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Contributed talks

Label propagation algorithm for detecting
communities in directed acyclic networks

Suzana Antunovié
University of Split, Croatia

suzana.antunovic@pmfst. hr

‘When dealing with a complex system, sometimes dividing it into smaller parts
enables gaining a better insight into the organization of the system and its
functioning. Therefore, community detection is one of the fundamental prob-
lems in complex networks theory.

Intuitively, a community is a cohesive group of vertices that are more densely
connected to each other than to vertices in other communities. One of the as-
pects that makes community detection demanding is that the precise definition
of the community depends on the domain in which it is observed. The situation
is further complicated by the directionality of the edges. Since every directed
acyclic network has a topological order of vertices, we are interested in finding
communities which can also be topologically ordered.

In other words, if the vertices are topologically ordered is such a way that
1 < 22 < ... < Tp, we are interested in dividing the network into communities
C1,Ca,...,Ck in such a way that

if x; <z, z; € Cy,z; € Cj then C; < Cj or C; = Cj.

Here, we present heuristic algorithm based on the label propagation process
and modularity optimization in order to obtain an ordered set of communities.
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Two new constructions for nut graphs — chemical
and otherwise

Nino Basi¢
University of Primorska and IMFM, Slovenia

X nino.basic@famnit. upr.si

A nut graph is a simple graph for which the adjacency matrix has a single
zero eigenvalue such that all non-zero kernel eigenvectors have no zero entry.
If the isolated vertex is excluded as trivial, nut graphs have seven or more
vertices; they are connected, non-bipartite, and have no leaves.

In this talk, we present two new constructions that can be seen as generalisa-
tions of the well-known bridge and subdivision constructions for making larger
nut graphs from smaller by adding only degree-2 vertices. The new Cut and
Frustration Constructions seem to have escaped notice so far in the extensive
literature of nut graphs.

This is a joint work with Patrick W. Fowler.
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Construction of extremal Type Il Zg-codes via
doubling method

Sara Ban Martinovi¢
University of Rijeka, Croatia
XK sban@math.uniri. hr

The subject of this talk is a construction of new extremal Type II Zg-codes
using doubling method.

Extremal Type II Zg-codes are a class of self-dual Zg-codes with Euclidean
weights divisible by 16 and the largest possible minimum Euclidean weight for
a given length.

‘We introduce a doubling method for constructing a Type II Zgy-code of length n
from a known Type II Zgj-code of length n. Based on this method, we develop
an algorithm to construct new extremal Type II Zg-codes starting from an
extremal Type II Zg-code of type (%,0,0) with an extremal Zy-residue code
and length 24, 32 or 40.

We construct at least ten new extremal Type II Zg-codes of length 32 and
type (15,1,1). Extremal Type II Zg-codes of length 32 of this type were not
known before. Moreover, the binary residue codes of the constructed extremal
Zg-codes are optimal [32,15] binary codes.

This is a joint work with Sanja Rukavina.
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Szeged and Mostar root—indices of graphs

Simon Brezovnik
University of Ljubljana, Slovenia

M simon.brezovnik@fs.uni-lj.si

Topological indices play a crucial role in network theory, providing a quanti-
tative description of network structures. The field originated with the well-
known Wiener index, which led to the development of other distance-based
and/or degree-based indices such as the edge-Wiener, Schultz, and Gutman
indices. The corresponding graph polynomials, including the Hosoya, edge-
Hosoya, Schultz, and Gutman polynomials, have also been extensively studied
in the literature.

In this talk we examine various distance-based root-indices of graphs, derived as
unique positive roots of modified graph polynomials. Specifically, we focus on
the Szeged polynomial, the weighted-product Szeged polynomial, the weighted-
plus Szeged polynomial, and the Mostar polynomial. We provide closed-form
expressions for these polynomials in the context of several basic graph fami-
lies and, as a result, present closed formulas for certain root-indices. We also
examine the convergence of sequences of these root-indices and discuss their
general properties. Additionally, we present numerical results that analyze the
discrimination power, correlations, structure sensitivity, and abruptness of the
root-indices, offering interpretations of these findings.

