if (x,1) is the
top exit of L∞ and (x,0) is the bottom exit of L∞. For the left and the right exits the
analogue statement holds.

For more details on mixed labyrinth sets and mixed labyrinth fractals and for results
on topological properties of mixed labyrinth fractals we refer to the papers [4, 5].

In the special case when in the above construction Ak = A, for all k ≥ 1, i.e., the
sequence of labyrinth patterns is a constant sequence, we obtain a self-similar labyrinth
fractal, like those studied initially [2, 3].

The following result was proven both in the case of self-similar labyrinth fractals [2,
Theorem 1], and in the case of mixed labyrinth fractals [4, Theorem 1].

Theorem 1. Every (self-similar or mixed) labyrinth fractal is a dendrite.

We recall that a dendrite is a connected compact Hausdorff space that is locally con-
nected and contains no simple closed curve. By Theorem 1 and a result in Kuratowski’s
book [12, Corollary 2, p. 301] it follows that between any pair of points x ≠ y in the
dendrite L∞ there is a unique arc in the fractal that connects them.

It was shown [2, 3, 4, 5] that certain patterns, called blocked labyrinth patterns,
generate fractals with interesting properties concerning the lengths of arcs in the fractal.
More precisely, a labyrinth pattern is called horizintally blocked, if in the row that contains
the horizontal exit pair of the pattern there exists at least one black square. Analogously,
a labyrinth pattern is vertically blocked, if there exists at least one black square in the
column that contains the vertical exit pair of the pattern. Figures 1, 2 and 3 show
examples of horizontally and vertically blocked labyrinth patterns.

In the self-similar case the following facts were proven [3, Theorem 3.18]:

Theorem 2. Let L∞ be the (self-similar) labyrinth fractal generated by a horizontally
and vertically blocked m ×m-labyrinth pattern. Between any two points in L∞ there is a
unique arc a. The length of a is infinite. The set of all points, at which no tangent to a
exists, is dense in a.

It was proven, that in this case the box counting dimension of all arcs in the fractal
is strictly greater than 1. Moreover, all these arcs have box counting and Hausdorff
dimension strictly less than 2, which easily follows, e.g., from the fact that the dimension
(both box counting and Hausdorff) of the whole fractal is strictly less than 2, see [2, 3].

In the mixed case, it was shown [5] that the fact that the patterns are blocked is not
sufficient in order to obtain all arcs with infinite length.

Very recent research [6, Theorem 5] reveals the following sufficient but not necessary
condition in order to obtain a mixed labyrinth fractal where all (non-trivial) arcs in the
fractal have infinite length.

Theorem 3. If the width-sequence {mk}k≥1 of the sequence {Ak}k≥1 of both horizontally
and vertically blocked labyrinth patterns satisfies the condition

∞

∑
k≥1

1
mk

=∞, (2)

4
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then the mixed labyrinth fractal L∞ has the property that for any two distinct points
x, y ∈ L∞ the length of the arc in L∞ that connects x and y is infinite.

Below we recall a result [4, Lemma 4] that enables us to use paths in the graphs
of labyrinth patterns in order to construct arcs in a labyrinth fractal L∞, both in the
self-similar, and in the mixed case.

Lemma 1. (Arc Construction) Let a, b ∈ L∞, where a ≠ b. For all n ≥ 1, there are
Wn(a),Wn(b) ∈ V (G(Wn)) such that

(a) W1(a) ⊇W2(a) ⊇ . . .,
(b) W1(b) ⊇W2(b) ⊇ . . .,
(c) {a} = ⋂∞n=1Wn(a),
(d) {b} = ⋂∞n=1Wn(b).
(e) The set ⋂∞n=1 (⋃W ∈pn(Wn(a),Wn(b))W ) is an arc between a and b.

Until now, only one result with respect to fractal dimension of mixed labyrinth fractals
was proven [4, Proposition 6, p.121]:

Proposition 1. If a is an arc between the top and the bottom exit in L∞ then

lim inf
n→∞

log( (n))

∑
n
k=1 log(mk)

= dimB(a) ≤ dimB(a) = lim sup
n→∞

log( (n))

∑
n
k=1 log(mk)

,

where (n) denotes the number of squares in the path in G(Wn) that connects the top
and the bottom exit of Wn. For the other pairs of exits, the analogous statements hold.

