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Motivation and definitions

Let ve Nand [v] = {1,2,...,v}. Let H: [v]®> = {—1,1} be a function
such that for any distinct w, z € [v] the following holds:
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Motivation and definitions

Let ve Nand [v] = {1,2,...,v}. Let H: [v]®> = {—1,1} be a function
such that for any distinct w, z € [v] the following holds:

> H(x,y,z)H(x,y,w) = > H(x,z,y)H(x,w,y) =
x,y€[v] x,y€[v]

Z H(Z,X,y)H(W,X,y) = 0)
x,y€[v]
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Motivation and definitions

Most algebraic constructions for H € #H(v, 3) rely on an abelian group G
of order v,
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Motivation and definitions

Most algebraic constructions for H € #H(v, 3) rely on an abelian group G
of order v,

where H is piecewise defined and for some

(x,y,2) € G¥ it holds H(x, y,z) = x(¢(x,y, 2)),
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Motivation and definitions

Most algebraic constructions for H € #H(v, 3) rely on an abelian group G
of order v,

where H is piecewise defined and for some
(x,y,2) € G* it holds H(x, y,2) = x(¢(x, y, 2)),

where ¢ : G3 — G and x : G — {—1,1} nontrivial character.
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Motivation and definitions

Most algebraic constructions for H € #H(v, 3) rely on an abelian group G
of order v,

where H is piecewise defined and for some
(x,y,2) € G* it holds H(x, y,z) = x(¥(x,y, 2)),
where ¢ : G3 — G and x : G — {—1,1} nontrivial character.

We will show that this is necessary.

Kristijan Tabak (RIT) Character type constructions 19 - 20 Sep, 2024



Motivation and definitions

Most algebraic constructions for H € #H(v, 3) rely on an abelian group G
of order v,

where H is piecewise defined and for some

(x,y,z) € G3 it holds H(x,y,z) = x(¥(x, v, 2)),

where 9 : G3 — G and x : G — {—1,1} nontrivial character.
We will show that this is necessary.

Or in order to construct such symmetry as an object H € Had(v, 3),
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Motivation and definitions

Most algebraic constructions for H € #H(v, 3) rely on an abelian group G
of order v,

where H is piecewise defined and for some

(x,y,z) € G3 it holds H(x,y,z) = x(¥(x, v, 2)),

where ¢ : G3 — G and x : G — {—1,1} nontrivial character.

We will show that this is necessary.

Or in order to construct such symmetry as an object H € Had(v, 3),

it is necessary to break symmetry and avoid constructions of a type x.
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Notation

A group ring Z[G], where G is an abelian group of order 2n.
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A group ring Z[G], where G is an abelian group of order 2n.

X is a nontrivial character on a group G, its kernel is denoted by Ker(x).
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A group ring Z[G], where G is an abelian group of order 2n.
X is a nontrivial character on a group G, its kernel is denoted by Ker(x).

Let Y = Z agg € Z[G], and let K < G is a subgroup of G,
geiG
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A group ring Z[G], where G is an abelian group of order 2n.
X is a nontrivial character on a group G, its kernel is denoted by Ker(x).
Let Y = Z agg € Z[G], and let K < G is a subgroup of G,
geiG
then YK = Z aggK € Z[G/K], where G/K is a factor group and

geG
gK = K when g € K.
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A group ring Z[G], where G is an abelian group of order 2n.
X is a nontrivial character on a group G, its kernel is denoted by Ker(x).

Let Y = Z agg € Z[G], and let K < G is a subgroup of G,
geiG

then YK = Z aggK € Z[G/K], where G/K is a factor group and

geG
gK = K when g € K.

Let x : G — {—1,1} be a nontrivial character and let K = Ker(x),
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A group ring Z[G], where G is an abelian group of order 2n.
X is a nontrivial character on a group G, its kernel is denoted by Ker(x).

Let Y = Z agg € Z[G], and let K < G is a subgroup of G,
geiG
then YK = Z aggK € Z[G/K], where G/K is a factor group and

geG
gK = K when g € K.

