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Previous work

@ |. Kodrnja, H. Koncul, Polynomials vanishing on a basis of
Sm(To(N)), Glasnik matematicki, to appear

@ compute the homogeneous polynomials that vanish on cuspidal
modular forms

@ how many are there
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Basics

N > 1 and m > 2 even number

..... fi—1 € Sm(T'o(N)) basis of the space of cuspidal modular
forms for the congruence subgroup 'o(N) of weight m,
dimSy(Fo(N)) =t

Xo(N) modular curve for T'o(N)

holomorphic map Xp(N) — Pt~1

()
Sh

az — (fo(z) i+ frm1(2))

image curve C(N, m) C Pt~1
9=t

= (f(2)/9(2) -+ f-1(2)/ 9(2))
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Algorithm

@ P€QJxp,...,xt—1] homogeneous polynomial of degree d
i i
Plo, X)) = DL ap XX
0<ip,...ir_1<d
fo+-+-+ir—1=d
i i
P(fo(2). - fa(2) = > ap.iafy o f =0
0<io,...ir_1<d
o4+ +ir—1=d

/:{(/'0,...,/},1):Ogio,...,/'t,l < d,/o—i-"'—l-/tfl:d}
@ cardinality of |/] is the weak composition problem

d—l—t*l)

d =dimPy = |I| =
im®Pg = |/ ( J
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o for fixed values of d, N, m solve a homogeneous system of equations
@ unknowns are coefficients of a polynomial P, ag, ..., aq -1

o coefficients of the system are values of g-expansions of evaluated

monomials fO’O . ft'H over the indexing set /,

P(fy, ... fi1) = Z A i T

0<ip,...,ir—1<d
fo+-+-+ir—1=d

_ Z i (aéio ..... it—1) + a(lio ..... itfl)q + . )

0<ip,..., i1 <d
ot +ir—1=d

=po+ P1q + paG® + -

@ homogeneous system pgp = p; =---=pg,, =0

@ solutions are obtained as the basis of the right kernel of the
transpose of d" x Byg matrix whose rows are made of coefficients of

7?.’0 o ft'fll, after ordering the index set /
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For a given N and weight m, with the use of lexicographic ordering on
the set of monomials of degree d-:

nput: g-expansions of fy, ..., f—1 basis of S,(Io(N))
o for a degree d > 0O:

e for each monomial index (ip, . . ., ft—1) € I in the ordered set of
monomials of degree d:

i it—1
compute f° ... f,

e create a d’ x B,,q matrix A, whose rows are first B,y coefficients of
g-expansion of foi0 .. ft"f_’l1
e return the dimension (or the elements) of the right kernel of A
itput: beginning part of an array containing the number of linearly
independent homogeneous polynomials of degree d > 0 vanishing on
all forms, i.e. such that P(f, ..., fi—1) = 0.
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Table: (N, m) for 2 < dim Sp,(To(N)) <8

R ECED)
(2,12), (2,14), (3,10), (4,8)
(11,9)

(22,2), (23,2), (26,2), (28,2), (29,2), (31,2), (37.2), (50,2)

(2,16), (2,18), (3.12), (3,14), (4.10), (5.8), (5,10), (6,6), (7.6), (7.8), (8,6), (9.6), (10,4), (12,4),
(13,4), (16,4)
(30,2), (33,2), (34,2), (35,2), (39,2), (40,2), (41,2), (43,2), (45,2), (48,2), (64.2)

(2.20), (2.22), (3.16), (4.12)
(14.4), (15.4), (17,4), (19.4), (11,6)
(38.2), (44,2), (47.2). (53.2), (54.2). (61,2), (81.2)

(2,24), (2,26), (3,18), (3,20), (4,14), (5,12), (5,14), (6,8), (7,10), (8,8), (9.,8), (10,6), (13,6),
(18,4), (25,4)

(23,4)

(42.2), (46.2), (51,2), (52.2), (55.2), (56.2), (57.2) (59.2). (63.2). (65.2). (67.2).