In the considerations to follow we aim to construct mixed labyrinth fractals whose box
counting dimension can be established. First, we introduce a special sequence of labyrinth
patterns, called snake cross patterns, which enables us to construct mixed labyrinth frac-
tals with the property that the box counting dimension of any non-trivial arc (i.e., arc
that connects two distinct points of the fractal) equals 2. Subsequently, we give a method
for constructing mixed labyrinth fractals of any given (rational) box counting dimension
between 1 and 2. For more details on the box counting dimension and its properties we
refer, e.g., to Falconer’s book [7].

3 Snake cross patterns and mixed labyrinth sets, and
the fractals generated by them
In recent research [5], a special family of labyrinth patterns, called “special cross patterns”
were used in order to construct mixed labyrinth fractals with certain properties of their
arcs. These patterns were chosen due to their symmetry properties, which make them
convenient tools when studying lengths of arcs between exits of the fractal. Here we
introduce a family of patterns called snake cross patterns, whose name is due to the fact
that their shape and some of their properties remind us of the special cross patterns, but,
since here the length of the four “arms” of the cross is meant to be as long as possible, they
have in general more and much bigger windings than the special cross patterns. Figure 3
shows a special cross pattern, and in Figures 4,5 and 6 we see snake cross patterns.

In order to define the sequence {Ak}k≥1 of snake cross patterns, with corresponding
width sequence {mk}k≥1, let us first set mk ∶= 4k + 7, for all k ≥ 1. Each pattern has a
central square Ck, namely the white square that lies in row 2k + 4 and column 2k + 4,
and which is coloured in white. Moreover, the top and bottom exit of any snake cross
pattern lie in column 2k + 4, and the left and right exit lie in row 2k + 4. In Figure 3 the
central square of the pattern is coloured in light grey, in Figure 6 the central square of the
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Figure 3: An example: a special cross pattern of width 11

Figure 4: The snake cross patterns A1,A2,A3 of width 11, 15, and 19,
respectively.

Figure 5: The snake cross patterns A4,A5 of width 23, and 27, respectively.

pattern is white (for better visibility on the coloured figure). Four “arms” emerge from
the central square. In Figure 6 these are marked with different colours. The arms’ shape,
the windings on each of the four arms of the cross, resemble snakes in movement. The
four arms are identical (up to rotation), and each of them can be obtained by the same
procedure:

1. Start from the central square Ck.
2. The exit square on one of the sides of the unit square is selected as a distinguished

vertex of G(Ak), namely, the midpoint of one of its sides coincide with the midpoint
of the mentioned side of the unit square.

3. “Move two steps” (two neighbouring squares) towards the selected exit.
4. Turn to the right and move through pairwise neigbouring squares until either a

diagonal (see Figure 6) is reached or a neighbour of the selected exit is reached. In

6
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the latter case stop the construction of the arm.
5. Turn to the left and “move two steps”.
6. Turn to the left and move until either a diagonal is reached or a neighbour of the

selected exit is reached. In the latter case stop the construction of the arm.
7. Turn to the right and “move two steps”.
8. Repeat steps 4 to 7.

Figure 6: The four arms, the exits and the central square in the snake cross
pattern A2

Remark 1. The k-th snake cross pattern has k windings (“detours”) on each of its four
arms and 2k black squares in the row that contains its left and right exit, as well as in
the column that contains its top and botom exit. We note, according to Figures 3 and 4,
that the first snake cross pattern A1 is in particular a special cross pattern.

It is easy to see that by replacing “left” with “right” and viceversa in the above
construction algorithm of a snake cross pattern we obtain an other labyrinth pattern.
Moreover, due to its shape, we can see it just as the “reflected” initial pattern. We call
the initial one (defined above) a right snake cross pattern because the first turn was to the
right, and its corresponding “reflected” pattern a left snake cross pattern. Throughout
this article we assume, without loss of generality, that all snake cross patterns mentioned
below are right snake cross patterns.

