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Graph and its spectrum

Let G be a finite simple graph of order n and size m, with
the set of vertices V(G) ={v1,V2,...,vn}, and the set of
edges E(G) ={e1,e2,...,em}
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Graph and its spectrum

Let G be a finite simple graph of order n and size m, with
the set of vertices V(G) ={vy,vo, ..., vn}, and the set of
edges E(G) ={e1,e2,...,em}

The of G is the n X n matrix

A(G) = (aij), where ay; = 1 if there is an edge between
the vertices v; and vj, and aj; = 0, otherwise.

The Pg(x) = det(xI, — A(G)) of
G is the characteristic polynomial of its adjacency matrix
A(G).

The A(G) =+ =2 A (G) of G are
the eigenvalues of A(G), and they form the
of G.
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Graph energy

Definition
The of a n-vertex graph G is:
n
£(G) =) IAiG)]
i=1
where A;{(G), 1=1,2,...,n, are the adjacency eigenvalues
of G.
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Graph energy and related problems

Equienergetic graphs

Definition

Two graphs G; and Gy (with the same number of vertices)
are said to be if they have the same energy,

ie. £(G1) =E&(Gy).
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Graph energy and related problems

Equienergetic graphs

Definition
Two graphs G; and Gy (with the same number of vertices)
are said to be if they have the same energy,

ie. £(Gy) = E(Gy).
A research task:

Find/construct pairs, triplets,. . .,(in)finite classes of
equienergetic graphs!
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Graph energy and related problems

Equienergetic graphs

Definition
Two graphs G; and Gy (with the same number of vertices)
are said to be if they have the same energy,

ie. £(G1) =E&(Gy).

A research task:

Find/construct pairs, triplets,. . .,(in)finite classes of
equienergetic graphs!

Two isomorphic or two cospectral graphs are obviously
equienergetic.

Union of a graph G and an arbitrary number of isolated
vertices has the same energy as G, and it is not
cospectral to G.
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Graph energy and related problems

Equienergetic g

There are far less trivial cases of pairs of non-cospectral
connected equienergetic graphs, and it is of interest to find
examples of such graphs.

O K

The smallest pair of non-cospectral connected
1 equienergetic graphs with the same number of vertices.
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Graph energy and related problems

The non-complete extended p-sum

Definition (D. Stevanovi¢, Energy and NEPS of graphs, Lin.
Multilin. Algebra 53 (2005) 67-74.)
Let B be a set of binary n-tuples, i.e.
B C{0,1}™\{(0,...,0)} such that for everyi=1,...,n
there exists B = (B1,...,Pn) € B with ; = 1. The

of graphs
G1,..., Gy with basis B, denoted by
NEPS(Gq, ..., Gn;B), is the graph with the vertex set
V(Gy1) X --- x V(Gp), in which two vertices (ug, ..., un)
and (v1,...,vn) are adjacent if and only if there exists
(B1,.--,Pn) € B such that vy is adjacent to vi in G
whenever 3; = 1, and w; = v{ whenever 3; = 0.

Graphs Gy, ..., Gy, are called the of NEPS.
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Graph energy and related problems

The non-complete extended p-sum

The product Gy X G X - -+ X Gy, of graphs Gy, Gy, ..., Gp,
also called direct product, is NEPS of these graphs with
basis B ={(1,1,...,1)}.
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Graph energy and related problems

The non-complete extended p-sum

The product Gy X G X - -+ X Gy, of graphs Gy, Gy, ..., Gp,
also called direct product, is NEPS of these graphs with
basis B ={(1,1,..., 1)}

The sum Gy + G + - -- 4+ Gy, of graphs Gy, Go, ..., Gq,
also called Cartesian product, is NEPS of these graphs
with basis consisting of n-tuples of the form
(0,...,0,1,0,---,0) with 1 on i-th place, for each
i=12,...,n.
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The non-complete extended p-sum

Graph energy and related problems

mTECETE
The G1 X Ga X -+ x Gy, of graphs Gy, Gy, ..., Gp,
also called , is NEPS of these graphs with

basis B ={(1,1,...,1)}.

The G1 4+ Go +--- 4+ Gy, of graphs Gy, Go, ..., Gq,
also called , is NEPS of these graphs
with basis consisting of n-tuples of the form
(0,...,0,1,0,---,0) with 1 on i-th place, for each
i=12,...,n.

