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Motivation
§ Symmetric group Sn acts on RrXs “ RrX1, . . . , Xns via permutation

p1, 3q ¨ X1X2pX2
3 ´ 1q “ X3X2pX2

1 ´ 1q

§ Invariant system of polynomial equations: F “ tf1, . . . , fmu Ă RrXs &
σ ¨ fi P F @ σ P Sn

0 “ X1X2pX2
3 ´ 1q “ X2X3pX2

1 ´ 1q “ X1X3pX2
2 ´ 1q

§ x P Rn is a solution ùñ pxσp1q, . . . , xσpnqq is solution, for all σ P Sn.

§ What are possible orbit types of real solutions?

x “ px1, . . . , x1
loooomoooon

λ1

, x2, . . . , x2
loooomoooon

λ2

, . . . , xℓ, . . . , xℓ
loooomoooon

λℓ

q P Rn
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Partitions, tableaux and Specht ideals
§ Partition λ “ pλ1 ě λ2 ě . . . ě λℓ ě 0q $ n can be represented by a

diagram of shape λ: For p4, 3, 1q $ 8,

§ Young tableau of shape λ $ n is a diagram T of shape λ filled-in with all
integers 1 to n.

4 2 6 1
8 7 5
3

§ Specht polynomial spS
T associated with T is the product of the column

Vandermonde determinants

spS
T “ pX4 ´ X8qpX4 ´ X3qpX8 ´ X3qpX2 ´ X7qpX6 ´ X5q ¨ 1

§ Specht ideal and Specht varietyassociated with λ:

IS
λ “ xspS

T | shapepT q “ λy Ă RrXs

V S
λ “ tx P Rn : spS

T pxq “ 0 @ T of shape λu Ă Rn
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Specht varieties
λ spS

T VS
λ

1 H

Xi ´ Xj {(a,. . . ,a) : a P Ru

(Xi ´ XjqpXk ´ Xlq Sn ¨ tpa, . . . , a, bq : a, b P Ru

ś

1ďiăjď4pXi ´ Xjq Sn ¨ tpa, a, b, cqu

. . . ?
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Orbit types
§ Up to permutation, every x P Rn is of form

x “ px1, . . . , x1
loooomoooon

λ1

, x2, . . . , x2
loooomoooon

λ2

, . . . , xk, . . . , xk
loooomoooon

λk

q

with xi ‰ xj and λ1 ě λ2 ě . . . ě λk

§ Λpxq “ pλ1, λ2, . . . , λkq $ n is the orbit type of x and
Opλq :“ tx P Rn | Λpxq “ λu ‰ H

§ Λp
?

2, 0, π,
?

2, ´π, 0q “ p2, 2, 1, 1q

§ λ dominates µ ðñ
řk

j“1 λj ě
řk

j“1 µj , @ k ě 1:

⊵
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Poset and Variety decomposition

§ Theorem: [Haiman, Woo’05], [Moustrou, Riener, Verdure’21]
Let λ, µ $ n be partitions. Then,

µ ⊴ λ ô IS
µ Ď IS

λ ô V S
µ Ě V S

λ .

§ Theorem: [Haiman, Woo’05], [Moustrou, Riener, Verdure’21]

V S
λ “

ě

µ­⊴λ

Opµq,
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The hyperoctahedral group Bn

§ Bn “ t˘1u ≀ Sn the group of symmetries of the hypercube

§ As permutation group Bn Ă Sympt´n, . . . , ´1, 1, . . . , nuq contains all
permutations σ with

σpiq ` σp´iq “ 0, @ 1 ď i ď n

§ Generated by permutation matrices whose nonzero entries are ˘1

§ Acts on RrXs by permutation of variables and switching of signs

pp´1, `1q, p1, 2qq ¨ pX1 ` X2
2 q “ ´X2 ` X2

1
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Bipartitions, bitableaux and Specht ideals
§ Bipartition can be represented by a bidiagram, i.e., a pair of diagrams:

For pp4, 3q, p1, 1qq
´

,
¯

§ Bitableau is a filling of the bidiagram with all the integers 1 to n.
ˆ

4 10 6 1
8 7 5 , 2 3

9

˙

§ (Bn-)Specht polynomial spB
pT1,T2q

associated with pT1, T2q

spB
pT1,T2q “ spS

T1
pX2

1 , . . . , X2
nq ¨ spS

T2
pX2

1 , . . . , X2
nq

ź

jPT2

Xj

For instance, pX2
4 ´ X2

8 qpX2
10 ´ X2

7 qpX2
6 ´ X2

5 qpX2
2 ´ X2

9 qX2X3X9.

§ (Bn)-Specht ideals and Specht varieties IB
pλ,µq

sp, V B
pλ,µq
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Bn Specht varieties

pλ, µq spB
pT1,T2q VB

pλ,µq

p , Hq 1 H

p H , q ∆ :“ X1X2X3X4 Bn ¨ tpa, b, c, 0qu

˜

H ,

¸

ś

1ďiăjď4pX2
i ´ X2

j q ¨ ∆ Bn ¨ tpa, a, b, cqu Y tpa, b, c, 0qu

´

,
¯

pX2
1 ´ X2

2 qpX3X4q Bn ¨ tpa, b, 0, 0qu Y tpa, a, a, bqu

´

,
¯

. . . ?

TUC ¨ September 19, 2024 ¨ Kurt Klement Gottwald 9 / 17



Bn-Orbit types
§ Up to sign switching and permutation, every x P Rn is of the form

x “ px1, . . . , x1
loooomoooon

λ1`µ1

, . . . , xm, . . . , x1m
loooooomoooooon

λ1`µm

, 0, . . . , 0
loomoon

λ1

, xm`1, . . . , xm`1
looooooooomooooooooon

λm`2

, . . . , xl, . . . , xl
loooomoooon

λl`1

q

with xi ą 0 pairwise distinct.

§ pλ, µq, pλ1, µ1q bipartitions of n

pλ1, µ1q⊴pλ, µq :ô
#

ř

jďkpλ1
j ` µ1

jq ď
ř

jďkpλj ` µjq, @ k,

λ1
k `

ř

jďk´1pλ1
j ` µ1

jq ď λk `
ř

jďk´1pλj ` µjq, @ k.

§ pp2, 1, 1q, p3, 1qq ⊴ pp3, 2q, p2, 1qq are comparable:

3 ě 2, 5 ě 5, 7 ě 6, 8 ě 7, 8 ě 8.

§ pp2q, p1, 1qq and pH, p4qq are not comparable, since 2 ą 0 but 3 ă 4.
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Poset and Variety decomposition

§ Theorem: [Debus, Moustrou, Riener, Verdure’23]
Let pλ, µq, pλ1, µ1q be bipartitions of n. Then,

pλ1, µ1q ⊴ pλ, µq ô IB
pλ1,µ1q Ď IB

pλ,µq ô V B
pλ1,µ1q Ě V B

pλ,µq.

§ Theorem: [Debus, Moustrou, Riener, Verdure’23]

V B
pλ,µq “

ě

pλ1,µ1q­⊴pλ,µq

Opλ1, µ1q
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The hyperoctahedral group Dn
§ Dn the subgroup of Bn of index 2

§ consists of elements with an even amount of sign changes

§ reflection group, irreducible representations correpond to dipartitions,
i.e. unordered bipartitions

§ Dipartitions can be represented by an unordered pair of diagrams: For
tp4, 3q, p1, 1qu

!

,
)

§ Two dipartitions for bipartitions of the form pλ, λq: For tp3, 1q, p3, 1qu

!

, , `

)

,
!