One can immediately see that the snake cross patterns are both horizontally and
vertically blocked labyrinth patterns. One can use these patterns in order to define a
mixed labyrinth fractal L∞: let Akk≥1 be a sequence of snake cross patterns (as defined
above) and L∞ the corresponding labyrinth fractal. We call L∞ a mixed snake labyrinth
fractal.

Based on Theorem 1 and Theorem 3 one immediately obtains the proof of the following
result.

Proposition 2. Let L∞ be a mixed snake labyrinth fractal. Then:
1. L∞ is a dendrite.
2. For any distinct points x, y ∈ L∞, the arc in L∞ that connects x and y has infinite

length.
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4 Mixed labyrinth fractals with arcs of maximal box
counting dimension
Now, our aim is to find the box counting dimension of arcs in a mixed snake labyrinth
fractal. As a first step, we are interested in the arcs that connect exits of L∞. There-
fore, let us consider the lengths of the paths between exits in the labyrinth sets Wn,
for n ≥ 1. For n ≥ 1, let (n) denote the length of the path in G(Wn) that connects
the top and bottom exit of the labyrinth set Wn, and, analogously use the notations
(n), (n), (n), (n), (n) for the lengths of the paths connecting the other six pairs of

exits, respectively, as shown by the symbols. Moreover, for k ≥ 1, let k, k, k, k, k, k

denote the lengths of the corresponding paths in G(Ak). By the lengths of paths in the
graphs we mean the number of graph vertices (i.e., the number of white squares) that lie
on the path.

Lemma 2. With the above notations,

(n) = (n) = (n) = (n) = (n) = (n) =∶D(Ln), for all n ≥ 1.

Proof. (Sketch) One can immediately see that k = k = k = k = k = k, for all k ≥ 1,
and thus in particular (1) = (1) = (1) = (1) = (1) = (1). By induction, one can
then immediately obtain the above result.

We remark that one could also prove the above equalities by using the results on path
matrices of mixed labyrinth fractals [4, Proposition 1], but here in our special case it is
not necessary to use the path matrices.

Proposition 3. Let L∞ be the mixed labyrinth fractal generated by the sequence of snake
cross patterns {Ak}k≥1 defined above. If a is an arc that connects two distinct exits of
L∞, then its box counting dimension is dimB(a) = 2.

Proof. In order to compute the box counting dimension of the arc between two distinct
exits of L∞, we use an alternative definition of the box counting dimenstion [7, Definition
1.3], and we apply the property that one can use, instead of δ → 0, apropriate sequences
(δk)k≥0 (see the cited reference). In our case, for δk = 1

m(k)
, we have δk < 1

5δk−1, and thus
the box counting dimenstion of any arc between two exits in the fractal is given by

dimB(L∞) = lim
n→∞

logD(Ln)

logm(n)
.

Therefore, let us now estimate D(Ln). In order to do this, we count the number of
squares that are along one of the four arms of the pattern Ak (we do not include the
central square of the pattern), taking into account the following facts, according to the
procedure described in Section 3:

(i) in the first step of the construction of the arm one square is added;
(ii) in step 3 two squares are added;

(iii) in the non-final steps 4 and 6 the number of added squares is

1 + 4 + 8 + ⋅ ⋅ ⋅ + 4(k − 1) = 1 + 4(k − 1)k
2

= 2k2
− 2k + 1;

(iv) in the steps 3, 5 and 7 there are 2k added squares;
(v) in the final step 4 or 6 there are 2k − 1 added squares.

