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21202324 + 2120 + Z124 + Z324 + 1
2027324 + Zo + 24
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21202324275 + Z12023 + Z12Z425 + 232425 + Z1 + Z3 + Z5.
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Introduction
Definition

Ko() =1, Ki(x1) =xq

Kn(X1, ..., Xn) = Kn—1 (X1, ..o, Xn—1)Xn + Kn—2(X1, ..., Xp—2) (1)
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Introduction

Definition

Ko() =1, Ki(x1) =xq

Kn(X1, ..., Xn) = Kn—1 (X1, ..o, Xn—1)Xn + Kn—2(X1, ..., Xp—2) (1)

Ka(x1,X%) = XiX2+1
K3(X1,X2,X3) = X1XoX3 + X1 + X3
Ka(X1, Xo.X3,X4) = X{XoX3Xq + X1 Xo + X1Xq + X3Xg4 + 1
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Introduction

Identities...

Kn(Xh~-’Xk—1,07Xk+17~-’Xn)

= Kn—2(X1, .., Xk—2, Xk—1 + Xk1, Xk42, - - - » Xn)

Kn(Xh---,anthﬁLy)
= Kn(X17~-,Xn—1,Xn)+Kn—1(x1a--wxn—1)y

Euler:

Km+n(X1, - s Xmin) K (Xm15 - - - s Xmovk)
= Knk(X1, -+ Xmik) + Kn(Xmi1s -, Xmen)y
(=) K1 (X1, - - Xm—1) Kn—k—1 (Xmks2, - - - » Xmen)
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Introduction
Euler’s interpretation

n
Kn(z,2,...,2) =) <n ; k>z”_2k

k=0

Kn(1,1,...,1) = Fpuq

0y N B O

X1X2X3 X1 X3

K3(X1 .X2.X3) = X{XoX3 + X1 + X3
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Proposition

For the integer n > 0 we have

X1 Xpg2 + Z Ki(X15 .- s X)Xj13 -+ Xnp2 = Knya(X1, ., Xni2)
0<j<n

Proof. By induction. By a combinatorial argument.

Ks(X1, X2, X3, Xa,Xs5) = X1 X2X3XaX5 + Ko()X3XaXs + Ki(X1)X3Xs
+Ka(x1x2) x5 + K3(x1, X2, X3)
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Continuants
Consequences of Proposition 1

Corollary

For the Fibonacci sequences we have

n
1+ZFk:Fn+2
k=0

v

Corollary

For the binomial coefficients we have ("upper summation")

2065

Proofs: evaluation of Proposition 1.

A\
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Proposition

For the integer n > 0 we have

[neven]+ > Kn_j(Xt,.., Xn_j)Xn_jr1 = Kn(X1, ..., Xn).
1<j, j odd

Proof:

Kn(X1,...,Xn) = Kn1(X1,.. ., Xn—1)Xn + Kn_2(X1, ..., Xn_2)

Kn—1 (X17 ooy Xn—1Xn + [(n - 2) even]

+ Z Kn—2—j(X1, ..., Xn—2)Xn—j—1
1<j, jodd

= [nevenl+ > Knj(X. -\ Xnj)Xnji1
1<j, jodd
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Continuants

Consequences of Proposition 2

Corollary

For the Fibonacci sequences we have

n—1
> Foki1 = Fen
k=0

n

14> Fox = Fonss
k=1

For the binomial coefficients we have ("parallel summation"”)

>, (=)

0<k<n
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Definition

Kn(X1a---aXna}/17-~-aYn—1aZ1,~--7Zn—1)
= XnKn_1(X1, - s Xn—1, Y1, Yn-2,21,.-,Zn_2) (2)
_Yn—1zn—1Kn—2(X1a~-axn—27}/1w-~aYn—3aZ1’-~-7Zn73)
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Definition

Kn(X1, - s X, Y15 oo s ¥n1s 21y -+ s Zn—1)
= XnKn_1(X1, - s Xn—1, Y1, Yn-2,21,.-,Zn_2) (2)
~Yn-1Zn_1Kn_2(X1, .- Xn—2, Y1, -+ ¥n-3, 21, - -, Zn_3)
Ko 1
Ki(x1) = x
= X1X2 — Y14

KS(X17X27X3J/17}’27 Z1722

)

)
Kao(Xy1, X2, ¥1,21)
)

Ka(---)

X1XoX3 — X1Y2Z2 — X3Y124
X1 XoX3X4 — X1X2Y32Z3 — X1 XgY222

—X3X4Y1Z1 + YV1Y3212Z3
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Theorem 1

Theorem
For the integer n > 0 we have

Knio(X1, - Xng2, Yas oo s Yt 245 - -+, Zng1) = X4 X2 -+ Xpy2
- Z yj+1Zj+1l<j(X1,...,Xj,y1,...,}/j_1,Z1,...,Zj_1)Xj+3"'Xn+2
0<j<n

V.