, , ´

)
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Dipartitions, ditableaux and Specht ideals
§ Ditableau is a filling of the diagrams with all integers 1 to n

"

4 5 6
8 , 2 3 1

7

*

§ For tλ, µu with λ ‰ µ the (Dn)-Specht ideal

ID
tλ,µu “ xspB

pT1,T2q | shapeppT1, T2qq P tpλ, µq, pµ, λquy

§ (Dn-)Specht polynomials spD
pT1,T2q

for pT1, T2q of shape pλ, λq

spD
tT1,T2,`u “ spS

T1
pX2

1 , . . . , X2
nq ¨ spS

T2
pX2

1 , . . . , X2
nq

˜

ź

jPT2

Xj `
ź

jPT1

Xj

¸

spD
tT1,T2,´u “ spS

T1
pX2

1 , . . . , X2
nq ¨ spS

T2
pX2

1 , . . . , X2
nq

˜

ź

jPT2

Xj ´
ź

jPT1

Xj

¸

§ For instance, pX2
4 ´ X2

8 qpX2
2 ´ X2

7 qpX2X3X1X7 ˘ X4X5X6X8q.
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Dn Specht varieties

tλ, µu spD
tT1,T2u VD

tλ,µu

t , Hu 1, ∆ “ X1X2X3X4 H

#

H ,

+

ś

1ďiăjď4pX2
i ´ X2

j q ¨ ∆, Dn ¨ tpa, a, b, cqu Y tp´a, a, b, cqu

ś

1ďiăjď4pX2
i ´ X2

j q

!

, , `

)

pX2
1 ´ X2

2 qpX2
3 ´ X2

4 qpX1X2 ` X3X4q Dn ¨ tpa, ´a, b, bqu Ă V D
tp1,1q,p1,1q,`u

!

, , ´

)

pX2
1 ´ X2

2 qpX2
3 ´ X2

4 qpX1X2 ´ X3X4q Dn ¨ tpa, a, b, bqu Ă V D
tp1,1q,p1,1q,´u
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Dn-Poset
§ tλ, µu, tλ1, µ1u dipartitions of n

tλ1, µ1u ⊴D tλ, µu :ô
#

pλ1, µ1q ⊴B pλ, µq or pλ1, µ1q ⊴B pµ, λq,

pµ1, λ1q ⊴B pλ, µq or pµ1, λ1q ⊴B pµ, λq

§ tλ, λ, `u and tλ, λ, ´u are incomparable for all λ
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Poset and Variety decomposition
§ Theorem:

Let tλ, µu, tλ1, µ1u be dipartitions of n. Then,

tλ1, µ1u ⊴D tλ, µu ô ID
tλ1,µ1u Ď ID

tλ,µu ô V D
tλ1,µ1u Ě V D

tλ,µu.

§ Theorem: For λ ‰ µ we have

V D
tλ,µu “

ě

pλ1,µ1
q­⊴Bpλ,µq,

pλ1,µ1
q­⊴Bpµ,λq

Opλ1, µ1q.

Furthermore, we have
V D

tλ,λ,`u “ V B
pλ,λq Y tx P pR˚

q
n

| StabSn px2
q – SλZλ, 2 ∤ #ti : xi ă 0uu

V D
tλ,λ,´u “ V B

pλ,λq Y tx P pR˚
q

n
| StabSn px2

q – SλZλ, 2 | ti : xi ă 0uu
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Outlook

§ Are the Specht ideals Isp
pλ,µq

radical and do the Specht polynomials
Gpλ,µq :“ tspT : shapepT q P

Ť

pλ1,µ1q⊴pλ,µqpλ1, µ1qu form a universal
Gröbner basis?

§ True for Sn [Haiman, Woo’05] and [Murai, Ohsugi, Kohji’21]
§ Proofs do not seem to transfer to type B and D.

§ What about other reflection groups?
§ Sn – Gp1, 1, nq, Bn – Gp2, 1, nq and Dn – Gp2, 2, nq. What about

Gpr, p, nq?
§ What about dihedral groups?
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Thank you for your attention!

TUC ¨ September 19, 2024 ¨ Kurt Klement Gottwald 17 / 17