This is a joint work with M. Dehmer, N. Tratnik, and P. Zigert Pletersek.
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Early termination criterion for polyhedral
enumeration

Mathieu Dutour Sikiri¢
MSM Programming, Croatia

M mathieu. dutour@gmail.com

The computation of the facets of a polytope up to some group action is a
key algorithmic step of many computations. One prominent example is the
computation of the perfect forms in dimension n.

The method of choice for this is the Adjacency Decomposition Method and
its extension, the Recursive Adjacency decomposition Method. The method
works, but sometimes it computes more than is needed, and early termination
criterion allows one to considerably accelerate the enumeration when possible.

The basic result is the Balinski theorem on the k-connectivity of the skeleton of
a graph. However, the more performant criterion, the better. We will explore
in this presentation what is effectively possible, and what we could hope for
with this kind of approach.
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D,-Specht Ideals

Kurt Klement Gottwald
TU Chemnitz, Germany
M kurt-klement.gottwald@mathematik.tu-chemnitz.de

For a group G € {Sn, Bn,Dn}, a G-Specht Ideal is the ideal generated by
all G-Specht Polynomials of a given shape that can be understood via integer
partitions. The zero-sets of these ideals encode combinatorial types of points
in them which are again integer partitions. Using previous work for the case
G = S, and G = By, we investigate the poset of Dy, -Specht ideals with respect
to inclusion and how it is related to the before mentioned integer partitions.

This is a joint work with Sebastian Debus.
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The connectivity dimension of a graph

Tobias Hofmann
TU Berlin, Germany
X tobias.hofmann@tu-berlin.de

In this talk, we introduce a new graph parameter, called the connectivity di-
mension of a graph. This parameter is inspired by the notion of the metric
dimension of a graph and can be seen as a measure of heterogeneity of a graph.
Among other fundamental properties, we study how to construct graphs on n
vertices having connectivity dimension k, for given n and k. We also show that
deciding whether the connectivity dimension of a graph is bounded by a given
constant is NP-complete. We conclude by raising a couple of open questions.

This is a joint work with Kurt Klement Gottwald.
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On equienergetic regular graphs by means of
their spectral distances

Irena M. Jovanovié
Union University, Belgrade, Serbia

M irenaire@gmail.com

Let G be a simple graph of order n whose eigenvalues with respect to the ad-
jacency matrix A = A(G) are M\ (G) > X2(G) > -+ > M (G). The energy
E(G) of G is defined as E(G) = >, |[A(G)|. Two graphs with the same
number of vertices are said to be equienergetic if they have the same energy.
By spectral distance o(G1,G2) of two non-isomorphic graphs G and G2 of
order n we mean the Manhattan distance between their adjacency spectra, i.e.,
o(G1,G2) = 25011 [Xi(G1) — Ai(G2)l.

Relatively recently, a problem of identifying spectral properties of graphs which
are equienergetic with their complements has been raised in the literature.
Based on the fact that the spectral distance o(G, Kp,) between a n-vertex reg-
ular graph G and the complete graph K, is equal to the energy E(@) of the
complement G of the graph G, a necessary and sufficient condition for a regular
graph to be equienergetic with its complement is stated. Due to this result,
strongly regular graphs equienergetic with their complements are character-
ized, and equienergetic regular graphs with respect to some graph operations
are considered.

In additon, the computed spectral distance o(G, Ky ) served to disprove one of
the conjectures related to the spectral distances of graphs. In that way, it turns
out that certain connections between the energies of graphs and their spectral
distances can be useful in considering various questions connected with spectral
properties of graphs.

This is a joint work with Emir Zogi¢.
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Minimum-cost double Roman domination
problem

Ana Klobucar Barisi¢
University of Zagreb, Croatia
X aklobucar@fsb.hr

Double Roman Domination (DRD) is a combinatorial optimization problem
defined on undirected graphs. It can be seen as the task of assigning various
service providers (such as military units, fire departments, or ambulances) to
selected locations within a specified area. The traditional literature on DRD
equates the total service expense with the total number of providers required.
This paper, however, introduces a new ’minimum-cost’ variant of DRD that
is broader and more realistic than the standard version, acknowledging that
service costs can vary by location. In this context, each vertex of the graph
is assigned a cost representing the expense of maintaining one service provider
at that specific site. In this work we show that the minimum-cost DRD prob-
lem is NP-hard, applicable not just to general graphs but also to numerous
specific graph classes. A dynamic programming algorithm is then developed,
demonstrating that the problem can be solved in linear time when the graph
is a tree. Finally, for general graphs, a heuristic solution is proposed, utilizing
a combination of greedy methods and local search. The effectiveness of both
algorithms is assessed through experimental evaluations.