Let x : G — {—1,1} be a nontrivial character and let K = Ker(x),

then |G| = 2|K| and G/K = (aK) = Z, for some a € G.
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A character x act on Z[G] in a natural way, i.e. x (Z agg> = Z agx(g)-
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A character x act on Z[G] in a natural way, i.e. x (Z agg> = Z agx(g)-

Y:G>— G, i€3and we G.
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A character x act on Z[G] in a natural way, i.e. x (Z agg> = Z agx(g)-

Y:G>— G, i€3and we G.

We will denote by i, : G> — G a restriction of a function 7 such that an
i-th coordinate is w, while two others are some x,y € G, i.e.
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A character x act on Z[G] in a natural way, i.e. x (Z agg> = Z agx(g)-

Y:G>— G, i€3and we G.

We will denote by i, : G> — G a restriction of a function 7 such that an
i-th coordinate is w, while two others are some x,y € G, i.e.

¢2w(X7}/) = ¢(X7 va) and ¢1w(X7)/) = ¢(W7X7y)‘
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A character x act on Z[G] in a natural way, i.e. x (Z agg> = Z agx(g)-

Y:G>— G, i€3and we G.

We will denote by i, : G> — G a restriction of a function 7 such that an
i-th coordinate is w, while two others are some x,y € G, i.e.

¢2w(X7}/) = ¢(X7 va) and ¢1w(X7)/) = ¢(W7X7y)‘

Let z,w € G and i € [3].
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A character x act on Z[G] in a natural way, i.e. x (Z agg> = Z agx(g)-

Y:G>— G, i€3and we G.

We will denote by i, : G> — G a restriction of a function 7 such that an
i-th coordinate is w, while two others are some x,y € G, i.e.

Yaw(x,y) = ¥(x, w,y) and Y1y(x,y) = ¥(w, x,y).
Let z,w € G and i € [3].

Thesum > (X, y)in(x, y) shall be denoted by
(x,y)eG?
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A character x act on Z[G] in a natural way, i.e. x (Z agg> = Z agx(g)-

Y:G>— G, i€3and we G.

We will denote by i, : G> — G a restriction of a function 7 such that an
i-th coordinate is w, while two others are some x,y € G, i.e.

¢2w(X7}/) = ¢(X7 va) and ¢1w(X7)/) = ¢(W7X7y)‘

Let z,w € G and i € [3].

Thesum > (X, y)in(x, y) shall be denoted by
(x,y)eG?

Q[)iZ(GQ)@Z)iW(G2)'
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Hadamard map

Y : G3 — G is a Hadamard map (modulo K < G)
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Hadamard map

Y : G3 — G is a Hadamard map (modulo K < G)

if in a group ring Z[G/K] the following holds:
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Hadamard map

Y : G3 — G is a Hadamard map (modulo K < G)

if in a group ring Z[G/K] the following holds:

biz (G i (G K = 2n%(1 + a)K,
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Hadamard map

Y : G3 — G is a Hadamard map (modulo K < G)

if in a group ring Z[G/K] the following holds:
Vi (GO (GAK = 2n2(1 + a)K,

for all distinct z,w € G and i € [3)].
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Hadamard map

Y : G3 — G is a Hadamard map (modulo K < G)

if in a group ring Z[G/K] the following holds:

biz (G i (G K = 2n%(1 + a)K,

for all distinct z,w € G and i € [3)].

The set of all Hadamard maps on a group G is denoted by Had(G).
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Main Proposition and character type subset of Had(|G|,3)

Main technical (and easy to prove) proposition...
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Main Proposition and character type subset of Had(|G|,3)

Main technical (and easy to prove) proposition...

Proposition.

Let G be an abelian group of even order and let x : G — {—1,1} be a
nontrivial character on G with kernel K and G/K = (aK). Let Y € Z[G].
Then x(Y) = 0 if and only if there is € Z such that YK = u(1 + a)K.
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Main Proposition and character type subset of Had(|G|,3)

Main technical (and easy to prove) proposition...