(72,2), (73,2), (75.2)

(2,28),(2,30), (3,22), (4,16)
(11,8), (17,6), (20,4), (21,4), (27.4)
(58.2), (71.2), (79.2)

(2.32), (2.34), (3.24), (3.26), (4.18), (5,16), (5.18) (6,10), (7.12), (7,14), (8,10), (9,10), (12,6),
(13.,8), (16,6)

(22.4), (29,4), (31.4)

(60.2), (62,2), (68.2), (69,2), (77.2), (80,2), (83,2), (85.2), (89,2), (91,2), (97.2), (98.2)
(2,36), (2,38), (3.28), (4.20)

(11.10), (14.6), (15,6), (19,6), (24.4), (32.4)

(74.2), (76,2)

ol ] | of |«

of| &~ Of| Wi

N

&

o||o| +| o

[e¢]
00| —{ of | [ M)
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Table: Number of polynomials for2 <t <8and 2<d <10

¢ g degree d of P
2 | 3| 4| 5| 6 | 7 | 8 ] 9 | 10
S[foffofof o 0 0 0 0 0 0
1ffo o] o 0 0 0 0 0 0
2]lo o] o 0 0 0 0 0 0
3ffoff 1 3] 6 [ 10] 15 21 28 36 45
3]0 ]o | 1 3 6 10 15 21 28
|| 0] 3]10] 22140 | 65 98 | 140 | 192 255
1] 2] 8] 19 | 36 | 60 92 | 133 | 184 246
41 1] 5 | 14| 29 | 51 81 | 120 | 169 220
< |[ O] 6 [22] 53 [ 105 | 185 | 301 [ 462 | 678 960
2|l 4 | 18| 47 | 97 | 175 | 289 | 448 | 662 942
5| 3 | 15| 42 | 90 | 166 | 278 | 435 | 646 925
6 |[ 0] 0] 40 ] 105226 | 431 [ 756 | 1246 [ 1956 | 2952
1| 9 |38 | 102|222 | 426 | 750 | 1239 | 1948 | 2943
6| 6 | 31| 91 | 207 | 407 | 727 | 1212 | 1917 | 2908
S |[ O] 15| 65] 185 | 431 | 887 | 1673 [ 2954 | 4950 [ 7947
2 || 13 | 61 | 179 | 423 | 877 | 1661 | 2940 | 4934 | 7929
7 || 10 | 54 | 168 | 408 | 858 | 1638 | 2013 | 4903 | 7894
g || 0] 21 ]98] 301 [756 | 1673 | 3382 | 6378 | 11376 | 19377
1]/ 20| 96 | 298 | 752 | 1668 | 3376 | 6371 | 11368 | 19368
8 || 15 | 85 | 281 | 729 | 1639 | 3341 | 6330 | 11321 | 19315
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Table: Number of polynomials for g =0

d
"l213] 4|5 6 | 7 | 8 ] 9 | 10
1 0] 15 | 21 | 28 36 45
3 110 22 | 40 | 65 | 98 | 140 | 192 | 255
6 |22 | 53 | 105 | 185 | 301 | 462 | 678 | 960

10 | 40 | 105 | 226 431 756 1246 1956 2952
15 | 65 | 185 | 431 887 1673 | 2954 4950 7947
21 | 98 | 301 | 756 | 1673 | 3382 | 6378 | 11376 | 19377

XN OB |W

@ notation T(n,m)or Tpm

@ OEIS database - Number sequence A124326

@ Pascal’s triangle — rascal triangle

@ T(n,m)= A007318(n, m) — A077028(n, m)