This is a joint work with Robert Manger.
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Projective curves and generalized rascal triangles

Iva Kodrnja
University of Zagreb, Croatia

M iva.kodrnja@geof.unizg. hr

We start with four integers a, b, ¢,d € Z, and define generalized rascal triangle
with Ty 4 c.a(n, k) = a+ bk +cn+dkn, n,k>0.

For these triangles we have two generating rules:
e rascal-like multiplication rule

T(n—1,k)T(n,k—1)+ D
T(n—1,k—1)

T(n, k)= , with D = ad — bc, (1)

e rascal-like addition rule
T(n,k)=T(n,k—1)+T(n—-1,k)—Tn—1,k—1)+d. (2)

We give a combinatorial interpretation of the difference between the Pascal’s
triangle and generalized rascal triangle as the dimensions of graded pieces of
homogeneous ideal of a smooth nondegenerate projective curve. We represent
the values of the Hilbert polynomial of a family of curves C C P™ as entries in
generalized rascal triangles generated for degree and genus of the curve given
as linear functions of projective dimension n.

Figure 1: T o,n—1(n, k) for curves of degree 2n —1 and g =n —1

This is a joint work with Helena Koncul.
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Triangle of numbers arisen from modular forms

Helena Koncul
University of Zagreb, Croatia
X helena.koncul@grad.unizg.hr

Let I'g(NN) C SL2(Z) be the congruence subgroup

mm:{(i Z)ESLQ(Z):CEO (modN)}.

In our previous work we have computed bases of homogeneous polynomials of
degree d that vanish on basis of Sy, (I'o(IN)), cuspidal modular forms of even
weight m > 2 for various ¢ := dim Sy, (I'g(IN)). We have found two formulas for
calculating the dimension of the basis of homogeneous polynomials vanishing
on cuspidal forms of certain degree d and number of variables ¢t depending on
the genus g.

The dimensions for genus 0 appear to be the number sequence A124326 from
OEIS database which can be obtained as a difference of Pascal’s triangle A00731
and rascal triangle A077028. We have found a new way of generating number
sequence A124326 combining the Pascal’s rule and multiplication table and
investigated the found formulas for every g € Np and the triangle numbers
arisen from them regardless to the bounds in number theory for the possible
interpretation of the subject.

0
0 0
0 0 0
0 0 0 0
0 0 1 0 0
0 0 3 3 0 0
0 0 6 10 6 0 0
0 0 10 22 22 10 0 0
0 0 15 40 53 40 15 0 0
0 0 21 65 105 105 65 21 0 0

Figure 2: number sequence A124326

This is a joint work with Iva Kodrnja.
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Mosaics of projective planes

Vedran Kréadinac
University of Zagreb, Croatia

M vedran.krcadinac@math.hr

Mosaics of combinatorial designs were introduced in [3]. A related concept
are colored designs, introduced in [1]. Mosaics of symmetric designs can be
obtained from tilings of groups with difference sets [2]. In this talk we will
explain the relevant definitions and focus on mosaics of symmetric designs with
A =1, i.e. projective planes. An interesting small example not coming from a
group tiling was recently discovered [4].

References
[1] A. Bonnecaze, E. Rains, P. Solé, 3-colored 5-designs and Zs-codes, J.
Statist. Plann. Inference 86 (2000), no. 2, 349-368.

2] A. Custié, V. Kréadinac, Y. Zhou, Tiling groups with difference sets,
Electron. J. Combin. 22 (2015), P2.56.

[3] O. W. Gnilke, M. Greferath, M. O. Pav¢evié¢, Mosaics of combinatorial
designs, Des. Codes Cryptogr. 86 (2018), 85-95.