Theorem (D. Cvetkovié, M. Doob, H. Sachs, Spectra of Graphs -
Theory and Application, Johann Ambrosius Barth Verlag,
Heidelberg-Leipzig, 1995.)

The spectrum of NEPS(Gq, ..., Gn; B) consists of all

possible values A given by A = Y 7\{5 Lo ABn where A
BeB
is an arbitrary eigenvalue of G, i=1,...,n.
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Graph energy and related problems

Equienergetic graphs

R. Balakrishnan, The energy of a graph, Lin. Algebra
Appl. 387 (2004) 287-295.
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Graph energy and related problems

Equienergetic graphs

R. Balakrishnan, The energy of a graph, Lin. Algebra
Appl. 387 (2004) 287-295.

Corollary

For any two graphs G; and Ga, it holds

E(G1 x G2) = E(G1) E(Ga).
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Graph energy and related problems

Equienergetic graphs

Corollary
For any two graphs G; and Ga, it holds

E(G1 x G2) = E(G1) E(Ga).

Theorem

There exist non-isomorphic equienergetic graphs that are
not cospectral.

Irena M. Jovanovié 8/31



oo ]

Graph energy and related problems

Equienergetic graphs

Corollary
For any two graphs G; and Ga, it holds

E(G1 x G2) = E(G1) E(Ga).

Theorem

There exist non-isomorphic equienergetic graphs that are
not cospectral.

Irena M. Jovanovié 8/31



Graph energy and related problems

Equienergetic graphs

D. Stevanovi¢, Energy and NEPS of graphs, Lin. Multilin.
Algebra 53 (2005) 67-74.

Irena M. Jovanovié 9/31



Graph energy and related problems

Equienergeti

D. Stevanovi¢, Energy and NEPS of graphs, Lin. Multilin.
Algebra 53 (2005) 67-74.

Theorem

For graphs Gi, Gy, ..., Gy it holds that:
€(G1 x Ga X -+ x Gn) = &(G1) E(G2) - E(Gn).
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Graph energy and related problems

Equienergetic

Theorem

For graphs Gi, Gy, ..., Gy it holds that:
€(G1 x Ga X -+ x Gn) = &(G1) E(G2) - E(Gn).

Let G be a pentagon, H a four-sided pyramid, and for each
neNandi=12,...,n, let

Gni=Gx-xGxHx---xH.

itimes n—1itimes

Graphs Gn i, 1=1,2,...,n, form a family of n mutually
non-cospectral connected equienergetic graphs having the
same number of vertices.
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H. S. Ramane, H. B. Walikar, S. B. Rao, B. D. Acharya, P.
R. Hampiholi, S. R. Jog, I. Gutman, Spectra and energies
of iterated line graphs of regular graphs, Applied
Mathematics Letters 18 (2005) 679-682.
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Graph energy and related problems

Equienergetic g

Definition (H. S. Ramane, H. B. Walikar, S. B. Rao, B. D.
Acharya, P. R. Hampiholi, S. R. Jog, I. Gutman, Spectra and
energies of iterated line graphs of regular graphs, Applied
Mathematics Letters 18 (2005) 679-682.)

The L¥(G), k >0, of a graph G are

defined recursively as [2(G) = L(L(G)), L3(G) = L(L?(G)),
..., L¥(G) = L(L*"(G)) where we assume that L°(G) =G
and L!(G) = L(G), and where L(G) is the line graph of G.
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Graph energy and related problems

Equienergetic graphs

Theorem (H. S. Ramane, H. B. Walikar, S. B. Rao, B. D. Acharya,
P. R. Hampiholi, S. R. Jog, I. Gutman, Spectra and energies of
iterated line graphs of regular graphs, Applied Mathematics Letters
18 (2005) 679-682.)

Let G; and G, be two non-cospectral regular graphs of the
same order and of the same degree v > 3. Then for k > 2
the iterated line graphs L¥(G;) and L¥(G;) form a pair of
non-cospectral equienergetic graphs of equal order and
with the same number of edges. If, in addition, G; and Gj
are chosen to be connected, then also L¥(G1) and L¥(G»)
are connected.
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Equienergetic complements

of regular graphs

Corollary (H. S. Ramane, I. Gutman, H. B. Walikar, S. B.
Halkarni, Equienergetic complement graphs, Kragujevac J. Sci. 27
(2005) 67-74.)