° T(n,m):(;)—m(n—m)—l,n,mz0

@ resulting from adding the row number (starting with 0) of Pascal’s triangle to each entry in that row, subtracting the
corresponding entries in the triangle formed by taking the finite diagonals in the multiplication table in order of

increasing length (A003991), and removing the outer two layers

lva Kodrnja, Helena Koncul Triangle of numbers arisen from modular forr



0
0 1 0
0 2 1 2 0
0 3 3 4 3 3 0
0 4 © 6 10 6 6 4 O
o 5 10 8 2 9 22 8 10 5 0

0 6 15 10 40 12 53 12 40 10 15 6
0 7 21 12 65 15 105 16 105 15 65 15 21

~N O
o

Figure: Extended triangle

N(t,d)=N(t—1d)+ N(t,d—1)+(t —2)(d —1),
t>3,d>2

N(t, d)=N(t—1,d)+ N(t,d — 1)+ td,
t,d >0
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Pascal triangle
Np(t, d) = Np(t — 1, d) 4+ Np(t,d — 1)

Ne(x) = D" Na(t, d)x* = N1 (x) + xNe(x) =

k>0
1 1
Ne(x) = 7= Newr(x) = T —xr
where Ny (t, d) is the coefficient of x* in N¢(x) is

Nh(t’d)_(wzl)’

particular solution:
No(t,d) = (Git+ G)(Did + D) + E
= CiDitd + CGiDyt + D1 God + GD> + E

G=-1,G=1,D.=1 D,=0, E=—-1.

substitution n=t+d -1, m=d — OEIS

Theorem
Numbers in Table for genus 0 satisfy the formula:

t+d-1

N(t,d):( d ]—(t—l)d—l
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Theorem

Let t =dim S, (To(N)) > 3, g be genus of To(N). Let N > 2 be such that g =0
or g =t and Xo(N) is hyperelliptic. Then the number N(t, d) of homogeneous
polynomials of degree d > 0 that vanish on cuspidal modular forms is equal to

N(t,d):(H_Z_l)—(t—l)d—l.

Theorem

Let t = dim Sp,(To(N)) > 3, g be genus of To(N). Then the number N(t, d) of
homogeneous polynomials of degree d > 0 that vanish on cuspidal modular
forms is equal to

e g={1,2}

| \

/\/(t,d):(t+3*1)—(g+t—1)d—1+g (1)

@ g>2
N(t,d)—(HZ1)—(g+t—2)d—1+g (2)
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Rascal triangle

1
1 1
1 2 1
1 3 3 1
1 4 5 4 1
1 5 7 7 5 1
1 6 9 10 9 6 1
1 7 11 13 13 11 7 1

@ diamond rule

e SXN=ExW-1

e S+N=E4+W-1

@ T(nnm)=mn—m)+1,n>0,0<m<n
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Generalized rascal triangle

Definition

Let d,D € Z and let T be a number triangle. If the interior numbers
satisfy
Ttag X Tt—1,d-1= Tt-1d X Tt,g-1+D

we call this a rascal-like multiplication rule with multiplicative constant
D, and if the interior numbers satisfy

Ted+ Te—1,d-1= Tt—1,d + Tt,d-1 +d

that will be called a rascal-like addition rule with additive constant d.
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Definition

Let ¢,d,dv, d» € Z. A number triangle T(c, d, d, d) is called
generalized rascal triangle if

Tiqg = C+ ddi + td> + tdd

for all t,d > 0.

@ c= Too

@ di = Todg+1— Tod

@ b= Tty10— Tto

@ d=(Terdr1 — Terna) — (Teaer — Tea) = (Tesvarr — Teast) — (Ternd — Ted)
@ rascal triangle 7(1,1,0,0)
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Teorem (Hotchkiss 2020)

Let ¢, d, di,d> € Z and T be a number triangle with arithmetic

sequences Tog = c+ddy and Tro = c+ tdg on the exterior diagonals.
Th T is the generalized rascal triangle T (c, d, dv, d») and if and only if

