
Motivation Introduction Continuants Duals

Generalized Continuant Polynomials

Ivica Martinjak1

1Zagreb, Croatia

5th Croatian Combinatorial Days

Zagreb 2024

Ivica Martinjak1 Generalized Continuant Polynomials



Motivation Introduction Continuants Duals

a
b

= z1 +
r1

b

= z1 +
1

z2 +
r2
r1

= z1 +
1

z2 +
1

z3+
1

z4

...going backwords

a
b
= z1 +

1
z2 +

z4
z3q4+1

= z1 +
z3z4 + 1

z2z3z4 + z2 + z4

Ivica Martinjak1 Generalized Continuant Polynomials



Motivation Introduction Continuants Duals

z1z2z3z4 + z1z2 + z1z4 + z3z4 + 1
z2z3z4 + z2 + z4

,

z1z2z3z4z5 + z1z2z3 + z1z4z5 + z3z4z5 + z1 + z3 + z5.
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Definition

K0() = 1, K1(x1) = x1

Kn(x1, . . . , xn) = Kn−1(x1, . . . , xn−1)xn + Kn−2(x1, . . . , xn−2) (1)

K2(x1, x2) = x1x2 + 1
K3(x1, x2, x3) = x1x2x3 + x1 + x3

K4(x1, x2.x3, x4) = x1x2x3x4 + x1x2 + x1x4 + x3x4 + 1
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Identities...

Kn(x1, . . . , xk−1,0, xk+1, . . . , xn)

= Kn−2(x1, . . . , xk−2, xk−1 + xk+1, xk+2, . . . , xn)

Kn(x1, . . . , xn−1, xn + y)
= Kn(x1, . . . , xn−1, xn) + Kn−1(x1, . . . , xn−1)y

Euler:

Km+n(x1, . . . , xm+n)Kk (xm+1, . . . , xm+k )

= Km+k (x1, . . . , xm+k ) + Kn(xm+1, . . . , xm+n)y
+(−1)kKm−1(x1, . . . , xm−1)Kn−k−1(xm+k+2, . . . , xm+n)

Ivica Martinjak1 Generalized Continuant Polynomials



Motivation Introduction Continuants Duals

Euler’s interpretation

Kn(z, z, . . . , z) =
n∑

k=0

(
n − k

k

)
zn−2k

Kn(1,1, . . . ,1) = Fn+1

K3(x1.x2.x3) = x1x2x3 + x1 + x3

x1x2x3 x1 x3
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Proposition
For the integer n ≥ 0 we have

x1 · · · xn+2 +
∑

0≤j≤n

Kj(x1, . . . , xj)xj+3 · · · xn+2 = Kn+2(x1, . . . , xn+2)

Proof. By induction. By a combinatorial argument.

K5(x1, x2, x3, x4, x5) = x1x2x3x4x5 + K0()x3x4x5 + K1(x1)x3x4

+K2(x1x2)x5 + K3(x1, x2, x3)
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Consequences of Proposition 1

Corollary
For the Fibonacci sequences we have

1 +
n∑

k=0

Fk = Fn+2

Corollary
For the binomial coefficients we have ("upper summation")∑

k≤j≤n

(
j
k

)
=

(
n + 1
k + 1

)
.

Proofs: evaluation of Proposition 1.
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Proposition
For the integer n ≥ 0 we have

[n even] +
∑

1≤j, j odd
Kn−j(x1, . . . , xn−j)xn−j+1 = Kn(x1, . . . , xn).

Proof:

Kn(x1, . . . , xn) = Kn−1(x1, . . . , xn−1)xn + Kn−2(x1, . . . , xn−2)

= Kn−1(x1, . . . , xn−1xn + [(n − 2) even]

+
∑

1≤j, j odd
Kn−2−j(x1, . . . , xn−2)xn−j−1

= [n even] +
∑

1≤j, j odd
Kn−j(x1, . . . , xn−j)xn−j+1
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Consequences of Proposition 2

Corollary
For the Fibonacci sequences we have

n−1∑
k=0

F2k+1 = F2n

1 +
n∑

k=1

F2k = F2n+1

Corollary
For the binomial coefficients we have ("parallel summation")∑

0≤k≤n

(
m + k

k

)
=

(
m + n + 1

n

)
.
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Definition

Kn(x1, . . . , xn, y1, . . . , yn−1, z1, . . . , zn−1)

= xnKn−1(x1, . . . , xn−1, y1, . . . , yn−2, z1, . . . , zn−2)

−yn−1zn−1Kn−2(x1, . . . , xn−2, y1, . . . , yn−3, z1, . . . , zn−3)

(2)