Proposition.

Let G be an abelian group of even order and let x : G — {—1,1} be a
nontrivial character on G with kernel K and G/K = (aK). Let Y € Z[G].
Then x(Y) = 0 if and only if there is € Z such that YK = u(1 + a)K.

Definition.

A character type subset of Had(|G|,3) is a collection of maps from
‘Had(| G|, 3) which have form x1, where x is a nontrivial character on G
with an image {—1,1} and ¢ is a function from G3 to G.
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The distribution vector and nets

Hadamard map < character type subset of Had(|G]|,3)
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The distribution vector and nets

Hadamard map < character type subset of Had(|G]|,3)

Theorem. (Had(|G|,3) < character type subset)

Let G be an abelian group of order 2n and let K < G be a subgroup of
index 2. Then ¢ € Had(G) (modulo K) if and only if xt is from character
type subset of #ad(2n,3), where x be a character on G with a kernel K.
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The distribution vector and nets

Hadamard map < character type subset of Had(|G]|,3)

Theorem. (Had(|G|,3) < character type subset)

Let G be an abelian group of order 2n and let K < G be a subgroup of
index 2. Then ¢ € Had(G) (modulo K) if and only if xt is from character
type subset of #ad(2n,3), where x be a character on G with a kernel K.

For ¢ : G®> — G we define a distribution vector Ay € ]F'fz‘ of a function %
(modulo K) as
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The distribution vector and nets

Hadamard map < character type subset of Had(|G]|,3)

Theorem. (Had(|G|,3) < character type subset)

Let G be an abelian group of order 2n and let K < G be a subgroup of
index 2. Then ¢ € Had(G) (modulo K) if and only if xt is from character
type subset of #ad(2n,3), where x be a character on G with a kernel K.

2
For ¢ : G> — G we define a distribution vector Ay, € ]FLG |

(modulo K) as

of a function %

Ay = (Ay(8))gec,
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The distribution vector and nets

Hadamard map < character type subset of Had(|G]|,3)

Theorem. (Had(|G|,3) < character type subset)

Let G be an abelian group of order 2n and let K < G be a subgroup of
index 2. Then ¢ € Had(G) (modulo K) if and only if xt is from character
type subset of #ad(2n,3), where x be a character on G with a kernel K.

For ¢ : G®> — G we define a distribution vector Ay € ]F|262 of a function %

(modulo K) as

Ay = (Ay(8))gec,

where Ay (g) =1 if and only if ¢(g) & K
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The distribution vector and nets

Let V be a vector space of dimension 4n? over F».
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The distribution vector and nets

Let V be a vector space of dimension 4n? over F».

For (vi,...,v4y2) € V we define a norm of v as
v =I{i € [4n*] | vi = 1}|
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The distribution vector and nets

Let V be a vector space of dimension 4n? over F».

For (vi,...,v4y2) € V we define a norm of v as
v =I{i € [4n*] | vi = 1}|

A set of vectors {v; | i € [2n]} C V is called a (4n?,2n?, 2n)-net if
|vi + v;| = 2n? for all distinct i and ;.
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The distribution vector and nets

Let V be a vector space of dimension 4n? over F».

For (vi,...,v4y2) € V we define a norm of v as
v =I{i € [4n*] | vi = 1}|

A set of vectors {v; | i € [2n]} C V is called a (4n?,2n?, 2n)-net if
|vi + v;| = 2n? for all distinct i and ;.

Proposition.