8
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The above counting yields a total number of

1 + 2 + (2k2
− 2k + 1) + 2k + (2k − 1) = 2k2

+ 2k + 3

squares. Hence, the length of the path in G(Ak) between two exits of the snake cross
pattern Ak is 2(2k2 + 2k + 3) + 1 = 4k2 + 4k + 7. Thus we obtain

D(Ln) =
n

∏
k=1

(4k2
+ 4k + 7)

for the number of squares in the path in G(Wn) that connects two distinct exits of the
labyrinth set Wn. Due to the arc construction given in Lemma 1 and the fact that the
arc between two exits can be obtained as the limit of the nested sequence of sets defined,
for each n ≥ 1, as the union of the squares that lie in the path in G(Wn) between the
corresponding exits of the labyrinth set Wn, and therefore is covered by the squares in
this path, we obtain

dimB(a) = lim
n→∞

log (∏
n
k=1(4k2 + 4k + 7))

log (∏
n
k=1(4k + 1))

= lim
n→∞

∑
n
i=1 log(4k2 + 4k + 7)
∑
n
k=1 log(4k + 1)

. (3)

Note that for every ε > 0 and for sufficiently large k the inequality 4k2+4k+7 > (4k+1)2−ε

holds, hence dimB(a) ≥ 2. On the other hand, 4k2 + 4k + 7 < (4k + 1)2, which then implies
dimB(a) = 2.

Proposition 3, the structure of mixed labyrinth fractals defined by snake cross patterns,
and the properties of the box counting dimension immediately yield the following corollary.

Corollary 1. Let L∞ be a mixed labyrinth fractal generated by a sequence of snake cross
patterns as above. Then dimB(L∞) = 2.

Notation. Let x ∈ L∞ and n ≥ 1. Along this paper the notation Wn(x) has the
following meaning (analogoulsy as introduced in the proof of [2, Lemma 6] for the case of
self similar labyrinth fractals ): Let W(x) be the set of all white squares in ⋃n≥1Wn that
contains the point x. Let W1(x) be a white square in W1 that contains infinitely many
(white) squares of W(x) as a subset. For n ≥ 2 we define Wn(x) as a white square in Wn,
such that Wn(x) ⊆Wn−1(x), and Wn(x) contains infinitely many white squares of W (x)
as a subset.

Theorem 4. Let L∞ be a mixed labyrinth fractal generated by a sequence of snake cross
patterns as above. Then, for any distinct points x, y ∈ L∞ the arc a(x, y) that connects
them in L∞ has box counting dimension dimB(a(x, y)) = 2.

Proof. Let x ≠ y be two distinct points in the fractal L∞. From a(x, y) ⊂ L∞ it imediately
follows that dimB(a(x, y)) ≤ dimB L∞ = 2. In order to prove the converse inequality, we
proceed as follows.

For any n ≥ 1 let Wn(x) and Wn(y) be white squares of level n, corresponding to the
notation introduced above.

According to the construction of labyrinth sets and fractals it immediately follows that
there exists a value n0 ≥ 1 such that the path in the tree G(Wn0) that connects Wn0(x)
and Wn0(y) consists of at least three white squares (vertices of G(Wn0)), i.e., there exists
a square W ∈Wn0 in this path, such that x, y do not lie in the interior of W .

Now, let us note that, due to the construction and structure of mixed labyrinth fractals,
the intersection of the arc a(x, y) that connects x and y in L∞ with the square W is an
arc a′ = a(x, y) ∩W that connects two exits of the fractal L′∞ = L∞ ∩W , which is just a
scaled labyrinth fractal, obtained from the sequence of snake cross patterns {A′k}k≥1, with
A′k = Ak+n0 , where n was chosen and fixed above. Thus, the arc a′ is just the image of

9
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an arc between two exits of L∞ through a similarity mapping of factor 1/m1m2 . . .mn0 .
Now we sum up as in formula (3), but for the integer k ranging from n0 + 1 (instead of
1) to n. Since the limit of a sequence does not change by removing the first n0 elements
for some fixed n0 we obtain, as in Proposition 3, that any arc that connects distinct exits
of L′∞ has box counting dimension two, and thus, in particular, dimB(a′) = 2, and since
dimB(a(x, y)) ≥ dimB(a′) = 2, we get dimB(a(x, y)) = 2.

Remark 2. The above results show that the snake cross patterns enable us to construct
(mixed) labyrinth fractals based on horizontally and vertically blocked labyrinth patterns
where the box counting dimension of every arc in the fractal as well as that of the fractal
itself equals two. In the case of self-similar labyrinth fractals [2, 3] generated by both
horizontally and vertically blocked patterns, all arcs in the fractal have the same box
counting dimension (strictly less than 2) and this is in general different from the dimension
of the fractal.