K0() = 1
K1(x1) = x1

K2(x1, x2, y1, z1) = x1x2 − y1z1

K3(x1, x2, x3, y1, y2, z1, z2) = x1x2x3 − x1y2z2 − x3y1z1

K4(· · · ) = x1x2x3x4 − x1x2y3z3 − x1x4y2z2

−x3x4y1z1 + y1y3z1z3
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Theorem 1

Theorem
For the integer n ≥ 0 we have

Kn+2(x1, . . . , xn+2, y1, . . . , yn+1, z1, . . . , zn+1) = x1x2 · · · xn+2

−
∑

0≤j≤n

yj+1zj+1Kj(x1, . . . , xj , y1, . . . , yj−1, z1, . . . , zj−1)xj+3 · · · xn+2

The close form of this summation we shall prove by induction.
Clearly, the equality holds true when n is equal to zero. In that
case the left hand side of the equality gives x1x2 − y1z1, and
this is exactly K2(x1, x2; y1; z1). The induction step is provided
through the recurrence relation.
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Proof of the Theorem 1

Kn+2(· · · ) = xn+2Kn+1(· · · )− yn−1zn−1Kn(· · · )

=

(
x1x2 · · · xn+1 +

∑
0≤j≤n−1

yj+1zj+1Kj(· · · )xj+3 · · · xn+1

)
xn+2

−yn−1zn−1Kn(· · · )
= x1x2 · · · xn+2 −

∑
0≤j≤n−1

yj+1zj+1Kj(· · · )xj+3 · · · xn+2

−yn−1zn−1Kn(· · · )
= x1x2 · · · xn+2 −

∑
0≤j≤n

yj+1zj+1Kj(· · · )xj+3 · · · xn+2.

Ivica Martinjak1 Generalized Continuant Polynomials



Motivation Introduction Continuants Duals

Consequences of Theorem 1

Corollary
For the integer n ≥ 0 we have

n∑
k=0

Jk =
1
2
(Jn+2 − 1).

Corollary
For nonnegative integers n and k we have∑

k≤j≤n

(
j
k

)
=

(
n + 1
k + 1

)
.
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Consequences of Theorem 1 ...

Corollary

For the integer n ≥ 0 we have

det



1 1
1 2 1

1 3 1

. . .
. . .

. . .
1

1 n


= n! −

n−2∑
j=0

nn−j−2 · det



1 1
1 2 1

. . .
. . .

. . .
1

1 j



det


1 1
1 2 1

1 3 1
1 4 1

1 5

 = K (1, 2, 3, 4, 5, 1, 1, 1, 1, 1, 1, 1, 1)

= 5! − 53 − 52 · K (1) − 51 · K (1, 2, 1, 1) − K (1, 2, 3, 1, 1, 1, 1)

= 40 − 5 · det
(

1 1
1 2

)
+ 5 · det

1 1
1 2 1

1 3


= 33
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Consequences of Theorem 1 ...

det


1 F1
− 1 F2
− 1 F3

− 1 F4
− 1

 = K (1,1,1,1,1,F1,F2,F3,F4,−,−,−,−)

= 1 + F1K () + F2K (1) + F3K (1,1,F1,−)
+F4K (1,1,1,F1,F2,−,−)

= 1 + F1 + F2|1|+ F3 · det
(

1 F1
− 1

)

+F4 · det

1 F1
− 1 F2
− 1


= 1 + 1 + 1 + 4 + 9
= 16
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Theorem 2

Theorem

For the integer n ≥ 0 we have

Kn(x1, . . . , xn, y1, . . . , yn−1, z1 . . . , zn−1) =

n−1∑
j even, j=0

(−1)(n−j−1)/2Kj (x1, . . . , xj , y1, . . . , yj−1, z1 . . . , zj−1) · xj+1 ·
n−1∏

k even, k=j+2

yk zk

when n is odd, and

Kn(x1, . . . , xn, y1, . . . , yn−1, z1 . . . , zn−1) =

n−1∑
j odd, j=−1

(−1)(n−j−1)/2Kj (x1, . . . , xj , y1, . . . , yj−1, z1 . . . , zj−1) · xj+1 ·
n−1∏

k odd, k=j+2

yk zk

when n is even.

K0()x1y2z2y4z4 − K2(x1, x2, y1, z1)x3y4z4 + K4(x1, x2, x3, x4, y1, y2, y3, z1, z2, z3)x5 =

K5(x1, x2, x3, x4, x5, y1, y2, y3, y4, z1, z2, z3, z4)
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Consequences of Theorem 2 ...