4] V. Kréadinac, Small examples of mosaics of combinatorial designs,
g
preprint, 2024. https://arxiv.org/abs/2405.12672
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A Problem of Colored Perfect Matchings
Inspired by Quantum Physics

Mario Krenn
Max Planck Institute for the Science of Light, Germany
M mario.krenn@mpl.mpg.de

At the CroCoDays 2018 meeting, I presented a then-new graph-theory problem
directly inspired by our work in quantum physics [1, 2]. Now, six years later,
despite some interesting progress in numerics [3], combinatorics [4, 5], and
computational complexity [6, 7], the problem remains largely unsolved. The
problem concerns certain properties of vertex coloring induced by the perfect
matchings of a graph. A solution to this problem will be rewarded with a prize
of 3000 Euros.

References

(1]

(2]

[7]

Krenn, Gu, Soltész, Questions on the Structure of Perfect Matchings in-
spired by Quantum Physics, Proceedings of the 2nd Croatian Combina-
torial Days, 57-70 (2019).

Krenn, Inherited Vertex Coloring of Graphs,
https://mariokrenn.wordpress.com/graph-theory-question/

Cervera-Lierta, Krenn, Aspuru-Guzik, Design of quantum optical experi-
ments with logic artificial intelligence. Quantum, 6, 836 (2022).

Chandran, Gajjala, Graph-theoretic insights on the constructability of
complex entangled states. Quantum, 8, 1396 (2024).

Chandran, Gajjala, Illickan, Krenn-Gu conjecture for sparse graphs, 49th
International Symposium on Mathematical Foundations of Computer Sci-
ence (2024)

Vardi, Zhang, Quantum-Inspired Perfect Matching under Vertex-Color
Constraints, arXiv:2209.13063.

Vardi, Zhang, Solving Quantum-Inspired Perfect Matching Problems via
Tutte’s Theorem-Based Hybrid Boolean Constraints, 32nd International
Joint Conference on Artificial Intelligence (2023).
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Perfect matching in graphs obtained from
simplicial complex of tilings

Edin Lidan

International Burch University, Bosnia and Herzegovina
M edin.lidan@ibu.edu.ba

This paper presents a connection between polyomino shapes, tilings, simplicial
complexes, simplicial complexes of tilings, and graphs obtained from the sim-
plicial complexes of tilings. Simplicial complexes of tilings are introduced in
mathematics in [1]. These complexes are obtained with tilings of the given re-
gion R with a finite set of polyomino shapes ¥, where region R is a grid of finite
region or grid of topological surfaces. We consider the regular placement of k
polyomino shapes on square grid M. Here a regular placement is every place-
ment without overlaps, and it is denoted with Kp (M xn), where P presents
polyomino shapes, M presents a grid in the plane or a grid on topological sur-
faces, and m, and n dimension of grid. We will consider perfect matchings in
graphs G(Kp(Mmxn)) which contain all O-simplexes and 1-simplexes from a
simplicial complex of tilings Kp(Mmxn)-

References

[1] E. Lidan (2022) Topological characteristics of generalized polyomino tilings,
PhD thesis, Faculty of Mathematics and Natural Science, Universty of Mon-
tenegro, Podgorica.

This is a joint work with Dorde Barali¢.
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A Comprehensive Overview of the
Graovac-Ghorbani Index of a Graph

SnjeZana Majstorovi¢ Ergotic
University of J. J. Strossmayer in Osijek, Croatia

smajstor@mathos.hr

The Graovac-Ghorbani index is a new version of the atom-bond connectivity
index. This topological index, associated with chemical structures, provides a
compact and efficient means of describing structural formulas, facilitating the
study and prediction of structure-property relationships in organic compounds.
The graovac-Ghorbani index has a predictive potential compared to analogous
descriptors. It is applied in the pharmaceutical industry to model both the
boiling point and melting point of molecules. Although the Graovac-Ghorbani
index was introduced 14 years ago, its mathematical properties have been ex-
plored to a limited extent due to the complexity of its formula. We will present
the key results on the Graovac-Ghorbani index of a graph and outline some
open problems.