5 “Omnidimensionality” of mixed labyrinth fractals
In this section we show that one can use the snake cross patterns in order to construct
mixed labyrinth fractals of any dimension.

Theorem 5. Let δ ∈ [1,2]. Then there exists a (mixed) labyrinth fractal L∞ with the
property that every two exits in the fractal are connected in L∞ by an arc whose box
counting dimension equals δ.

Before giving a proof of the theorem, we prove the following useful result.

Lemma 3. Let a, b, c, d be positive real numbers and let a
b
< α < c

d
. Then there are se-

quences (pk)k≥1 and (qk)k≥1 of integers such that the sequence (rk)k≥1, with rk = pk ⋅a+qk ⋅c
pk ⋅b+qk ⋅d

,
is increasing and limk→∞ rk = α.

Proof. Note that from the lemma’s assumptions we immediately have c−αd
αb−a

> 0. Hence,
there is an increasing sequence (

pk

qk
)
k≥1

, with pk, qk positive integers, such that limk→∞
pk

qk
=

c−αd
αb−a

. We denote εk ∶= pk

qk
− c−αd
αb−a

, for k ≥ 1. Observe, that (εk)k≥1 is a decreasing sequence
that converges to zero. Now, let us proceed to the following computations:

rk =
pka + qkc

pkb + qkd
=

pk

qk
a + c

pk

qk
b + d

=
( c−αd
αb−a

+ εk)a + c

( c−αd
αb−a

+ εk) b + d
=

(c − αd)a + (αb − a)aεk + c(αb − a)

(c − αd)b + (αb − a)bεk + d(αb − a)

=
(cb − da)α + (αb − a)aεk
(cb − da) + (αb − a)bεk

=
(cb − da)α + (αb − a)bαεk + [(αb − a)a − (αb − a)bα]εk

(cb − da) + (αb − a)bεk

= α −
(αb − a)2

(cb − da) + (αb − a)bεk
εk.

Thus, limk→∞ rk = α. In order to prove that the sequence (rk)k≥1 is increasing, let us
consider the function

f(x) ∶= α −
(αb − a)2

(cb − da) + (αb − a)bx
x.

Its first derivative is
f ′(x) = −

(αb − a)2(cb − da)

((cb − da) + (αb − a)bx)
2 < 0.

Thus, the fact that the sequence (εk)k≥1 is decreasing yields that the sequence (rk)k≥1 is
increasing, which completes the proof.
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Proof of Theorem 5. The case δ = 2 has been solved in Section 4.
For the case δ = 1 it is enough to consider, e.g., the mixed labyrinth fractal generated

by a sequence of labyrinth patterns {Ak}k≥1 defined as follows: Figure 7 shows the pattern
A1. In general, for k ≥ 1, Ak has width 2k + 1 and has the shape of a cross, consisting
only of the (k + 1)-th row and (k + 1)-th column. Since the arcs connecting the exits of
the resulting mixed labyrinth fractal are either straight line segments of length 1 or the
union of two straigh line segements of length 1/2 (each), we are done. In this case it
easily follows dimB(L∞) = dimH(L∞) = 1 and box counting dimension of any arc in the
dendrite is 1.

Figure 7: The first pattern in the sequence {Ak}k≥1 that generates a mixed
labyrinth fractal having all arcs of box counting dimension one.

Now, we assume δ ∈ (1,2). Let A0 denote the (unblocked) labyrinth pattern in Figure
7. For k ≥ 1 let Ak be the k-th snake cross pattern, as defined in Section 3. For every
k ≥ 1 we introduce the k-th dimension quotient dk as follows. By definition,

d0 ∶= 1 and dk ∶=
log(4k2 + 4k + 7)

log(4k + 1)
, for all k ≥ 1.

Note that the quotients dk, for k ≥ 1 occur in the computations in formula (3). Since
limk→∞ dk = 2, it follows that there is an integer k ≥ 1 such that

dk ≤ δ ≤ dk+1.