The close form of this summation we shall prove by induction.
Clearly, the equality holds true when n is equal to zero. In that
case the left hand side of the equality gives xi1 x> — y1z1, and
this is exactly K>(xy, X2; y1; Z1). The induction step is provided
through the recurrence relation.
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Proof of the Theorem 1

Knya(-+)

XnpoKni1 () = Yn1Zn—1Kn(- )

(X1X2"'Xn+1+ Z J’j+1Zj+1Kj(“')Xj+3"‘Xn+1>X

0<j<n-1
~Yn-1Zn-1Kn(--+)
X1X2 -+ Xnyo — Z Yis1Zi1 K- )Xj43 - Xng2
0<j<n-1

~Yn-1Zn-1Kn(--+)

X1Xo - Xpyo — Z Yis1Z1 Ki(- - ) X3 - Xngo
0<j<n

Ivica Martiniak1 Generalized Continuant Polynomials



Duals
Consequences of Theorem 1

For the integer n > 0 we have

ZJk_ (Jng2 — 1).

For nonnegative integers n and k we have

= ()= (5)
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Duals

Consequences of Theorem 1 ...

Corollary

For the integer n > 0 we have
1
1 1
2 1
18 1 n—2 e
det ) ) ) =nl— 3 "2 det
J=0 1
1 1 .
1 n /
v
1 1
1 2 1
det 13 1 = K(1,2,3,4,5,1,1,1,1,1,1,1,1)
1 4 1
1 5

= 5 -5 _52. k(1) -5 K(1,2,1,1) — K(1,2,3,1,1,1,1)

1 1 ! !
= 40—5<det(1 2>+5-det 1 2 1
1 3

= 33
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Duals
Consequences of Theorem 1 ...

1 F
-1 R
det - 1 F3 = K(171a171a17F17F27F37F47_7_a_a_)
- 1 K

= 1—|—F1K()—|—FQK(1)—|-F3K(1,1,F1,—)
+F4K(171717F1,F27_a_)
:1+H+5H+ﬁdaC T)

1 F
+F4 -det | — 1 F2
— A

= 1+1+1+4+9
— 16
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Theorem 2

For the integer n > 0 we have

Kn(¥, - X0, Y1, - Yn—1,21 -+, Zn—1) =
n—1 i 1)/2 n—1
n—j—
(_1)( =1/ K/(X1,...,Xj,y1,...,y/'_1,21..,,Z/'_1)~Xj+1~ H Yk 2k
j even, j=0 k even, k=j+2

when n is odd, and

Kn(X1, - s Xns Y4s o s Yn—1s21 «+ -1 Zn—q) =
n—1 e n—1
f—
S (=1)n=i=n/ Ki(X1, o s X Yes oo Y15 21 -5 Zq) - Xjgq - I YkZk
j odd, j=—1 k odd, k=j+2

when n is even.

Ko()X1Yazayazs — Ko(X1, X2, Y1, 21)XaYaza + Ka(X1, X2, X35 Xa, Y15 Y2, Y35 21, 22, 23)X5 =
Ks(X1, X2, X3, X4, X5, Y1, Y2 Y3+ Yas 215 225 235 24)
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Duals

Consequences of Theorem 2 ...

Corollary

For the integer n > 0 we have

n—1
> Foki1 = Fon
k=0

n

14+ Fok = Fonyt
k=1

F6 = K(1)171)171)_7_)_7_7171)171)
= 1+K(1717_71)+K(17 ) 1y 7_7_7_717171)
= 14+ F+Fs
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Jacobsthal numbers

Corollary

For the integer n > 0 we have

= J2n

= Jonyt

Proof: Evaluation of Theorem 2 for
Kn(1,1,..
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Duals
Parallel summation

For nonnegative integers m and n we have

501072

0<k<n

Proof: By evaluation of Theorem 2...
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Corollary

For the integer n > 0 we have

det o - PO 1) "E" . det

1 n. i /

where P(j) = [j even] ifnis odd, and P(j) = [j odd] if n is even.

1
2 1
det 13 1 =  K(1,2,3,4,5,1,1,1,1,1,1,1,1)
1 1
15
= 1-8-K(1,2,1,1)+5-K(1,2,3,4,1,1,1,1,1,1)
11
101 12 1
= 173<det(1 2>+5-det 1 3 4
y

= 33

njak’ Generalized Col



det - 1 F = KA1 1R P P Py — ==, )

= RFi—Fa K(1,1,F,—)
+’l<(171a‘Ia‘IthFZ,FC.’n*a*v*)
= F2F4—F4~det<1 ,;_1)
1 A
1 A
~ 1R
A

+ det

= 16
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L1101, A000012
1, =11, ., (=), ... A033999
1,2,8,...,n+1,... A000027
1,-2,8,—4,...,(=1)"(n+1),... A181983
1,a,8,a,...,a", ...

1,—a, &, —a, ..., (=1)"a", ...
1,8,7,15,...,2M 1 1 . A000225
1,-8,7,—15,...,(=1)"@"1" —1),... A225883
1,1,2,3,5. .., Fopq, - - - AA000045
1,-1,2,-3,5. .., (=) Fpyq,. .- A039834
1,2,6,24,,...,nl,... A000142
1,1,1,2,7,33,191, . .. A058797
1,1,2,3,7,16,51,179, ..., A089125
1,3,6,9,9,0, —27, —81, —162, . . . A057083
1,5, 20, 75, 275, 1000, 3625, . . . A030191
1,3,3, —9, —45, —81,27,567, . .. A190960
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