Tig=C+dd +tdy+tdd ¥Vt d >0,

Ted+ Te—1,d-1 = Tt.d—1 + Tt—1,4 + d,
and whenever Ti_14-1 # 0

Ttd X Tt—1,d—1= Tt.d—1 X Tt—14+D
where D = cd — dyds.
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Let t = dim Sm(Fo(N)) > 3, g be genus of [o(N). Then the number N(t, d) of homogeneous polynomials of degree d > 0 is
equal to

@ g={1,2}

t+d—-1

N d) = ("0 )= (g+t-Dd-1+9 ()

B t4d—1
N o) = *d_ )-(g+t-2d-1+g @

(1) =»c=1-g, d=1,d=9g-1,db=0

©g=0 D=1 T(1,1,0,0)

09g=1,D=0, Tyg=Teg—1+ Tt_14+td—1
09g=2D=-1Tyy=Teg1+ Tt-14 +(t+1)d =2
©9g=3D=-2Ty=Tw-1+ Tr-1a+(t+2)d -3

°

0 9g=AD=1-A Tig=Teg—1+ Tt—1a+(t+A-1)d - A
© Tto=9, To,g=9{1,0,—1,—-2,-3---} arithmetic sequence

starting with g and decreasing by g
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1 -1 0
1 -1 0 0 -1
1 -1 0 1 -1 1 2
1 -1 0 2 0 3 -2 2 -3
1 -1 0o 3 2 5 1 5 -3 3 4
Figure: (1) forg=1
2
2 -2 0
2 -2 0 0 -2

Figure: (1) for g =2
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(2)—=»c=1-g d=1,d=9g-2,d=0
09g=3D=-2Tyy=Tw-1+ Tt—14+(t+1)d -3
0 g=4,D=-3Tig= Ttg_1+ Tt,1d+(t+2)d—2
P
e g=B,D=1-B, Ty= Ttd_1+Tt_1d+(f+B—2)d—A
@ T+o0=g9, Tog = arithmetic sequence starting with g and decreasing
by g-1
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3 -3 1
3 -3 1 -1 -1
33 1 0 -1 1 -3
3 -3 1.1 0 3 -3 3 -5

4 4 1 -1 -2
4 4 1 0 2 2 -5
4 4 1 1 -1 4 5 5 -8
4 4 1 2 1 6 2 8 -8 8 -11

Figure: (2) for g=14
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(1) forg=t—c=1,d=2,dy=-1,db=-1-D=1
@ Trg=Tig—1+ Tr—1g+d(2t—1)—t—1
© Tro=1{1,2,3,45---}, Tog=1{1.0,-1,-2, -3---}
(2)forg=t—c=1,d=2d=-2,do=-1-D=0
@ Trg= Tig—1+ Tr—1g+2d(t+2)—t—1
© Tro=1{1,234---}, Tog=1{1,1,1,1,1,---}
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1
2 -2 0
3 -3 0 -1 -1
4 -4 0 0 -2 0 -2
5 -5 0 1 -2 3 -4 1 -3
6 -6 0 2 -1 6 -3 6 6 2 -4

Figure: (1) forg=t

1
2 -2 1
3 3 1 -2 -1
4 -4 1 -1 0 -2 1
5 -5 1 0 0o 1 -1 -2 1
6 -6 1 1 1 4 0 3 -2 -2 1

Figure: (2) forg=1t
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a
a 0 a

a -0 2a 0 a
a 0 3a 1 3a 0 a
a 0 4a 2 6a+1 2 4a 0 a
a 0 ba 3 10a+3 4 10a+3 3 5a 0 a
a 0 6a 4 15a+ 6 6 20a+10 6 15a+6 4 6a 0 a

© Ttg= Ttg—1+ Tt—14 +td
e for a=1— A130671 T(n,m) = 2(’;’) —(1+n(m—n)), n,m>0
o Ty=(a+1)(§)—(Q+t(d+1), t,d>0
@ what if outer minor and major diagonals are not equal?
TtO = b, TOd =4
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Thank you for your attention!
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