15
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Characterizing bipartite distance-regularized
graphs with vertices of eccentricity at most 4

Marija Maksimovié¢
University of Rijeka, Croatia

DK mmaksimovic@math.uniri. hr

Consider a bipartite distance-regularized graph with color partitions Y and Y’
where all vertices in partition Y exhibit an eccentricity denoted as D. In this
talk we will characterize bipartite distance-regularized graphs, having D < 4,
in relation to the incidence structures they represent.

This is a joint work with Blas Ferndndez and Sanja Rukavina.
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Generalized Continuant Polynomials

Ivica Martinjak
University of Dubrovnik, University of Zagreb, Croatia

X iwica.martinjak@gmail.com

In this talk we present a pair of dual identities for continuant polynomials
that imply some well known summations. It includes the upper and parallel
summation of binomial coefficients. We generalise continuants to find analogues
of these duals, with many more consequences and implications to tridiagonal
matrices and quivers, among the other structures. We introduce a variation of
Euler’s tiling interpretation of continuants to prove these identities.

17
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A New Theorem from The Number Theory and
its Application for a 3-adic Evaluation for Large
Schroder Numbers

Jovan Miki¢
University of Banja Luka, Bosnia and Herzegovina
jovan.mikic@tf.unibl.org
We present a new theorem from the number theory (up to our knowledge)

motivated by the binomial theorem. By using this theorem and central Delan-

noy numbers, we give another proof of a recently discovered formula for 3-adic
evaluation of large Schréder numbers.

18
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Walks on tiled boards

Laszl6 Németh
University of Sopron, Hungary

XK nemeth.laszlo Quni-sopron.hu

Many articles deal with tilings with various shapes. Another very frequent
problem in combinatorics is to examine walks on graphs or on grids. We com-
bine these two things and give the numbers of the shortest walks crossing the
tiled (1 X n) and (2 x n) square grids by covering them with squares and domi-
noes. We describe these numbers not only recursively, but also as rational
polynomial linear combinations of Fibonacci numbers.

19
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On hyperfibonacci and hyperlucas numbers and
their weighted sums

Daniele Parisse
Airbus Defence and Space GmbH, Germany

MK daniele.parisse@t-online.de

We first study the hypersequences (ag)) r € Np, of an arbitrary sequence

neNg’
(an)neny- Then we apply the results to the Fibonacci sequence and the Lucas
sequence and obtain some new results on the hyperfibonacci and hyperlucas
numbers. After that, we investigate weighted sums of the type Y j_, keag),
¢ € Np, and derive a recurrence relation and its solution. This solution depends
on the expression > 1 (—1)* () (k 4+ n + 1)*. We derive some old and new
properties of the generalized expression ZTZO(—I)k(?)(km + )¢ and apply
the results to the two sequences as above. In this way we obtain known and
new formulas for weighted Fibonacci and Lucas sums, also known as ’Ledin
and Brousseau’s summation problems’.

20
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Flower graphs

TomaZ Pisanski
University of Primorska, Slovenia

DKl Tomaz. Pisanski@Qupr. si

Flower graphs constitute an interesting family of tetracirculant graphs that
contain the well-known family of Flower snarks. We present some basic facts
about Flower graphs. We explore the polycirculant nature of Flower graphs to
draw them in the plane with non-trivial symmetry. The same approach can
be applied to some other polycirculant graph families. Recently, the House of
Graphs, the leading database of interesting graphs, introduced the possibility
of inputting and outputting graphs together with vertex coordinates. This
enables users to upload graphs drawn with the help of computer programs.

This is a joint work with G. Devillez, G. Gévay, and J. Goedgebeur.
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Resonance graphs of linear phenylenes

Luka Podrug
University of Zagreb, Croatia
X luka.podrug@grad.unizg.hr

A recently introduced family of graphs called metallic cubes generalizes Fi-
bonacci cubes, a famous and well-investigated family of graphs. Metallic cubes
proved to be a natural generalization since they maintain most of their desirable
properties. One of these properties is that Fibonacci cubes can be represented
as resonance graphs of fibonaccenes. In this talk, we present the family of
phenylenes and represent metallic cubes as their resonance graphs.