If δ = dk for some k ≥ 1, then the (self similar) labyrinth fractal constructed based on the
snake cross pattern Ak is a solution, and if δ = dk+1 then the (self similar) labyrinth fractal
constructed based on the snake cross pattern Ak+1 is a solution. Let us now assume that
dk < δ < dk+1. More precisely, we then have for this value of k,

log(4k2 + 4k + 7)
log(4k + 1)

< δ <
log ((4(k + 1)2 + 4(k + 1) + 7))

log (4(k + 1) + 1)
. (4)

We use the following notation:

a = log(4k2
+4k+7), b = log(4k+1), c = log (4(k+1)2

+4(k+1)+7), d = log (4(k+1)+1).

Moreover, let α = δ and let (pk)k≥1 and (qk)k≥1 be the sequences occurring in Lemma 3.
We introduce a new sequence of labyrinth patterns (A∗k)k≥1 in the following way.

For k ≥ 1, let A∗k(δ), in short, when δ is known, A∗k, be the labyrinth pattern of width
m∗
k = m

pk

k m
qk

k+1 that is identical to the mixed labyrinth set (of level pk + qk) constructed
by first applying pk times the pattern Ak and then applying qk the pattern Ak+1. Let
L∞(A∗(δ)) be the mixed labyrinth fractal defined by the sequence of patterns (A∗k)k≥1.
Let a(e1, e2) be an arc in L∞(A∗(δ)) that connects two exits e1 ≠ e2 of this mixed

11
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labyrinth fractal. Then its box counting dimension is

dimB(a(e1, e2)) = lim
n→∞

log (∏
n
k=1 ((4k2 + 4k + 7)pk (4(k + 1)2 + 4(k + 1) + 7)qk

))

log (∏
n
k=1 ((4k + 1)pk (4(k + 1) + 1)qk ))

= lim
n→∞

∑
n
k=1 pka + qkc

∑
n
k=1 pkb + qkd

.

Thus, with the notation from Lemma 3 we obtain

dimB(a(e1, e2)) = lim
n→∞

∑
n
k=1(pkb + qkd) (α −

(αb−a)2

(cb−da)+(αb−a)bεk
εk)

∑
n
k=1(pkb + qkd)

= lim
n→∞

⎛
⎜
⎝
α −

∑
n
k=1(pkb + qkd) ⋅

(αb−a)2

(cb−da)+(αb−a)bεk
εk

∑
n
k=1(pkb + qkd)

⎞
⎟
⎠
.

Hence, dimB(a(e1, e2)) ≤ α. It remains to prove that for every ε > 0, we have dimB(a(e1, e2)) >
α − ε, i.e., that

lim
n→∞

∑
n
k=1(pkb + qkd) ⋅

(αb−a)2

(cb−da)+(αb−a)bεk
εk

∑
n
k=1(pkb + qkd)

< ε. (5)

By taking into consideration that lim
k→∞

(αb − a)2

(cb − da) + (αb − a)bεk
εk = 0, and that the sequence

(
(αb−a)2

(cb−da)+(αb−a)bεk
εk)

k≥1
is monotonically decreasing, it follows that there is a k0 such that

for all k ≥ n0 the inequality (αb − a)2

(cb − da) + (αb − a)bεk
εk <

ε

2
holds, and therefore we obtain

that the left hand term in (5) is less than

lim
n→∞

∑
n0
k=1(pkb + qkd) ⋅

(αb−a)2

(cb−da)+(αb−a)bεk
εk +

ε
2 ⋅∑

n
k=n0+1(pkb + qkd)

∑
n0
k=1(pkb + qkd) +∑

n
k=n0+1(pkb + qkd)

<
ε

2
,

which yields dimB(a(e1, e2)) = α = δ.

Corollary 2. Under the assumptions of Proposition 3 we have

dimB (L∞(A
∗
(δ))) = δ.

