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Motivation
» Symmetric group S,, acts on R[X] = R[X}, ..., X,,] via permutation

(1,3) - X1 X2(X5 — 1) = X3Xo(X{ — 1)

» Invariant system of polynomial equations: F = {fi,..., fin} € R[X] &
o-fie FVoeS,

0=X1Xo(X2—1) = XoX3(X? - 1) = X; X3(X3 - 1)

» x e R"isasolution = (z,01),..., %)) is solution, forall o € S,,.
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Motivation
» Symmetric group S,, acts on R[X] = R[X}, ..., X,,] via permutation

(1,3) - X1 X2(X5 — 1) = X3Xo(X{ — 1)

» Invariant system of polynomial equations: F = {fi,..., fin} € R[X] &
o-fie FVoeS,

0=X1Xo(X2—1) = XoX3(X? - 1) = X; X3(X3 - 1)

» x e R"isasolution = (z,01),..., %)) is solution, forall o € S,,.

» What are possible orbit types of real solutions?

n
T=(T1, X1,y Tyee, Ty, .., Ty) ER
—_— —

A1 A2 Ae
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Partitions, tableaux and Specht ideals
> A\¢ = 0) - n can be represented by a

» Partition \ = (\; > X2 > ...
diagram of shape \: For (4,3,1) I 8,

[

» Young tableau of shape \ - n is a diagram T of shape X filled-in with all

integers 1 to n.
2[6]1]

715]

[co] o] &=
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Partitions, tableaux and Specht ideals
» Partition A = (A\; > X2 > ... > A/ > 0) - n can be represented by a
diagram of shape \: For (4,3,1) I 8,

[

» Young tableau of shape \ - n is a diagram T of shape X filled-in with all
integers 1 to n.

216]1]

715]

[co] o] &=

» Specht polynomial sp3. associated with 7' is the product of the column
Vandermonde determinants

spy = (X4 — Xg) (X4 — X3)(Xg — X3)(Xy — X7)(Xg — X5) - 1
» Specht ideal and Specht varietyassociated with \:
I = (sp7 | shape(T) = A) € R[X]
V¥ = {x e R" : sp7(z) = 0 VT of shape \} = R"
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Specht varieties

A sps V3

1 1)

X — X {@a...,a):ae R}

[T
EEEE
HH - X)X - X) - Su- (@ ab)sab e R)

H1<i<j<4(Xi_Xj) S, - {(a,a,b,c)}

[ ][]
[ ] ?
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Orbit types

» Up to permutation, every x € R"™ is of form

= (T1,. T, T, e T2y Ty e ey Th)
_
A1 Ao Ak

Withxi;éxjand)\1>)\2>...>)\k

» A(z) = (\1, A2y ..., Ax)  n is the orbit type of z and
ON):={zeR" | AMz) =)} # T

> A(\/ia 0,m, \/57 -, 0) = (27 2,1, 1)
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Orbit types

» Up to permutation, every x € R"™ is of form

= (T1,. T, T, e T2y Ty e ey Th)
_
A1 Ao Ak

Withxi;éxjand)\1>)\2>...>)\k

» A(z) = (\1, A2y ..., Ax)  n is the orbit type of z and
ON):={zeR" | AMz) =)} # T

> A(\/ia 0,m, \/57 -, 0) = (27 2,1, 1)
» )\ dominates ;i <~ Z?:l Aj = Zf:l Wi, V= 1:

[ 1] |
L[] B |
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Poset and Variety decomposition

» Theorem: [Haiman, Woo'05], [Moustrou, Riener, Verdure'21]
Let A\, 4  n be partitions. Then,

DR = [ =R

» Theorem: [Haiman, Woo'05], [Moustrou, Riener, Verdure'21]

V)\S = L—i__J O(,LL),
[T 2N

TUC - September 19, 2024 - Kurt Klement Gottwald 6 /17



The hyperoctahedral group B,

» B, = {x1}1 .5, the group of symmetries of the hypercube

» As permutation group B,,  Sym({—n,...,—1,1,...,n}) contains all
permutations o with

o(i)+o(—i)=0,V1<i<n
» Generated by permutation matrices whose nonzero entries are +1

» Acts on R[X] by permutation of variables and switching of signs

(<_1’ +1)’ (1’2)> : (Xl + X22) =—Xo+ X12
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Bipartitions, bitableaux and Specht ideals
» Bipartition can be represented by a bidiagram, i.e., a pair of diagrams:

For ((4,3),(1,1))

(HH)

» Bitableau is a filling of the bidiagram with all the integers 1 to n.

Aol [2[3)
' [9]
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Bipartitions, bitableaux and Specht ideals
» Bipartition can be represented by a bidiagram, i.e., a pair of diagrams:

For ((4,3),(1,1))

(HH)

» Bitableau is a filling of the bidiagram with all the integers 1 to n.
[4TofeTe] [2]3]
’

» (B,-)Specht polynomial sprhTz) associated with (71, T5)

SP(r, 1) = SPTy (X7, X2) -spfy (XT, .. X0 [ [ X5
J€T>

Forinstance, (X7 — X3)(X7, — X2)(X§ — X2)(X5 — X2) X2 X5Xo.