This is a joint work with Tomislav Dosli¢.
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Combinatorial Settlement Model: Resistance to
Predators and Altruists

Mate Puljiz
University of Zagreb, Croatia
M mate.puljiz@fer.unizg. hr

We study an extension of a combinatorial settlement model on rectangular grids
introduced previously by P., Sebek, and Zubrinié. Recall that a configuration
C: [m] x [n] — {0,1} (where we interpret 0 as an unoccupied lot, and 1 as
an occupied lot) was called admissible if each occupied lot was adjacent to at
least one unoccupied lot to its east, south, or west, i.e. not all of its sun-facing
sides are blocked from the sunlight. If, additionally, no further lots could be
occupied whilst keeping the configuration permissible, it was called maximal.

The extension suggested by Tomislav Dosli¢ involves introducing two new types
of agents: predators — who are willing to occupy any currently unoccupied
lot that is not blocked from sunlight, regardless of whether this renders the
configuration impermissible, and altruists — who are willing to occupy any
unoccupied lot, even if it is blocked from sunlight, whilst still taking care not
to completely block sunlight from reaching any other previously occupied lot.

In this talk, we will discuss the structure of maximal (admissible) configurations
that are resistant to predators, altruists, or both. This talk is based on our
preprint arXiv:2401.01225.

This is a joint work with Tomislav Dogli¢, Stjepan Sebek and Josip Zubrinié.
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On the Petersen Coloring Conjecture

Jelena Sedlar
University of Split, Croatia
X jsedlar@gradst.hr

The Petersen Coloring Conjecture is a well known classical conjecture in graph
theory, and it is known to imply few other classical conjectures such as Ford-
Fulkerson Conjecture and (5,2)-cycle-cover Conjecture. A normal k-edge-
coloring of a cubic graph G is a proper k-edge-coloring of G such that for
every edge e of G the number of distinct colors on the four edges incident to
e is either two or four (and never three). The Petersen Coloring Conjecture
is equivalent to the statement that every bridgeless cubic graph has a normal
5-edge-coloring. Vizing’s theorem implies that every cubic graph has either
a 3-edge-coloring or a 4-edge-coloring. Since every 3-edge-coloring is trivially
normal, to establish that the Petersen Coloring Conjecture holds it is sufficient
to consider only snarks, i.e., cubic graphs which require 4 colors for a proper
edge-coloring. The most general known method of constructing snarks is a
superposition. We consider a class of superpositioned snarks, where a snark G
is superpositioned along a cycle C' by one of the two particular supervertices
and superedges obtained from any snark H by ”cutting out”two nonadjacent
vertices. For such superpositions we provide two sufficient conditions under
which a normal 5-edge-coloring of the underlying snark G can be extended to
a superposition. The first sufficient condition applies to superpositions by any
hypohamiltonian snark H used as superedge, but only for some of the possible
ways of connecting them. The second sufficient condition applies to all Flower
snarks H used as superedge.

This is a joint work with Riste Skrekovski.
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Selected topics on Wiener index

Riste Skrekovski
University of Ljubljana, Slovenia

M skrekovski@gmail.com

The Wiener index is defined as the sum of distances between all unordered
pairs of vertices in a graph G, i.e.

W(G) = Z{u,v}gv(c) d(u,v).

The Wiener index, first introduced in 1947 by Harold Wiener, was originally
designed to estimate the boiling points of paraffin. It has become one of the
most renowned and extensively studied topological indices, and continues to
be a vibrant area of research.

This talk presents some directions of research that are proposed in the survey

M. Knor, R.S., A. Tepeh, Selected topics on Wiener indez, published in Ars
Math. Contemp.

‘We have compiled answers to some questions, provided additional insights into
the topic of extremal values of the Wiener index in various contexts, and in-
troduced a range of intriguing problems.
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Combinatorics and artificial intelligence

Tatjana Stankovic
Belgrade Business and Arts Academy of Applied Studies, Serbia
X tatjana.stankovic@bpa.edu.rs

Application of artificial intelligence can be found in almost all areas of human
life. Mathematics as a science has not remained an indispensable part of ar-
tificial intelligence’s (AI) attempt to rule it. In this paper, we will describe
the importance, role and strength of mathematics in the application of Al in
combinatorics. We will give an overview of problems that AI cannot solve and
for which it does not have sufficiently developed intelligence, which shows the
power and importance of mathematics, but also of combinatorics as a scientific
discipline.