Let G; and G2 be two non-cospectral regular graphs on n
vertices, and of degree r > 3. Then, for any k > 2, both
graphs L¥(G;) and L¥(G,) are regular, non-cospectral,
possessing the same number of vertices and the same
number of edges, and they are equienergetic, i.e.
E(L*(G1)) = E(L*(G2)).
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H. S. Ramane, B. Parvathalu, D. D. Patil, K. Ashoka,
Graphs equienergetic with their complements, MATCH
Commun. Math. Comput. Chem. 82 (2019) 471-480.
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Theorem
The following holds:
EMKn) =&EMKy), forn > 2;

E(L(Kp,q)) = E(L(Kp,q)), where p, q > 2;
EMKn +Kin) =EMKn + K ), forn > 2 and m < n;

if G is a strongly regular graph with parameters B
(4n%,2n°> —n,n2 —n,n%2 —n), n > 1, then &(G) = &(G);

if G is a strongly regular graph with parameters
(n?,3n—3,n,6), n > 2, then &(G) = &(G).
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E(G) =€E(G)

Research problems

H. S. Ramane, B. Parvathalu, D. D. Patil, K. Ashoka, Graphs
equienergetic with their complements, MATCH Commun. Math.
Comput. Chem. 82 (2019) 471-480.

Discussion of the non-self-complementary, non-regular

graphs satisfying £(G) = £(G).
Finding structural and spectral properties of graphs

satisfying £(G) = £(G).
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Spectral distances of graphs

-
Let G; and Gz be two non isomorphic graphs of order n,
whose spectra with respect to the adjacency matrix A are:

AM(G1) =2 A(G1) = -+ 2 An(Gy), and
A1(G2) = A (G2) = -+ = A (Go).
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Spectral distances of graphs

Let G; and Gz be two non isomorphic graphs of order n,
whose spectra with respect to the adjacency matrix A are:

M(G1) 2 M(G1) = -+ 2 An(Gy), and
A1(G2) = A (G2) = -+ = An(G2).

Definition (D. Stevanovié¢, Research problems from the Aveiro
workshop on graph spectra, Linear Algebra and its Applications, 423
(2007) 172-181.)

The of G; and G, is the Manhattan
distance between their spectra:

o(G1, Ga) Zm (G1) —Ai(Ga)l.
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Spectral distance related parameters

Definition (I. M. Jovanovié¢, Z. Stani¢, Spectral distances of
graphs, Linear Algebra and its Application, 436 (2012), 1425-1435.)

Let G be an arbitrary set of graphs of order n.

The of G € G is:

csg(G) =min{o(G,H): He G, H# G}.
The of G is:

cs(G) = max{csg(G) : G € G}.

The of G € §is:
seccg(G) = max{o(G,H): He G, H # G}.
The of G is:

sdiam(§G) = max{seccg(G): G € G}.
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A spectral distance related conjecture

Conjecture No. 2 by Z. Stanié¢

If Ry and Ry are graphs having the maximum spectral
distance among the connected regular graphs of order n,
then one of them is Ky, i.e.

sdiam(Rn ) = secc,, (Kn),

where R, is the set of all connected regular graphs with n
vertices.
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Spectral distances of graphs

Theorem (I. M. Jovanovié¢, Z. Stani¢, Spectral distances of graphs,
Linear Algebra and its Application, 436 (2012), 1425-1435.)

Let G be a n-vertex graph with n* adjacency eigenvalues
which are greater than or equal to —1. Then:

o(G Kn) =2 [n"—1+) Ai(G)]. (1)
i=2
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Regular graph and its complement

mtmem.
Let G be a regular graph of degree r with n vertices whose

adjacency spectrum is: 1 =A1(G) = A2(G) = -+ = A (G).

Theorem (D. Cvetkovié, P. Rowlinson, S. Simié¢, An Introduction
to the Theory of Graph Spectra, Cambrige University Press,
Cambridge, 2010.)

Palx) = ()" X255 Pe(—x — 1)
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Regular graph and its complement

Let G be a regular graph of degree r with n vertices whose
adjacency spectrum is: 1 =A1(G) = A2(G) = -+ = A (G).

Theorem (D. Cvetkovié, P. Rowlinson, S. Simié¢, An Introduction
to the Theory of Graph Spectra, Cambrige University Press,
Cambridge, 2010.)

Palx) = ()" X255 Pe(—x — 1)

relation (2)

0(G Kn) =In—1—1/+ 3 |—1—A(G) = E(G)
1=2

oo ]
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Regular graph and its complement - |
-

-
Let G be a regular graph of degree r with n vertices whose
adjacency spectrum is: 1 =A1(G) = A2(G) = -+ = A (G).