» (B,)-Specht ideals and Specht varieties I ( 2,0 SPs V(lj,u)
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B,, Specht varieties

()\7 ,LL) sp(BT1 ,T3) Vﬁ%‘)
(11137, @) 1 1)
(@, (TTT) A= X1 Xa X3 X, Bu - {(a,b,¢,0)}

(g , E) [Ticicjes(XZ2 = X3)- A Bn-{(a,a,b,0)} U{(a,b,c,0)}

(H. =) (X7~ X3)(XsXa)  Ba-{(a,b,0,0)} U {(a,a,a,b)}

(zazaNz I ?
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B,-Orbit types

» Up to sign switching and permutation, every x € R™ is of the form

= (T1, ey Ty Ty ooy T 05 0y B Ty e ey Tty e ey Lo s )
—_—— —_— e — —_——
A1+ A+ A1 Am42 Al41

with z; > 0 pairwise distinct.
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B,-Orbit types

» Up to sign switching and permutation, every x € R™ is of the form

T = (ajl,...,131,...,:1?,,,,,...,J:lm,(&...£,xm+1,...,xm+1,...,,1'/ ...... )
— — — —
A1+ A1+ pm A1 Am+2 Al+1
with z; > 0 pairwise distinct.
> (A, ), (N, i) bipartitions of n
(}\/ M/)q()\ ,u) . Z]gk(A;+:u’;) <stk(>‘j+lu’j)a Vk7
- AL+ stk_l(/\;- + u;) < Mg + stk_l()\j +u5), Yk

» ((2,1,1),(3,1)) 9((3,2),(2,1)) are comparable:
3=>2, 525, 726, 8=7 8=8

» ((2),(1,1)) and (7, (4)) are not comparable, since 2 > 0 but 3 < 4.
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Poset and Variety decomposition

» Theorem: [Debus, Moustrou, Riener, Verdure'23]
Let (A, ), (N, ') be bipartitions of n. Then,

X)L () = I(}?\’,u’) < I&u) e V(}i’vu’) = V(]iu)'

» Theorem: [Debus, Moustrou, Riener, Verdure'23]

VEa= i o)
Vi) E (o)

TUC - September 19, 2024 - Kurt Klement Gottwald 11/ 17



The hyperoctahedral group D,
» D, the subgroup of B,, of index 2

» consists of elements with an even amount of sign changes

» reflection group, irreducible representations correpond to dipartitions,
i.e. unordered bipartitions

» Dipartitions can be represented by an unordered pair of diagrams: For

((13), (1.1}
{HH-H}

» Two dipartitions for bipartitions of the form (A, \): For {(3,1),(3,1)}

e e R 1 U= et = iy
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Dipartitions, ditableaux and Specht ideals
» Ditableau is a filling of the diagrams with all integers 1 to n.

415 213]|1
{%lm,Ell}
» For {\, u} with X # p the (D,,)-Specht ideal
Iy = P(1y 1) | shape((T1, 1)) € {(A, 1), (1, A)})
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Dipartitions, ditableaux and Specht ideals
» Ditableau is a filling of the diagrams with all integers 1 to n.

415 213]|1
{%lm,Ell}
» For {\, u} with X # p the (D,,)-Specht ideal
Iy = P(1y 1) | shape((T1, 1)) € {(A, 1), (1, A)})

» (D,,-)Specht polynomials sp{’ThTZ) for (T1,Ty) of shape (A, \)

P 1 = S8 (X2 X2) s (X, X) (n X+ ] Xj)
JET, JeT

Sp{DTl,Tz,—} = Sp:l% (X127 cee 7X72L) ! spg} (X127 s 7X721) <1_[ Xj - 1_[ XJ)

JET> JETY
» Forinstance, (X7 — X2)(X3 — X2)(X2X3X1 X7 + X, X5X6X5).
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D,, Specht varieties

{)" ‘u‘} Sp?ThTz} V{%,M}
{1111, &} 1A =X1X2X3Xy %)

{ @ 5 E} H]_gi<j<4(Xi2 - ij) : A, Dn ) {(aaa7b7 C)} Y {(_a7 a, b» C)}
1<i<]<4(Xi2 - X]2)

{B, H +} (X2 - xD(xE - xH(X1 % + X3Xa) D {(a,—a,0,0)} € VL 1) 11y, 4

{Ha 57 _} (XF = X3)(XF = XT)(X1X2 — X3Xy) Dy, -{(a,a,b,b)} ‘/{?1,1),(1,1),7)
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D, -Poset

> {\ p}, {NV, '} dipartitions of n
()‘/? IU//) B ()‘7 M) or ()‘/7 /'[//> B (/’['7 )‘)a
(W', X) S (A ) or (', X) I (1, A)

» {\, A, +}and {\ \, —} are incomparable for all
(el

{)‘/7/‘/} Ip (A u} e {

. ula, 1)
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Poset and Variety decomposition

» Theorem:
Let {\, u}, {V, 1/} be dipartitions of n. Then,

{)‘,’Nl} dp {\ul e I{?\,M,} c I{?\w} < V{?',;u} > V{iu}'

» Theorem: For A # u we have

V{f\)#} = L—H O, ).
N1 )4 e(w),
N1 B (A
Furthermore, we have
Vi = VA vize (R*)" | Stabs, (2%) = Sawx, 21 #{i : 2 < 0}}
V{i)\),} = V(EA) U {r e (R¥*)" | Stabs, (?) = Sxwr,2 ]| {i: z; < 0}}
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Outlook

> Are the Specht ideals I(b}\’ ) radical and do the Specht polynomials
G = {spr : shape(T) € Uy ,ryair (N 1)} form a universal
Grobner basis?

> True for S,, [Haiman, Woo'05] and [Murai, Ohsugi, Kohji'21]
> Proofs do not seem to transfer to type B and D.

» What about other reflection groups?
» S, = G(1,1,n), B, = G(2,1,n) and D, = G(2,2,n). What about
G(r,p,n)?
> What about dihedral groups?
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Thank you for your attention!
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