This is a joint work with Edin Lidan.
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Geometry of point particles. Symbolic computer
verification of the Atiyah’s Conjecture for five
points in the Euclidean plane

Dragutin Svrtan
University of Zagreb, Croatia

X dragutin.svrtan@gmail.com

In 2001 Sir M. F. Atiyah formulated a conjecture C'1 and later with P. Sutcliffe
two stronger conjectures C2 and C3. These conjectures, inspired by physics
(spin-statistics theorem of quantum mechanics), are geometrically defined for
any configuration of n points in the Euclidean three space. The conjecture C'1
is proved for n = 3 in [1] and for n = 4 in[2], and C1 — C3 in [3]. After two
decades we succeeded in verifying C'1 for arbitrary five points in the Euclidean
plane. The computer symbolic certificate produces a new remarkable univer-
sal ("hundred pages long’) positive polynomial invariant (for any five planar
points), in terms of newly discovered shear coordinates. This refines the orig-
inal Atiyah’s conjecture and we are optimistic for its verification for n greater
than five (less optimistic variant ... ’It remains a conjecture for 300 years (like
Fermat)’, see Atiyah: Edinburgh Lectures 2010). In 2013. Atiyah’s conjectures
were put on the new list of nine open problems [4] (hopefully easier than the
remaining six Clay millennium problems!).

References
[1] M. Atiyah. The geometry of classical particles. Surveys in Differential
Geometry (International Press) 7 (2001).

[2] M. Eastwood and P. Norbury, A proof of Atiyah’s conjecture on configu-
rations of four points in Euclidean three-space. Geometry & Topology 5
(2001), 885—893.

[3] D. Svrtan, A proof of All three Euclidean Four Point Atiyah-Sutcliffe Con-
jectures, https://emis.de/journals/SLC/wpapers/s73vortrag/svrtan.pdf

[4] Open problems in Honor of Wilfried Schmiedh, https://legacy-
www.math.harvard.edu/conferences/schmid_2013/problems/index.html
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Character type constructions and 3-dimensional
Hadamard cubes

Kristijan Tabak

Rochester Institute of Technology, Croatia
4 kxtcad@rit.edu

We prove that in order to construct a 3-dimensional Hadamard cube using a
composition of character and a map on an abelian group G of even order, it
is necessary to construct a piecewise defined function, or in other words, it is
impossible that such a function is of a type x o ¥, where ¥ : G3 — G and x is
a nontrivial character.

This is a joint work with Vedran Kr¢adinac and Mario-Osvin Pavcevié.
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Some notes on generalized Pell graphs

Elif Tan
Ankara University, Turkey

M etan@ankara.edu.tr

Fibonacci cubes were introduced as a model for interconnection networks.
These graphs have found numerous applications elsewhere and are also ex-
tremely interesting in their own right. The n dimensional Fibonacci cube T'y,
is obtained by removing vertices in n-dimesional hypercube that have two con-
secutive 1s in its binary labeling. The number of vertices of Fibonacci cube I'y,
is Fp42 where F, is the n-th Fibonacci number. It is interesting to study new
graphs whose vertices are counted by Fibonacci-like numbers.

In this talk, we will explore generalized Pell graphs II,, whose vertices are all
Pell strings that are words over the alphabet T' = {0, 1,22} and two vertices
are adjacent whenever one of them can be obtained from the other by replacing
a 0 with a 1 (or vice versa), or by replacing a factor 11 with 22 (or vice versa).
The order of II,, is Pp4+1, where P, is the n-th Pell number defined by the
recurrence relation P, = 2P,_1 + P,_2 for n > 2 with initial terms Py = 0,
P; = 1. We present some basic properties associated with them.