Theorem (D. Cvetkovié, P. Rowlinson, S. Simié¢, An Introduction
to the Theory of Graph Spectra, Cambrige University Press,
Cambridge, 2010.)

Palx) = ()" X255 Pe(—x — 1)

relation (2)

0(G Kn) =In—1—1/+ 3 |—1—A(G) = E(G)
1=2

relation (3)

6(G, Kn) = In—1—(n—1-1)[+ 3 |-1—(~1-A\:(G))| = E(G)
1=2
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A spectral characterization of

equienergetic regular graphs

Theorem (I. M. Jovanovié¢, E. Zogié¢, Some spectral
characterizations of equienergetic regular graphs and their
complements, MATCH Commun. Math. Comput. Chem., Vol. 86,
No. 3, (2021), 559-575.)

Let G be a r-regular graph of order n, with the following
adjacency eigenvalues: A1(G) > A2(G) > -+ > A (G). Let
n* = n*(G) be the number of eigenvalues of G which are
greater than or equal to —1, among which there are

n; = n1(G) non-negative eigenvalues. Then:

*

n
£(G) =¢&(G) ifandonlyif n*—1+ Y A(G) =

i=ni+1

Proof: By use of relations (1), (2) and (3).

Irena M. Jovanovié 20/31



Strongly regular graphs

Definition (D. Cvetkovié¢, P. Rowlinson, S. Simi¢, An Introduction
to the Theory of Graph Spectra, Cambrige University Press,
Cambridge, 2010.)

A G with parameters (n,r, e, f) is a
r-regular graph on n vertices in which any two adjacent
vertices have exactly e common neighbours, and any two
non-adjacent vertices have exactly f common neighbours.
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Strongly regular graphs

Definition (D. Cvetkovié¢, P. Rowlinson, S. Simi¢, An Introduction
to the Theory of Graph Spectra, Cambrige University Press,
Cambridge, 2010.)

A G with parameters (n,r, e, f) is a
r-regular graph on n vertices in which any two adjacent
vertices have exactly e common neighbours, and any two
non-adjacent vertices have exactly f common neighbours.

If G =SRG(n,r, e, f) is a connected strongly regular
graph, different from the complete graph Ky, then the
adjacency spectrum of G consists of: T, [s]* and [t]!, where

((e= £ Va);

2r+(n—1)(e—")
v ), and

s, t =

Nl=  NI—=

ki=}%(n-17%
A=(e—f)?+4(r—1).
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Strongly regular graphs

Corollary

Let G = SRG(n, 1, e, f) be a connected strongly regular graph
different from the complete graph K,,, and with the spectrum: r, [s
and [t]'. Then,

]k

E(G) = &(G) ifandonlyif k=r.
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Strongly regular graphs

Corollary

Let G = SRG(n, 1, e, f) be a connected strongly regular graph
different from the complete graph K,,, and with the spectrum: r, [s
and [t]'. Then,

Ik
E(G) = &(G) ifandonlyif k=r.

Corollary

Let G be a connected strongly regular graph different from the
complete graph K, , with parameters (n,r, e, f). Then,

2r (VA +1)

&(G)=¢&(G) ifandonlyif n=1+ :
(G) (G) Y JA—etf
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Equienergeticity with respect to

some graph operations

H. S. Ramane, B. Parvathalu, D. D. Patil, K. Ashoka,
Graphs equienergetic with their complements, MATCH
Commun. Math. Comput. Chem. 82 (2019) 471-480.
The following holds:
E(Cs+Kp) =E(Cy +Kp) =12
E(G +K3z) = (G + Kp) = 336, where G = SRG(50,7,0,1)
is Moore graph;
E(H+Ky) = &E(H+ K») = 80, where H = SRG(16, 5,0, 2)
is Clebsch graph.
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Equienergeticity with respect to

some graph operations

Corollary (I M. Jovanovi¢, E. Zogic)

Let G be a r-regular graph of order n whose the adjacency
eigenvalues are: A;(G) > --- > A, (G). Let us denote

I ,={e{1,2,...,n}:A\(G) € [-2,—-1)} and
I,;={1e{l,2,...,n}:A(G) € [0,1)}, and let us suppose that in the
spectrum of G there are n_, eigenvalues which are greater than or
equal to —2, and that among them there are ny non-negative
eigenvalues. Then &(G + K,) = (G + K,) if and only if

natng+ Y MG+l lal=T+2,

i€l qUl a1

where |I| stands for the cardinality of the set 1.