Let G be an abelian group of even order and let K < G be a subgroup of
index 2 such that G/K = (aK) and ¢ : G> — G. Then

1
Y(G?) = 5|Gzl(1 + a)K if and only if a distribution vector Ay has norm

1
equal to §]G2].
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The distribution vector and nets
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The distribution vector and nets

Let G be an abelian group of even order and let K < G be a subgroup of
index 2 such that G/K = (aK). Let ¢; : G — G, i = 1,2 where )\, are
respective distribution vectors. Then the following is equivalent

Q Y1Uo(G?)K = %|G2](1 + a)K,
1
Q Ay, + Ay, = §|G2|v
where ¢192(G?) = Y 1(g)v2(g).

geG?
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The distribution vector and nets
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The distribution vector and nets

Let G be an abelian group of even order and let K < G be a subgroup of
index 2 such that G/K = (aK). Then ¢ € Had(G) (modulo K) if and

only if the set of distribution vectors {p;, | z € G} is a (4n?,2n%,2n)-net,
where ¥;,(x,y) = a?=0Y ki, (x,y), i € [3], kiz(x,y) € K for some order

of G2.
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Let G be an abelian group of even order and let K < G be a subgroup of
index 2 such that G/K = (aK). Then ¢ € Had(G) (modulo K) if and
only if the set of distribution vectors {p;, | z € G} is a (4n?,2n%,2n)-net,
where ¥;,(x,y) = a?=0Y ki, (x,y), i € [3], kiz(x,y) € K for some order
of G2.

Let ¢ : G3 — F. Let xp, yo and zp are from G and
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The distribution vector and nets

Let G be an abelian group of even order and let K < G be a subgroup of
index 2 such that G/K = (aK). Then ¢ € Had(G) (modulo K) if and
only if the set of distribution vectors {p;, | z € G} is a (4n?,2n%,2n)-net,
where ¥;,(x,y) = a?=0Y ki, (x,y), i € [3], kiz(x,y) € K for some order
of G2.

Let ¢ : G3 — F. Let xp, yo and zp are from G and

2
Plxy = (SO(XOaY,Z))(yyz)Ecz € an ,

11/13
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The distribution vector and nets

Let G be an abelian group of even order and let K < G be a subgroup of
index 2 such that G/K = (aK). Then ¢ € Had(G) (modulo K) if and
only if the set of distribution vectors {p;, | z € G} is a (4n?,2n%,2n)-net,
where ¥;,(x,y) = a?=0Y ki, (x,y), i € [3], kiz(x,y) € K for some order
of G2.

Let ¢ : G3 — F. Let xp, yo and zp are from G and

2
Plxy = (SO(XOaY,Z))(yyz)Ecz € an ,

2
P2yy = (90(X7y07z))(x7z)6(,‘2 S an s
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The distribution vector and nets

Let G be an abelian group of even order and let K < G be a subgroup of
index 2 such that G/K = (aK). Then ¢ € Had(G) (modulo K) if and
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2
P3zg = (@(X,y,ZO))(X’y)eGQ S an .
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Let G be an abelian group of even order and let K < G be a subgroup of
index 2 such that G/K = (aK). Then ¢ € Had(G) (modulo K) if and
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The distribution vector and nets

We will say that ¢ is (4n?,2n?,2n)-net cube if
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The distribution vector and nets

We will say that ¢ is (4n?,2n?,2n)-net cube if

{¢ig | g € G} is a (4n?,2n%,2n)-net for any i € [3].
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The distribution vector and nets

We will say that ¢ is (4n?,2n?,2n)-net cube if

{¢ig | g € G} is a (4n?,2n%,2n)-net for any i € [3].
Theorem. (Had(G) < net cube)

Let G be an abelian group of even order and let K < G be a subgroup of
index 2 such that G/K = (aK). Let ¢ : G> — G be a map where
Y(x,y,z) = a?*¥2k(x,y, z), such that p(x,y, z) € Fs and

k(x,y,z) € K for (x,y,z) € G3. Then ) € Had(G) if and only if ¢ is
(4n?,2n2 2n)-net cube.
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The distribution vector and nets

We will say that ¢ is (4n?,2n?,2n)-net cube if
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Final circle
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Final circle

Theorem. (net cube < 3-dim Hadamard cube

The existence of a (4n?,2n?,2n)-net cube on an abelian group G of order
2n is equivalent to the existence of a 3-dimensional Hadamard cube of
order 2n.
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Thank you!
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