This is a joint work with Sandi Klavzar and Vesna Irsic.
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Resonance Graphs and Daisy Cubes — Part 1

Niko Tratnik

University of Maribor, Slovenia

niko.tratnik@Qum.si

We characterize all plane bipartite graphs whose resonance graphs are daisy
cubes and therefore generalize related results on resonance graphs of benzenoid
graphs, catacondensed even ring systems, as well as 2-connected outerplane
bipartite graphs. Firstly, we show that if G is a plane elementary bipartite
graph other than Ko, then its resonance graph R(G) is a daisy cube if and only
if the Fries number of G equals the number of finite faces of G, which in turn is
equivalent to G being homeomorphically peripheral color alternating. Next, we
extend the above characterization from plane elementary bipartite graphs to all
plane bipartite graphs and show that the resonance graph of a plane bipartite
graph G is a daisy cube if and only if G is weakly elementary bipartite and every
elementary component of G other than K> is homeomorphically peripheral
color alternating.

This is a joint work with Simon Brezovnik, Zhongyuan Che, and Petra Zigert
Pletersek.
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Symmetric inequalities on side lengths of
triangles and simplices

Darko Veljan
University of Zagreb, Croatia

darko.veljan@gmail.com

There are many trivial symmetric inequalities for trinagle’s side lengths. They
can be obtained by multiplying all three triangle inequalities, or from non neg-
ativity of the area of the triangle expressed by Heron’s formula, etc. Similar
claims hold for a tetrahedron and all of its six faces and non negative volume
expressed in terms of edge lengths, as well as for higher dimensional simplices
and Cayley-Menger determinants and so on.

But by refining the Euler inequality between circumradius and inradius we get
some not quite obvious inequalities among edge lengths of a simplex. In the
case of a triangle, by general principles we can get analogoues in spherical and
hyperbolic plane geometries. The concept of Crelle’s subsimplex enables us to
get recursive algorithm to any dimension for Euclidean simplices.

Finally, we briefly discuss on the Grace-Danielsson-Egan inequality about the
upper bound of the distance between the incenter and the circumcenter of a
simplex, proved very recently by geometric-combinatorial methods. Conjec-
tures on these results will also be presented in the sense of the refined Euler’s
inequality.
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Resonance Graphs and Daisy Cubes — Part 11

Petra Zigert Pleterdek
University of Maribor, Slovenia

X petra.zigert@um.si

Assume that G is a homeomorphically peripheral color alternating graph with
inner dual G* and resonance graph R(G). We first establish a bijection be-
tween the set of maximal hypercubes of the resonance graph R(G) and the set
of maximal independent sets of the inner dual G*, where G* is a tree and iso-
morphic to the 7-graph of R(G). A novel characterization on when resonance
graphs are daisy cubes follows naturally. Furthermore, the characterization
provides a binary code labelling for the vertex set of a resonance graph R(G)
as a daisy cube with respect to the set of maximal independent sets of the
inner dual G* of G. We then show that a daisy cube with at least one edge
is a resonance graph of a plane bipartite graph if and only if its 7-graph is a
forest. As applications of our main theorems, interesting results are obtained
for Fibonacci cubes and Lucas cubes which are special types of daisy cubes.
We conclude with two algorithms which provide a binary code labelling for the
vertex set of a resonance graph as a daisy cube.

This is a joint work with Simon Brezovnik, Zhongyuan Che, and Niko Tratnik.
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Application of cycles related graphs to dual-ring
type of network topology

Ivana Zubac
University of Mostar, Bosnia and Herzegovina

M iwana.zubac@fsre.sum.ba

Graph theory is today an extremely diverse field with wide applications, and
graphs have proven to be an excellent tool for modeling systems that emphasize
connections and relationships between objects. In graph theory, matching is a
fundamental concept used to describe a set of edges without common vertices.
Understanding this is essential for solving problems involving efficient routing
and resource allocation. One of the applications is network design. Dual-ring
topology is a new network configuration where each device is connected to two
others, creating two concentric circles for information flow. This design offers
a backup route for communication and ensures consistent network stability
and resilience. Representation of this topology in graph theory is called a
book graph. We establish connections between this topology and book graphs
and enumerate maximal matchings, calculate the saturation number and the
centrality of this graph.
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