Theorem 6. Let δ ∈ [1,2), and L∞(A∗(δ)) be be the corrensponding labyrinth fractal,
constructed as in the proof of Theorem 5. Then, for any two distinct points x, y ∈ L∞ the
arc a(x, y) that connects the two points in the fractal has dimB(a(x, y)) = δ.

Proof. (Sketch.) Let δ and L∞(A∗(δ)) be as in the above assumptions. For any distinct
points x, y ∈ L∞(A∗(δ)), we have for the corresponding arc a(x, y) ⊆ L∞(A∗(δ)) that
dimB(a(x, y)) ≤ dimB (L∞(A∗(δ))) = δ. In order to show that dimB(a(x, y)) ≥ δ we
proceed analogously to the proof of Theorem 4. Let again n0 denote an integer such
that the length of the path in the tree G(Wn0) from Wn0(x) ∈ V(G(Wn)) to Wn0(y) ∈

V(G(Wn)) is at least three. Thus, the arc a(x, y) crosses this square along an arc a′ =
a∩ (W ∩L∞(A∗(δ))). The set L∞ ∩W is a scaled mixed labyrinth fractal, defined by the
sequence of patterns (A′k)k≥1, where A′k = A∗n0+k

, for all k ≥ 1. More precisely, this new
sequence of labyrinth patterns defines the labyrinth fractal L′∞, which is just the image of
the dendrite L∞∩W through a similarity mapping with scaling factorm∗

1m
∗
2 . . .m

∗
n0

. Thus,
the arc a′ is the image through a similarity mapping of an arc between two exits of the
fractal L′∞. We obtain dimB(a′) = δ and since a′ ⊂ a(x, y) it follows that dimB(a(x, y)) ≥
dimB(a′) = δ, which completes the proof.
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6 A glimpse into a more general setting
Let us first recall (see [2]) that the core of a labyrinth pattern A is the intersection of
all labyrinth patterns that are subsets of A, in other words a core of a labyrinth pattern
is minimal in the sense that colouring any of its white squares in black would lead to a
pattern that is not a labyrinth pattern anymore. It is easy to see that the core of any
snake cross pattern is the pattern itself.

Figure 8: Example: a labyrinth pattern of width 15 whose core is the snake
cross pattern A2 shown in Figures 4 and 6. The central square and the
pattern’s exits are marked in colour.

Let us denote by Ak(2), for k ≥ 1, the k-th snake cross pattern that occurs in the
construction used in the proof of Theorem 4 and L∞(2) the corresponding mixed labyrinth
fractal.

Corollary 3. If Ak is a sequence of labyrinth patterns such that the core of Ak is A∗k(2),
then the box counting dimension of the resulting fractal L∞ is dimB(L∞) = 2 and every
arc that connects distinct points in this dendrite has box counting dimension 2.

Proof. The fact that dimB(L∞(2)) ≤ 2 is basic, since the box counting dimension of the
unit square is 2. Furthermore, L∞(2) ⊂ L∞ implies dimB(L∞) ≥ 2. For x, y ∈ L∞, x ≠ y,
by using the same ideas as in the proof of Theorem 4 we obtain that dimB(a(x, y)) ≥ 2,
which, together with the converse inequality, implies dimB(a(x, y)) = 2.

We conjecture that a more general statement is valid.

Conjecture 1. Let δ ∈ [1,2]. If {A∗k}k≥1 is a sequence of labyrinth patterns such that
the core of Ak is A∗k(δ), i.e., the k-th snake cross pattern used in the construction of
L∞(A∗(δ)), then every arc that connects distinct points in this dendrite has box counting
dimension δ.

References
[1] D. H. N. Anh, K. H. Hoffmann, S. Seeger, and S. Tarafdar. Diffusion in disordered

fractals. EPL (Europhysics Letters), 70(1):109, 2005.
[2] L. L. Cristea and B. Steinsky. Curves of infinite length in 4 × 4-labyrinth fractals.

Geom. Dedicata, 141:1–17, 2009.
[3] L. L. Cristea and B. Steinsky. Curves of infinite length in labyrinth fractals. Proc.

Edinb. Math. Soc., II. Ser., 54(2):329–344, 2011.

13
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