Corollary (L. M. Jovanovi¢, E. Zogic)

If G=SRG(d?(d+2),d(d2+d—1),d(d?—1),d(d?—1)), where
d > 2, then, &(G +Ka) = (G + Ka).
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Equienergeticity with respect to

some graph operations

Corollary (I. M. Jovanovi¢, E. Zogic)

Let G be a r-regular graph of order n, where n > 4, and
with the adjacency eigenvalues: A1(G) > --- > A (G). Let
us suppose that A;{(G) > —r+2,foreach1=1,2,...,n.
Then:

&(L(G)) = &(L(G)) if and onlyif r = L—H

oo ]
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Equienergetic complements

of regular graphs

Corollary (I. M. Jovanovi¢, E. Zogi¢)

Let Gi, 1=1,2, be two 1 regular graphs of order n whose
the adjacency spectra are A;(Gi) > -+ > A (Gy). Let us
suppose that:

nj
—T1 +T2+T11 Tl2+ Z 7\ (G1) — Z 7\ (Gy) =
j=nji*+1 j=nz*+1

where ni* are the numbers of non-negative eigenvalues of
Gi, and nf are the numbers of eigenvalues which are
greater than or equal to —1. If £(G1) = £(G2), then
€(G1) = &(Ga2).
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Equienergetic complements

of regular graphs

Let G° =2 (Kz + K4 ) where n > 12 and n is divisible by 4. The
spectrum of G° i D] g —2}2, [0]272, [—2] 22, and its energy:
E(G°) =2n—8. G° is a regular graph with rgo = 7 and

ngo = 5 +2, and therefore — 1o +ns = 7+ 2.
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Equienergetic complements

of regular graphs

Let G° =2 (Kz + Kg) where n > 12 and n is divisible by 4. The

4
spectrum of G° is: [“] g —2}2, [0]272, [—2] 22, and its energy:
E(G”) =2n —8. G° is a regular graph with rgo = 7+ and
ngs = 5 +2, and therefore —rce +nge = 5+ 2.
Let us denote by V (K%,%) =ViUV,, where Vi ={x; |1 <i< 5} and
Vo ={yi |1 <1< 7}, the vertex set of Ky n of order n, such that
n>12 and n=4gq, for q € Z"*. Let G be the graph obtained by
deleting 3 perfect matching edges {x;yi|1 <i< 3} from Ky n, and
let H be the graph obtained by deleting 5 perfect matching edges
{xlylﬂ :i—odd}U{xiyi_1 : i—even} from G. The spectrum of H is:
-2, 2121 [0]%, [—2]14 1, -3 +2 and its energy &(H) = 2n — 8.
H is a regular graph with vy = & —2 and njy 3“ , and therefore

1 ~

TN =7 +2.
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Equienergetic complements

of regular graphs

Equienergetic complements G° and H for n = 12
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An upper bound on the graph energy

Theorem (J. Koolen, V. Moulton, Maximal energy graphs,
Advances in Applied Mathematics, 26 (2001), 47-52.)

If G is a graph on n vertices, then
n
€(6) < 5 (1 +Vn),

where the equality is attained if and only if G is a strongly
regular graph with parameters

(N, (n+v/n)/2, (n+v/n)/4, (n+ vn)/4).

oo ]
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An upper bound on the graph energy

Theorem (J. Koolen, V. Moulton, Maximal energy graphs,
Advances in Applied Mathematics, 26 (2001), 47-52.)

If G is a graph on n vertices, then
n
€(6) < 5 (1 +Vn),

where the equality is attained if and only if G is a strongly
regular graph with parameters

n, (n++v/n)/2, (n+vn)/4, (n+/n)/4).
Conjecture No. 2:

, —..n
sdiam(Ry,) = seccx, (Kn) = Gegzmaé(#Knﬁ(G E (1+vn).

Irena M. Jovanovié 29/31



Disproving Conjecture No. 2

The generalized quadrangle G = GQ(3,9) is the strongly
regular graph with parameters (112, 30, 2, 10), whose
spectrum is: 30, [2]°°, [~10]2%. Since it holds:

— 112
0(G,G) =690 > 648, 648 ~ — = (1 + V112)

>seccy,,, (Ki12),

and since both graphs, G = GQ(3,9) and its complement
G, are connected, Conjecture No. 2 is disproved.
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Thank you for your attention!
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