Corollary
For the integer n ≥ 0 we have

n−1∑
k=0

F2k+1 = F2n

1 +
n∑

k=1

F2k = F2n+1

F6 = K (1,1,1,1,1,−,−,−,−,1,1,1,1)
= 1 + K (1,1,−,1) + K (1,1,1,1,−,−,−,1,1,1)
= 1 + F3 + F5
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Jacobsthal numbers

Corollary
For the integer n ≥ 0 we have

n−1∑
k=0

2n−k−1 · J2k+1 = J2n

2n +
n∑

k=1

2n−k · J2k = J2n+1

Proof: Evaluation of Theorem 2 for
Kn(1,1, . . . ,1,−2,−2, . . . ,−2,1,1, . . . ,1).
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Parallel summation

Corollary
For nonnegative integers m and n we have∑

0≤k≤n

(
m + k

k

)
=

(
m + n + 1

n

)
.

Proof: By evaluation of Theorem 2...
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Corollary

For the integer n ≥ 0 we have

det



1 1
1 2 1

1 3 1

. . .
. . .

. . .
1

1 n


=

n−1∑
j=−1

P(j)(−1)
n−j−1

2 · j · det



1 1
1 2 1

. . .
. . .

. . .
1

1 j



where P(j) = [j even] if n is odd, and P(j) = [j odd ] if n is even.

det


1 1
1 2 1

1 3 1
1 4 1

1 5

 = K (1, 2, 3, 4, 5, 1, 1, 1, 1, 1, 1, 1, 1)

= 1 − 3 · K (1, 2, 1, 1) + 5 · K (1, 2, 3, 4, 1, 1, 1, 1, 1, 1)

= 1 − 3 · det
(

1 1
1 2

)
+ 5 · det


1 1
1 2 1

1 3 1
1 4


= 33
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det


1 F1
− 1 F2
− 1 F3

− 1 F4
− 1

 = K (1,1,1,1,1,F1,F2,F3,F4,−,−,−,−)

= F2F4 − F4 · K (1,1,F1,−)
+ · K (1,1,1,1,F1,F2,F3,−,−,−)

= F2F4 − F4 · det
(

1 F1
− 1

)

+det


1 F1
− 1 F2
− 1 F3

− 1


= 16
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Kn(1, . . . , 1; 0, . . . , 0; 0, . . . , 0) 1, 1, 1, . . . , 1, . . . A000012
Kn(−1, . . . ,−1; 0, . . . , 0; 0, . . . , 0) 1,−1, 1, . . . , (−1)n, . . . A033999
Kn(2, . . . , 2; 1, . . . , 1; 1, . . . , 1) 1, 2, 3, . . . , n + 1, . . . A000027
Kn(−2, . . . ,−2; 1, . . . , 1; 1, . . . , 1) 1,−2, 3,−4, . . . , (−1)n(n + 1), . . . A181983
Kn(a, . . . , a; 0, . . . , 0; 0, . . . , 0) 1, a, a2, a3, . . . , an, . . .

Kn(−a, . . . ,−a; 0, . . . , 0; 0, . . . , 0) 1,−a, a2,−a3, . . . , (−1)nan, . . .

Kn(3, . . . , 3; 2, . . . , 2; 1, . . . , 1) 1, 3, 7, 15, . . . , 2n+1 − 1, . . . A000225
Kn(−3, . . . ,−3; 2, . . . , 2; 1, . . . , 1) 1,−3, 7,−15, . . . , (−1)n(2n+1 − 1), . . . A225883
Kn(1, . . . , 1;−1, . . . ,−1; 1, . . . , 1) 1, 1, 2, 3, 5 . . . , Fn+1, . . . A000045
Kn(−1, . . . ,−1;−1, . . . ,−1; 1, . . . , 1) 1,−1, 2,−3, 5 . . . , (−1)nFn+1, . . . A039834
Kn(1, 2, 3, . . . , n; 0, . . . , 0; 0, . . . , 0) 1, 2, 6, 24, , . . . , n!, . . . A000142
Kn(1, 2, 3, . . . , n; 1 . . . , 1; 1, . . . , 1) 1, 1, 1, 2, 7, 33, 191, . . . A058797
Kn(1, 1, 1, . . . , 1; 1, 1, 2, . . . , Fn ;−, . . . ,−) 1, 1, 2, 3, 7, 16, 51, 179, . . . , A089125
Kn(3, . . . , 3; 1, . . . , 1; 3, . . . , 3) 1, 3, 6, 9, 9, 0,−27,−81,−162, . . . A057083
Kn(5, . . . , 5; 1, . . . , 1; 5, . . . , 5) 1, 5, 20, 75, 275, 1000, 3625, . . . A030191
Kn(3, . . . , 3; 2, . . . , 2; 3, . . . , 3) 1, 3, 3,−9,−45,−81, 27, 567, . . . A190960

Thank you for your attention!
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